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Class organization
® 10 classes: lectures mixed with Python coding
® Matlab codes will be available on e-campus to replicate figures (and
play with it)
® one hour exam, A4 Sheets both sides handwritten, not photocopied

| would very appreciate any feedback on the class
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Introduction

Multichannel processing

Multichannel processing

Observations are now stored in a measurement vector: y(.) =
yn(.)

1 sample on N sensors N samples on 1 sensor
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Introduction
Multichannel processing

Analysis/processing of multichannel measurements

® Analysis: what is the relation between y,(.) and ym,(.)?

® how correlated are y,(.) and y,(.)?
® can y(.) be explained by a small number of variables?

® Processing: combination of the signals, e.g., linear filtering

N
ye() =Y wiya()
n=1

EX
REPUBLIQUE
FRANCAISE
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Introduction Beamforming Direction of arrival estimation

Multichannel processing

Example: linear filtering for detection

We want to detect if a known signal a is in a received signal y with
addition of noise n, i.e., we have the hypothesis testing

Hy: y=n
H: y=aa+n

Linear filter: w such as yr = wHy — energy |w''y|?

_ ., H Hy
=w
y—» w i Y, Hz —>|WH.V|227]

0

For instance, for pure tone a, = e/2mhn \ye can take w, = e/27fon leading
to the Fourier transform of y at fy

EX
REPUBLIQUE
FRANCAISE
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Introduction
Array processing

Context of the course

® Signals are received on an array of N antennas
s(t)

® yn(k) represents the signal received on antenna n at time k
® n=1,...,Nis a spatial index (related to a position in space) —
spatial processing (e.g., ZnNzl wiyn(.)) -

REPUBLIQUE
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Introduction
Array processing
Principle of array processing

Considering two antennas and a source in the far field

Jalt) = As(t — o — A1)

Additional delay At only depends on the geometry and the angle of arrival

e if 0 is known: spatial filtering (beamforming)

® if 6 is unknown: estimation of At (source localization)
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Introduction
Array processing

Beamforming vs. DoA estimation

Beamforming DoA estimation
Retrieve signal from direction of Estimate directions of arrival of
interest, possibly eliminate incoming signals
interference 20,
s(t)sg/\ . \\\92 //\gsa(t)
n(r)-w\ é)\\\ 0 03///
| -
VY YYYYYY

EX
REPUBLIQUE
FRANCAISE
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Introduction Viode Beamforming Direction of arrival estimation Conclusion

Array processing

Array of sensors: conclusion

Possibilities
Sensor array offer an additional dimension (space) to perform filtering of
signals (possibly coupled with temporal of frequency filtering)

@ source separation

@ direction finding

Applications

@ Radar, sonar (detection, localization, anti-jamming)

® Communications (capacity improvements, better reception, spatial
focusing, interference mitigation)

REPUBLIQUE
FRANCAISE
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Model
Principle

Arrays and waveforms

® Wavefront impinging from direction (6, ¢)

® Assumptions: homogeneous propagation medium, source in!t!he far
field of the array — plane wavefront FRARCARE
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Model
Multichannel receiver

Multichannel receiver

se(t)
T~ Re(ya(t))

thermal noise

ase(t = 7n) Valt)

4 Hn

y[k]

Im(ya(t))

—sin (2rfct)

EX
REPUBLIQUE
FRANCAISE
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Model
Received signals

Emitted signal

Narrowband signal : B < f,

se(t) = 2Re {§e(t)ej2“f°t}

f
fe-§ —fo £+ § -& E t-§ fo f+3

EX
REPUBLIQUE
FRANCAISE
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Received signals

Received signals

Se(!)\
T~

thermal noise

ase(t — 7n) 7.0

Re(ya(t))

4 Hy

A
-
-

ylK]

Im(yn(t))

—sin (27£.t)

EX
REPUBLIQUE
FRANCAISE
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Model
Received signals

Received signals

l s,(z)\
\L‘ thermal noise
! ase(t — 7a) (6
D

—sin(2nft)

® Narrow band: B < fo — s.(t) = 2Re {'s“e(t)ej27rfct}

EX
REPUBLIQUE
FRANCAISE
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Model
Received signals

Received signals

se(t) ~ | :
! thermal noise |
T~ ‘h I
se(t = 7n) .
\l> Ly » Valt) ‘
I NS i
~ | !
I
~ I :
! I

—sin(2rf.t)

® Narrow band: B < fo — s.(t) = 2Re {'s“e(t)ej27rfct}
® Impulse response hp: ¥,(t) = hy * (ase(t — 74)) + & (t)

EX
REPUBLIQUE
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Model
Received signals

Received signals

se(t) ~
\ thermal noise
ase(t — i) 7u(6)
e e
~
~

—sin (2nf.t)

* Narrow band: B < fo — s¢(t) = 2Re {5.(t)e/>™!}
® Impulse response h,: ¥,(t) = hp * (ase(t — 7)) + &n(t)
e Fourier: Y ,(f) = aH,(f)Se(f)e 2™ 4 E (f)

EX
REPUBLIQUE
FRANCAISE
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Model
Received signals

Received signals

w0~

\ thermal noise
ol Yy

D>

—

~

Narrow band: B < f. — s.(t) = 2Re {Ee(t)eﬁ“fcf}

Impulse response h,: ¥,(t) = hp x (ase(t — 7)) + &n(t)
Fourier: Y ,(f) = aHa(f)Se(F)e 2™ 1 E, ()

Baseband: Y, (f) = aHn(f + £2)Se(f)e 27 (FH)m L E (f 4 1)

EX
REPUBLIQUE
FRANCAISE
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Introduction Beamforming Direction of arrival estimation Conclusion

Received signals

Received signals

Relatively to a given reference (1, = 70 + A7)
Yo(f) = aHa(f + o) Se(F)e 2THO™ 1 E,(f + 1)

= aHy(f + £.)Se(F)e 2+ 0tAm) | (F 4 £ )

= aHy(f + f)Se(f)e 12 me2mlem g =i2n(FH AT | F(f 4 £)
Short delays and narrowband (e /27 (f+f)Amn ry g=j2mfcATn)

Yo(f) = aHy(f + £.)Se(F)e 2 Mo gmi2mfeto g=j2mfcAmn o F (f 4 f)
Narrowband (H,(f + f.)Se(f) = Ha(f:)Se(f))
Ya(f) ~ ae P20 H, ()5 (F)e 2T e 2T AT | E (F + f,)

Back to temporal (inverse Fourier)

Ex
REPUBLIQUE

yn(t) ~ ae_j271'fc‘l'0 Hn(fc)ge(t _ To)e—j2ﬂ'chT,, 4 en(t) FRANCAISE

et
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Model
Received signals

Received signals

Calibrated sensors H,(f:) = ... = Hy(f:) and gathering constants in «

Vn(t) = aSe(t — To)e_jzﬂchT" + en(t)

Narrowband signal

A short time shift is equivalent to a phase shift

s(t— Am,) & s(t)e‘jz’”ccAT”

Main signal on reference point (s(t) = aSe(t — 719))
Yn(t) = s(t)e 72T AT 4 g (1)

EX
In the following: A7, < 7, FRANGASE
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Model
Received signals

Snapshots

Individual signals _
va(t) = s(t)e 2™ e (t)

Output of multichannel receiver

yl(t) e:J:zﬂ':ch el(t)
J(t) = Y2.(f) _ e | S(0) 4 esz)
yn(t) e J2mlemn en(t)

Far field (planar waves): 7, depends only on source location (6, ¢)

Snapshot before ADC

y(t) = a(0, ¢)s(t) + e(t)

IENAC22 SAT - ASNAT23 24 /189
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Model
Received signals

Snapshots

Temporal sampling at rate T, leads a matrix

Y =[yll] y - ylK]] eCV¥

where
y[k] = y(kTs) = a(8, ¢)s[k] + e[K]

Vector of phase shifts

a(0, ¢) is referred to as the steering vector and depends only on the
DOA of the source

EX
REPUBLIQUE
FRANCAISE
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Model
Received signals

In presence of several sources

Snapshot received in the presence of P sources

P
y[K1 =" yplK] + e[K]
p=1

I
M~

a(0p, dp)splk] + e[K]

o
I
MR

si[K]
= [a(01,¢1) --- a(@p,0p)] | : | +elk]
Sp[k]
= A(0, ¢)s[k] + e[k] where A(0, ¢) € CN*P and s[k] € C”

EX
REPUBLIQUE
FRANCAISE

In the following: a(f,), A(@) for clarity
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Model
The steering vector

Steering vector in 3D

Reference at frame origin Received signal
s(t) T H
% sa(t) = s(t)e Ik = 5(t)e 2t
o where
Xn or | €08 0 cos 10)
rh= |yn| k= — |cos@sin¢
A .
Zn sin6
Delay

1
Th = E(xncosﬁcosgb-l—y,,cosﬁsinqﬁ+z,,sin0)

Steering vector

an (0’ ?b) — e—j%’r (xn cos 0 cos p+yn cos 0 sin g4z, sin H) ﬁ;suquz

Julien LESOUPLE - SIGNAV Array Processing IENAC22 SAT - ASNAT23 28 / 189



Model
The steering vector

Simpler 2D case: Uniform Linear Array (ULA)

) T
HES

< 2°2
7-n:(n_ )dSInO :a(o) [1 e_Jz,n.fcdSmG e_jzﬂ_ﬁ:(N_l)dsian]

Spatial sampling frequency

fs = fc@ = %sin& = a(f) = [1 e—i2rfs

e—j27r(N—1)f;]

REPUBLIQU
FRANGAISE
it
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Model
The steering vector

Simpler 2D case: Uniform Linear Array (ULA)

The phase shift is _
Ap— 27rfcd5m0

Unambiguous if A¢ € [, 7] for all 6 € [-7, 5]

-7 < —271'1‘}% < Ap < 27ch% <

Spatial sampling requirement

N | >

REPUBLIQUE
FRANCAISE
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Model
Covariance matrix

Autocorrelation matrix of WSS signals

The autocorrelation matrix of a snapshot is defined as

R=E |ylklylk"|

y1[k]
k

=E yzg[] ikl yslkl - yilK]]
yn (k]

The (n, /) entry of matrix R measures the correlation between signals
received at sensors n and / at the same time index

EX
REPUBLIQUE
FRANCAISE

et
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Model
Covariance matrix

Covariance matrix of WSS signals

The covariance matrix of a snapshot is defined as

= = E(y[K - EKD(y (K] - Ely{K])"]

= E |ylkylk"| — EIKIE [y (K]

Covariance matrix

When signals are zero-mean, the autocorrelation matrix is the same is the
covariance matrix

In the following, if not specified, signals are assumed zero-mean

EX
REPUBLIQUE
FRANCAISE

et
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Model
Covariance matrix

Structure of the signal covariance matrix

For a mixture of signals

E [A(B)s[k]s[k]HA(O)H] — A(B)E [s[k]s[k]H] A(6)H
= A(Q)R;A(6)"

with Rs € CP*P the covariance matrix of incoming signals

Uncorrelated signals: R, = diag (Px, ..., Pp)

E [A(0)s[k]s[k]" A(6)"] = >, Ppa(6,)a"(6,)

EX
REPUBLIQUE
FRANCAISE
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Introduction Beamforming Direction of arrival estimation Conclusion

Covariance matrix

Signal covariance matrix range

The range of a matrix A = [al a,,] € C™*" is the space spanned by
its columns
n
R(A) = {y = Ax = Zx,-a,-,Vx S Rn}
i=1

Rank of a matrix

The rank of a matrix is the dimension of its range. A matrix A € C™*" is
said to be full rank if its rank is min (m, n)

If A(@) and Rs are full rank, the signal covariance matrix has rank P, and
its range is spanned by the steering vectors a(6,),p=1,...,P

|
REPUBLIQUE
FRANCAISE
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Model
Covariance matrix

Structure of the signal covariance matrix
WSS noise

E[e[K]] = 0, E[e[k]e[k]H] indep. of k

Spatially white noise with same power on each channel

E [e[k]e[k]H] = o2y

Leading for uncorrelated sources (noise and sources independant)

P
R = Z Poa(0,)a" (0,) + o>l
p=1

EX
REPUBLIQUE
FRANCAISE
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Introduction

Beamforming Direction of arrival estimation

Limitations

Model limitations

The model y[k] = a(0)s[k] + e[k] is an idealized model which doesn't
take into account

® non homogeneous propagation medium

yalk] = palkle"*"¥a,(0)s[] + en[K]

® uncalibrated arrays

ynlk] = aHp(fc)an(0)s[k] + en[k]
* wideband signals (time delay # phase shift)
Ya(f) = S(f) e 2™ L E(F 4 f,)
An(f,0)
® colored noise Ex
E [nlkIn{k]"] # o2hy e
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Beamforming
Principle

Spatial filtering

Principle: linear combination of each sensor to point in a direction

EX
REPUBLIQUE
FRANCAISE

yelk] = S0y wiyn[K] = as{k]
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Beamforming
Array beampattern

Array beampattern

For a given w
N
yelkl = wiyalk] = w!y[k] = w'a(6)s[k] + w"e[k]
n=1

Corresponding array beampattern (gain at direction 6)
Gw(0) = lgw(0)]* = |w"a(0)?
For ULA, the natural beampattern (w, = 1) is

. dsin 0
—jenN2sn®

N-1 dsino 1—e
_ sin —
gO) =) e = ——
_J27T sin
n=0 1-e A i
REPUBLIQUE
FRfNCAISE
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Beamforming
Array beampattern

ULA natural beampattern

6 e_jﬂ-NdS;\ne ejTrNdS;\ng . e_jﬂ-NdS;\ne
g(0) = e_jﬂ.dsiAnG ejﬂ_ds;\nO — e_jﬂ_dsiAnG

—j7r(N—1)dS/'\“9 sin (ﬂ'N Y )

- sin (w5p2)

leading
: Ndsin0 2
sSin (7T —\ )

GO =|gO))?=|———2 1L
(0) = |g(0)] sin (x 900

Property (main lobe width)

9 ~ 0'9_>\ gpﬂnuquz
3dB X g 4
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Beamforming
Array beampattern

ULA natural beampattern

% Natural beampattern of ULA
T T T T

—N=0, d=05x
—N=6, d=2\
—N=12, d=0.5)]

20—

atidli s TN

l l

30 -

101og;y Gw(0)

40 H .

-50

60 I I I I I I I I I
=
-80 60 40 -20 0 20 40 60 FRANCBOSE
Angle of Arrival (degrees) )
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Introduction

Beamforming Direction of arrival estimation

Conclusion

Spatial filtering

Beamforming

Objective: focus on a given direction to enhance reception of some signals,
and possibly mitigate signals from fixed directions

Each sensor output is weighted by w; before summation

N
yelkl = wiyalk] = w'ly[K]

n=1

Problem: how to choose w when y[k] = a(fs)s[k] + ... so that
yrlk] ~ as[k]?

EX
REPUBLIQUE
FRANCAISE

et
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Beamforming
Spatial filtering

Conventional beamformer

Notation: as = a(fs) with 65 the DOA of signal of interest

Compensate for the phase shift induce by propagation from 65 and sum
coherently

For ULA, considering only the signal of interest

yr [kl = a'ass[k]
N-1 _ _
= ) IR g2t gy
n=0
= Ns[k]

EX
REPUBLIQUE
FRANCAISE
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Beamforming
Spatial filtering

Conventional beamformer

Beampattern
N-1 d(sin 65 —sin 6)
g(0)=alla(6) = &> 5
n=0

leading
[y dsinde—sin 0)) 2

sin

— 2 _ ( A

G(0) = lg@O)F" = |— ( d(sinesfsine))
sin (m—=—————

Property: max for § = 6,

Conventional beamformer

WCBF = alla,
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Beamforming
Spatial filtering

ULA CBF beampattern

CBF beampattern of ULA with N=12 and d=0.5\
T T T T T T

f——
—0,=-45°
—0,=20° |

10log;y Gw (0 .
/)
i
——
=
>
D

o} | |

50

L L L L L L L
<

-60 !
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Beamforming
Spatial filtering

Impact on SNR

Considering a single source in white uncorrelated noise at input

_ _E[s[kP] _ P
y[k] = ass[k] + e[K] SNRin = Efle[K]]?] ~ o

After beamforming
yelk] = why[k] = wass[k] + wHe[k]
leading

E[lw"ass[k][*] _ |w"as? 2
— - SNRin < [|as||“SNR,
E[lwHelk]2] ~ [wl? )

SN Rout

EX
REPUBLIQUE
FRANCAISE
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Introduction Beamforming Direction of arrival estimation Conclusion

Spatial filtering

Impact on SNR

Leading SNRyut < N x SNR;, with equality if and only if w « as

Property

The CBF is the beamformer that maximizes the SNR at the output with
unitary maximum gain

WCBE = argurlnax SNRoyt st. whas =1

White noise array gain

For any w such that w'’a; = 1, the white noise array gain is

S N Rout

s O . -2 <
WN = SNR [wl™= <N

et
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Introduction ode Beamforming Direction of arrival estimation

Adaptive beamforming

Adaptive beamforming

Conventional beamformer

H

WCBF = argLnaxSNRout s.t. wlas =1

Haszl

& WCRE = argmin |w|? st w
w
The CBF is optimal in white noise: minimize w!'w (i.e., output power
when input is ) under wHas = 1 (i.e., maintain unit gain in desired
direction). Other directions are treated the same

Adaptive beamforming

Takes into account potentiel interfering signals in some directions

REPUBLIQUE
FRANCAISE
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Beamforming
Adaptive beamforming

Adaptive beamforming

In presence of an interfering signal
y[k] = ass[k] + yilk] + e[K]
Filtered signal

yrlkl = w'ass[k] + w' (yi[k] + e[K])

signal interference + noise

EX
REPUBLIQUE
FRANCAISE
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Introduction ode! Beamforming Direction of arrival estimation

Adaptive beamforming

Signal to Interference plus Noise Ratio (SINR)

For a beamformer w, the figure of merit is the Signal to Interference plus
Noise Ratio (SINR)

 E[lwHas[k]?]
SINR(W) = i (k] + elk]) P
_ Ps|WHas|2

~ whCw

where C =E [(y,-[k] + elk]) (yilk] + e[k])H] is the interference plus noise
covariance matrix

EX
REPUBLIQUE
FRANCAISE

et
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Beamforming
Adaptive beamforming

Interference plus Noise covariance matrix

Under zero mean, independence and narrow band assumptions

R= ZPap )a) (0,) + 0 In

:Psas(ﬁs)a s)—i—ZPaj(G )a (¢ )+021N
Jj=1

J

c
where J is the number of interfering signals, and terms indexed by j are

the corresponding parameters

EX
REPUBLIQUE
FRANCAISE

et
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Introduction ode Beamforming Direction of arrival estimation

Adaptive beamforming

Optimal beamformer

CBF: maximises SNR while keeping unit gain in desired direction

Optimal beamformer

Maximizes the SINR while ensuring unit gain towards 6,

P5|WH35|2 H
ma o st. w'as=1
w  wiCw
. H H_ _
S minw” Cw st. wlas=1
w

For CBF: consequence of its definition. How to solve this for Optimal
beamformer?

EX
REPUBLIQUE
FRANCAISE
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Introduction ode Beamforming Direction of arrival estimation

Conclusion
Adaptive beamforming

Reminder: constrained optimization (1/3)

One wants to solve

min f(w) s.t. g(w)=0where f :R¥ - Rand g:RY =R
weRN

Lagrangian

We introduce the vector of Lagrange multiplier A € R and define the
Lagrangian as

L(w,\) =f(w)+ \g(w)

KKT conditions

oL(w.\) aL(w.n)
8W a 0 and a)\ a 0 gﬁﬁmquz
Here, variables are complex
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Introduction Vlode Beamforming Direction of arrival estimation

Conclusion

Adaptive beamforming

Reminder: constrained optimization (2/3)
One wants to solve

min f(w) s.t. g(w)=0where f:CN - Randg:C"N - C

weCN

Lagrangian

We introduce the vector of Lagrange multiplier A € C and define the
Lagrangian as

L(w,)) = f(w) + Re(Ng(w)) = f(w) + % (Ag(w) + Ag"(w))

KKT conditions

OLW.A) _ g g 0L )
“owr 0 and o 0 Nt

In complex derivatives, z and z* are considered independent variables
Julien LESOUPLE - SIGNAV Array Processing IENAC22 SAT - ASNAT23 60 / 189



Beamforming
Adaptive beamforming

Reminder: constrained optimization (3/3)

For convex problems, KKT lead optimal solution

Optimal beamformer

The problem

H

minw/’Cw st wla, =1
w

is convex

Lagrangian

L(w,\) =w"Cw + % ()\*(wHas — 1)+ \w'a, - 1)*)

N.B.
da'x Ox'a

_ i EX
E) ox 2 AR
X X P

Julien LESOUPLE - SIGNAV Array Processing
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Beamforming

Adaptive beamforming

Optimal beamformer

Optimal beamformer

Maximizes the SINR while ensuring unit gain towards 6

H

minwCw st wla, =1
w
leading
Cla,
Wopt = =7,
al'!C-la,
For such w

SINR(wopt) = Psal!Ctag

EX
REPUBLIQUE
FRANCAISE

Zeaie
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Introduction Beamforming Direction of arrival estimation

Adaptive beamforming

Principles

CBF: minimize the output power when input is e under the constraint that
the actual steering vector as goes non distorted

Optimal: minimize the output power when input is y; + e under the
constraint that the actual steering vector as goes non distorted

In practice: neither as nor C is known. Actual steering vector might differ
from its expected value and C needs to be estimated from the data

EX
REPUBLIQUE
FRANCAISE

et
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Introduction

Beamforming Direction of arrival estimation

Conclusion
Adaptive beamforming

Minimum Variance Distortionless Response (MVDR)

MVDR beamformer

Minimize output power (when input is y; + e) under the constraint that
the steering vector in the assumed direction 6y goes non distorted

min w!’ Cw subject to wHag =1
w

with ag = a(fp) the assumed steering vector of the signal of interest (Sol)

C_lao

WMVDR = — = —
al!C-lag

lakl C1a,?

SINR(WMVDR) - PS Her—1 5PUBLIQUE
ao C ao F??NCAISE
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Introduction Model Beamforming Direction of arrival estimation Conclusion

Adaptive beamforming

Minimum Power Distortionless Response (MPDR)

MPDR beamformer

Minimize output power (when input is ass + y; + €) under the constraint
that the steering vector in the assumed direction 6y goes non distorted

min w'' Rw subject to wHay =1
w

with R = P;asal’ + C the signal plus noise plus interference covariance
matrix

-1
R ao

WMPDR = 5 5 1
allR—1ag

Hp-1, |2
|aj’ R™"as|
SINR WMPDR) = PS—O EPUBLIQUE
( ) allR-1CR1a, .
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Introduction Model

Beamforming Direction of arrival estimation

Adaptive beamforming

Summary of adaptive beamformers (known covariances)

Beamformer Principle Weight vector
. - H H, _ _ C1a
Optimal min, w 'Cw st. w'as=1 Wopt = SHc—1a;
output power gain constraint
N —1
MVDR min, wCw st. whag =1 WMVDR = afﬁ’%
(0]
. —1
MPDR miny wRw s.t. wHay =1 WMPDR = ;Tjoa—
[ 0

® ag: true steering vector

® ag: assumed steering vector

® C: cov(yi +e)

® R: cov(as + sy + e)

Julien LESOUPLE - SIGNAV
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Beamforming

Adaptive beamforming

ULA adaptive beamformer beampatterns

Misalignment: 0°

Beampattern of ULA with N=12, d=0.5), and 6, — 6,=0°
10 T T T T T T T

- -CBF

— Optimal
—MVDR ||
—MPDR

101log;; Gw(0)

—_————

§ 1
60 20 0 20
Angle of Arrival (degrees)
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Beamforming
Adaptive beamforming

ULA adaptive beamformer beampatterns

Misalignment: 2°

Beampattern of ULA with N=12, d=0.5), and 6, — 6,=-2°
T T T T T T

— CBF
— Optimal
—MVDR ||
—MPDR

10 T T

101log;; Gw(0)
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Beamforming
Adaptive beamforming

CBF vs MVDR: single interference

If y[k] = ass[k] + a;s/[k] + e[k] then C = Pjajal’ + o2Iy

For INR = (I}_—)é > 1 it can be shown

1

P
INRegr ~ -5 x — =
SINResr ~ 75 X IR

P
SINRgpt ~ U—; x N(1—g)

H,. |2
where g = cos? (as, a;) = (ayl—::)‘z% €1[0,1]

® P; /" leads SINRcgr \, while SINRqp: is constant
® SINR ™\, when a; — as (g — 1)
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Beamforming
Adaptive beamforming

Reminder: linear algebra in Hilbert spaces (1/4)

Given a vector ag € CN and up = \/"’—2,_ ugp can be completed with
ao aop
vectors {by,--- ,by_1} to form an orthonormal basis

unit norm vector

. ——> U=
colinear to ag

Any vector x € CN can then be decomposed as

X = ué"x u0+x—u(’,"xu0
—— e e e EN
on/ala X1 FRANCAE

Zeaie
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Introduction Beamforming Direction of arrival estimation Conclusion

Adaptive beamforming

Reminder: linear algebra in Hilbert spaces (2/4)
The vector space spanned by ag (or its range) is defined as

R(ag) = {eap, Yo € C} ¢ CN and dim (R(ap)) = 1
Its orthogonal subspace is the null-space (or kernel) of aff

R(ag)™ = {x € C", af'x = 0} = N(a{') and dim (N (ap)) = N — 1
and
R(ag) ® R(ap)* = CV

o

/
b EX
REPUBLIQUE

FRANCAISE
R(a0) i

et

R(a0)* = N(af)

by
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Beamforming
Adaptive beamforming

Reminder: linear algebra in Hilbert spaces (3/4)

Expanding ug leads

H H
= Hn, X7 _H.
=IIax + ].'Ialox
where
aoa(’)"
Hao - H

is the orthogonal projector! on R(ag) and
I, = Iy — I,

is the orthogonal projector on R(ap)* Ex

REPUBLIQUE

11'150 X Iay = I, and 1'[:) = I1,, = orthogonal projector and Vx € ch, I x € R(ap)
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Beamforming
Adaptive beamforming
Reminder: linear algebra in Hilbert spaces (4/4)

We have bf'ag = 0,i = 1,--- ;N — 1 and the family {by, -+, by_1} is an
orthonormal basis of R(ap)*"

a

N—-1
H
i) — N5 yiL = Z Ya,ibi where y, ; = bi'y.
by ,':1

/ )
by Ay

We consider

B=1[b - by_1]eC"" 1andy,=[y.1 YaN—1] Tech?

Properties

Bisrank N -1, Blay=0<c CN!and y, = By,

Julien LESOUPLE - SIGNAV

Array Processing

IENAC22 SAT - ASNAT23 73 /189



Beamforming
Adaptive beamforming

Generalized sidelobe canceler

Any beamformer can be decomposed as

w=oqaayg— w, Wwhere wfao =0

® the component along ag ensures the unit gain constraint
wlag = aa(’,"ao + wfao = aa(')"ao == (a(’)"ao)_1
® orthogonal component is arbitrary, in a space of dimension N — 1
w, =Bw, with BeCVN-! BHay=0,w,cCV?

EX
REPUBLIQUE
ANCAISE
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Beamforming
Adaptive beamforming

Generalized sidelobe canceler

We have

H. \—1
w = (ay'ap) "ap — w| = wcgr — Bw,

=w'y = wlgey —w)'B"y =d - w]'z

y[K] d[k] - wliz[k]

by
The N — 1 auxiliary channels in z[k] are free of signal and can be used to
remove the contribution of interferences v

REPUBLIQUE
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Introduction Model Beamforming Direction of arrival estimation

Adaptive beamforming

Generalized sidelobe canceler

MVDR is obtained equivalently by solving?

min  w'Cw min(wcgr — Bwa)HC(WCBF — Bw,)
w,wHay=1 wa g
direct form, constrained GSC form, unconstrained

The GSC form of the MVDR beamformer is

wesc = wesr — Bw, Myvbr
where w, mvpr solves the above estimation problem

wamvor = (B €B) ™ B Cwcgr

E)
REPUBLIQUE
FRANCAISE

et

2MPDR: C + R
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Beamforming

Adaptive beamforming

ULA adaptive beamformer beampatterns

Beampattern of ULA with N=12, d=0.5), and 0, — f,=-2"
T T T

[—CBF
|~ MVDR GSC|

101ogy Gw(6)
8

g

“

|
o E) W w REPUBBIQUE
Angle of Arrival (degrees) FRANCAISE
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Introduction Model Beamforming Direction of arrival estimation Conclusion

Adaptive beamforming

Adaptive beamformer comparison

Three beamformers
® Opt: min,, w' Cw subject to w'a, =1
® MVDR: min,, w" Cw subject to w'ay =1
©® MPDR: min,, w/(C + Psasaf)w subject to whag =1
The optimal, MVDR, and MPDR beamformers are equivalent when
® the assumed steering vector ap coincides the true steering vector as
® the covariance matrix of the incoming signal R is known
In practice
® uncalibrated arrays and pointing errors lead ag # as
® the covariance matrix is estimated leading estimation errors R-R

= Degradation of optimal SINR (Psal!C~1a;) RéruBLiQue

FRANCAISE
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Beamforming
Adaptive beamforming

Influence of the steering vector (MVDR)

We have

lal! C—1ay|?
SINR(wmvDR) = Psm
‘aé-lc—las|2

(al'C—'as)(al! C1ag)
lag C'as|?

(al'C—'a,)(al! C1ag)

= SINR,pt cos® (as, ag; C 1)

< SINRopt

Hpe-1
= Psa;/C "as

= SINRopt

EX
REPUBLIQUE
FRANCAISE
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Introduction

Beamforming Direction of arrival estimation

Adaptive beamforming

Conclusion

Influence of the steering vector (MPDR)
We have

HR—l 2
S|NR(WMPDR) =P |a0 as|

_ H
A RICRTa | C

Using matrix inversion lemma?3

R1_ 1. PC'aalC' ., P.ClaalC!
1+ Psal'C-1la, 1+ SINRgpt
hence SINR
Hp—-1 Hr-~—1 opt
Rla, = aflCla, (1 - > ot

o 4= "5( 1+SINRopt)

leading
'C~1apSINR
p,jallR-1a,2 — 2C (WN;VDR) .
(1 + SINRopt) R
3(A+cBCH)"l = A=l — a-lc (B~1+ cMa—1c) t ctat

Julien LESOUPLE - SIGNAV Array Processing
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Introduction Beamforming Direction of arrival estimation Conclusion

Adaptive beamforming

Influence of the steering vector (MPDR)

Denominator

allR"1CR1a,

_JHe ! Psasaé"C_1 o PsasayC_1 a
0 1+ SINRop ) \'N ™ T+ SINRop )
Psa;al’C~'ay P?a.al’C~'a
He-1 sdsdg 0 sd s H
— )
2 C (a" 1+ SINRope | (14 SINRo )2 € a")
_ (agC_lao B 2Psa(;"C_lasaé"C lap P2aliCc~la;al'C—1a, HC_lao)

1+ SINRopt (1+SINR0pt)2
a1, (1_2 Ps|al!C~1ag|? P2|al!Ca,|?al’C~ as)
oF % aflC~1ag(1 + SINRop)  af'C—lag(1 + SINRop)2

REPUBLIQUE
FRANCAISE
o
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Beamforming
Adaptive beamforming

Influence of the steering vector (MPDR)

Denominator

at'Cap 1 - o Ps cos (as, a0; C~1)?al' Ca, N P2 cos (as, ap; C~1)*(al'C~1a,)?
(1 + SINRopt) (1 + SINRopt)?

cos (as, ag; C—1)?SINR cos (as, ap; C_l)QSINR2
=al!C lag (1 _pe8(@ 20 C )V SINRgpt | cos(a opt

(1 + SINRopt) (1 + SINRopt )2

Hence

SINR(WMVDR)

2 cos (as,ao;C*1)25|NR°pt cos (as,ao;C*1)25|NR20p;c
(1 + S'NROPt) <1 - @SINRp) | (1+SINR )2

SINR(wypDR) =

EX
REPUBLIQUE
ANCAISE
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Beamforming
Adaptive beamforming

Influence of the steering vector (MPDR)

Leading

SINR(wpmpDR)
_ SINR(w\vDR)

- 2
(1 + SINRopt) — 2cos (as, a; C~1)?SINRopt (1 + SINRopt) + cos? (as, 0; C~1)2SINRopt

_ SINR(wpvDR)
1+ 2SINRopt + SINRZ ¢ — 2 cos? (as, a0; C~1)SINRgpt — cos? (as, ap; C~1)SINRZ ¢
SINR(wvDR)

1L (25|NRopt + SINRgpt) (1 — cos? (as, ap; C—1))

_ SINR(WMVDR)
1+ (2SINRopt + SINRgpt) sin? (as, ap; C—1)

EX
REPUBLIQUE
FRANCAISE

et
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Beamforming
Adaptive beamforming

Influence of the steering vector (MPDR)

Finally

SINR(wmvDR)
SINR =
(wmPDR) 1+ (2SINRopt + SINRgpt) sin? (as,a0; C1)
< SINR(wmvDR)

The degradation is more important as SINR,: (hence Ps) increases

EX
REPUBLIQUE
FRANCAISE
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Beamforming

Adaptive beamforming

Influence of a steering vector error on SINR and WNAG

SINR loss ‘White noise array gain

= =)
as] =3 8
=
P Y
g 2
3 z
= B 7
6
5
-60 : 4 .
o8 0 08 05 0 FRANGAISE. 0.5
Pointing error in fraction of 6,35 Pointing error in fraction of 659
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Beamforming
Adaptive beamforming

Case of an uncalibrated array

Uncalibrated arrays lead different gains and phases

Yolk] = (1+ 8,)¢/%"a,(6) K] + ea[K]
an(0)

with g, and ¢, independent random gains and phases such as

Ele] =0, E[gl] =02 E[e*]=1

For any beamformer w

E [Gw(e)] — VG (8) + (L + 02— [y[) [w]|?

sidelobe level increase 5. ..

FRANCAISE

et
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Introduction ode Beamforming Direction of arrival estimation

Conclusion

Adaptive beamforming

Influence of the number of snapshots

In practice, limited number of snapshots K
y[k] = ass[k] + yi[k] + e[k], k=1,...,K
—_——
YirelK]

Covariance matrices are estimated from these snapshots

A

1 o Rilao
R=—-Y ylkly"[k = WiRDR = —5
K YY1 for =~ are
K A
A 1 i C_la()
C=2 yiielklyH [k = WMVDR = — 5
K k§::1 l+e[ ] l+e[ ] MVDR aoC—lao
EN
smi: “sample matrix inversion” FRANGARE:

et
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Direction of arrival estimation

Beamforming

Introduction

Adaptive beamforming

Influence of the number of snapshots

will differ from wy,pRr since

Beamformers wlf,l")‘(bR
R=R+AR C=C+AC
wa";(bR are random vectors, and so are their SINR
_ at'Ra,|
SINROWiiEoR) = PR TCR 1oy
| all¢-1a,|”
SINR(WiioR) = Ps o E T e 1ay
ReruBLiuE

Importance of the convergence speed of the estimators
88 / 189

Array Processing IENAC22 SAT - ASNAT23

Julien LESOUPLE - SIGNAV



Beamforming
Adaptive beamforming

SINR loss with finite number of snapshots (MVDR)

Defining
SINR(Wiivor

PMVDR = SlNRopt

one can show
PMVDR ~ Beta(K —N+2,N— 1)
which is independent of C, and

K-N+2

E [pmvoRr] = K1

For KMVDR =2N -3

- SINR,

(3 dB loss on average) _

REPUBLIQUE
FRANCAISE

Rule of thumb: K =2N
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Beamforming

Adaptive beamforming

SINR loss with finite number of snapshots (MVDR)

Distribution of MVDR SINR loss
T T T

T T T T T T
—K=N
—K =2N
— K =6N
20 |—K = 10N E
—K =15N
15 —
-
=}
(=%
10+ -
5+ -
) 1 1 L L 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 OBANCAISE 1

PMVDR
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Beamforming

Adaptive beamforming

MVDR versus smi version

Beampattern of ULA with N=12, d=0.5), and K = 2N
T T T

T T T VDR
—MVDR smi

101og;y Gw(0)

0 E -60 -40 20 [ 20
Angle of Arrival (degrees)

Array Processing IENAC22 SAT - ASNAT23 91 /

Julien LESOUPLE - SIGNAV



Beamforming
Adaptive beamforming

SINR loss with finite number of snapshots (MPDR)

Definin
: _ SINR(witbbr
PMPDR = SINRopt

one can show that

K
K + SINRope(N — 1)

E [pmppR] &

and to be within 3 dB of the optimal value
KMPDR ~ (N — 1)S|NRopt

and in general, Kuppr > KmvDr Ex
REPUBLIQUE
FRfNCAlSE

Julien LESOUPLE - SIGNAV Array Processing IENAC22 SAT - ASNAT23 92 / 189



Beamforming

Adaptive beamforming

MPDR versus smi version

Beampattern of ULA with N=12, d=0.5), and K ~ (N — 1)SIN R,
T T T T T T

"[—MPDR
—_MPDR smi

1010g19 G (6)

-60

-20 ) 20
Angle of Arrival (degrees)
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Beamforming

Adaptive beamforming

Influence of K

SINR versus K
T T

esesscse
eosesvcsee
. vesssseeect®
.
cesee
esve

JTTL L

= . .‘.........
= et
o 4 e’ -
0 I
21 o E
. — Optimal
°r —CBF 7
+ MVDR smi
2 « MPDR smi| _|
1 1 1 1 1 1 1 1 -
10 20 30 40 70 80 90 FRANCAISE 100,

50 60
Number of snapshots K
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Beamforming
Adaptive beamforming

Conclusion

In practice
¢ Estimation of covariance matrices = SINR loss (especially MPDR)

® interference is less eliminated
® sidelobe level increase (= lower white noise gain)

* Uncalibrated arrays: white noise gain \ (or ||w||?> ) = steering
vector errors

How to make these beamformers more robust?

EX
REPUBLIQUE
FRANCAISE
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Plan

© Beamforming

Robust adaptive beamforming



Robust adaptive beamforming

Motivation

® For calibration error, error grows with ||w||?

Beamforming

® For limited snapshot numbers

SINR versus K

‘White noise array gain versus K

i i MVDR smi
MPDR smi

WNAG [dB]

MVDR smi
MPDR smi

4
10

Idea: minimize ||w||? (i.e., maximize WNAG)
Julien LESOUPLE - SIGNAV

20

30 40 50 60 70 8 90 100
Number of snapshots K

Array Processing

10

20
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Number of snapshots K REPUBLIQUE
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Introduction Mode Beamforming Direction of arrival estimation

Robust adaptive beamforming

Diagonal loading

Solve

min w" Rw subject to w"ag = 1 and ||w|]> < A}
w

where ||w| =2 < N imposes Awn < N

We have

(ﬁ + pIN) - aop
a(")" (ﬁ’ + ,uIN>_1 aop

WMPDR-DL(,U) =

with p such as ||W|\/||:>DR_D|_(,UJ)||_2 = Awn
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Beamforming
Robust adaptive beamforming

Diagonal loading: adaptivity versus robustness

Awn
N ___________________________________
CBF
MPDR smi
1
REPUBLIQUE
FRfNCAlSE
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Introduction Model Beamforming Direction of arrival estimation

Robust adaptive beamforming

Setting the value of

Several methods in the literature to set
* set Awn and compute  from ||wivpproL(i)] 72 = Awn

e directly, a few dB above noise level (see next part)

e from the theory of ridge regression (and compute p from the data)
® it can be shown DL is equivalent to
N 2
max R — PaaH” subject to ||a — apl|® < &2
deduce p from ¢
® set Awn and compute DL from GSC form
[

EX
REPUBLIQUE
FRANCAISE

et
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Introduction Model Beamforming Direction of arrival estimation

Conclusion
Robust adaptive beamforming

Linear algebra reminder: eigenvalue decomposition

If Ac CVN*N is Hermitian (A" = A), there exists a unitary matrix
U c CV*N (UHUu = uu" = Iy) such as

A= UAU"
M O - 0
. 0 )\2 . . .
where A = diag(A1,...,\y) = is a diagonal matrix
. 0
0 -+ 0 My

containing the eigenvalues of A (Hermitian = X\, € R)

Convention

If not stated otherwise, we assume A1 > Ao > ... > Ay

gt
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Beamforming
Robust adaptive beamforming

Application to signal covariance matrix

We have the (Hermitian) covariance matrix
R = A(O)R.A(0)" + o1y
A(0)R.A(0)" is Hermitian, positive and with rank P

eigenvalues are Ay,...,Ap,0,---,0
—_——

>0 N—-P

o2ly directly diagonal
JU e CV*N R = UAU" with A = diag(A\1+02,--- , Ap+02,0%,--- ,0?)

and R-! = UA-1UH seroncur

et
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Beamforming
Robust adaptive beamforming

Application to signal covariance matrix

With 1 signal of interest and J interferences: P = J + 1. Denoting

U:[ul UN]
we have
J+1
Z g + Z
)\ +o Ao+ 02 n= J+2
J+1 J+1
R0 METI I SR

EX
REPUBLIQUE
FRANCAISE
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Beamforming
Robust adaptive beamforming
Consequence on MPDR (or MVDR)

The beamformer is expressed as

-1
R ao

WMPDR = 5 5 1
allR—lag

leading
R_lao H
)= —F=—— a0
gvppRr(0) (ag’Rlao) (9)

= aag’ (R™)" a(0)

J41 H
1 1 A
= aa(')" <;IN — ; Z ﬁunu#> 3(9)
n=1

EX
REPUBLIQUE
FRANCAISE
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Introduction Model Beamforming Direction of arrival estimation

Conclusion

Robust adaptive beamforming

Interpretation of DL and the choice of

Beampattern with true covariance matrix

J
ELCN (Ve DA N RAT
gmprpr(f) = " (ao a(?) nz::l .

With estimated covariance matrix

N
gifor(0) = s — (a(ﬁ’a(e) =Y X—"_(ag'an)(a:’aw)))

min

® degradation is due to S\J+2 #* 3\J+3 £ .. 2 AN = Amin
e replacing R with R + uuly replaces \, with X, + 1

EX
REPUBLIQUE

® if u> 02 and pu < A\ji1: equalization of last eigenvalues "

Julien LESOUPLE - SIGNAV Array Processing IENAC22 SAT - ASNAT23

105 / 189



Beamforming

Robust adaptive beamforming

Diagonal loading: beampatterns

Beampattern of ULA with N=12, d=0.5), and K = 2N

T T T T _CBF
—MPDR
—MPDR smi H
—MPDR smi-DL = 10 dB
—MPDR smi-DL = 5 dB

N
3

10log;y Gw(0)

-40

-50

e -20 0 20
Angle of Arrival (degrees)
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Beamforming

Robust adaptive beamforming

Diagonal loading: influence of K on SINR and WNAG

SINR versus K WNAG versus K
T T T T

P T
2 =
z z
Z 5
= £ o
£ £
Epis E
pn
. —MPDR | [—MPDR
|—MPDR smi |—MPDR smi
- MPDR smi-DL = 10 dB| | MPDR smi-DL = 10 dB|
|—MPDR smi-DL = 5 dB | —MPDR smi-DL = 5 dB
| 1
o 1
2 | | . . | . . | . . . I
£ w ) E) ) B w £ o % E) ) E} E) 3 @ REPUBSIQUE 100
K K FRANCAISE

Julien LESOUPLE - SIGNAV Array Processing IENAC22 SAT - ASNAT23 107 /



Beamforming

Robust adaptive beamforming

Diagonal loading: influence of 1 on SINR and WNAG

SINR versus diagonal loading level WNAG versus diagonal loading level

12 T
20
200

10log;((SINR)
10log;((SINR)

220 o 0 0 20 30 %20 10 0 10 TROEREr 0
Diagonal loading level (relative to o) [dB] Diagonal loading level (relative to:¢?) [dB]
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Beamforming
Robust adaptive beamforming

Linearly constrained beamforming

To mitigate pointing errors: multiple constraints

min w'' Cw subject to ZHw = d
w

Solution: w = C~1Z (zHC1z) ' d

Constraint exemples

® unit gain around presumed DOA

Z=1[a(6) a(bo+61) - alo+o)], d=[1 1 - 1]7
® smoothness around presumed DOA
t T
Z = [3(90) a2(09) 36239)}, d = [1 0o --- 0]

REPUBLIQUE
FRANCAISE

et
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Beamforming
Robust adaptive beamforming

Linearly constrained beamforming: beampatterns

Beampattern of ULA with N=12, d=0.5), and 0, — fy=-2°
T T T T T T

10 T T

— CBF

— Optimal
~—MVDR
—MPDR
—MVDR-LC
—MPDR-LCH

N
3

10log;y Gw(0)

-40

-50

-60

-20 0 20
Angle of Arrival (degrees)
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Beamforming
Partially adaptive beamforming

Partially adaptive beamforming

Principle: work in a lower dimensional subspace

® Direct form

s ——{ 7 P W151K

NIR+1 R+1|1

e GSC form (T = [WCBF BU])

ylK d[K] — wj'z[k]

NIN-1 N-1]R R|1
Ex
REPUBLIQUE
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Introduction Model Beamforming Direction of arrival estimation

Partially adaptive beamforming

Motivation for partially adaptive beamforming
When C = ijl Pjajal’ + o*ly, one can show
J
Wopt = Wcpr — B ZBJBHaj

j=1

The optimal beamformer subtracts a linear combinations J beams steered

towards interference
N
’—‘ d[k] — wy'z[K]

ylk]

By

R|1

|
REPUBLIQUE

The optimal beamformer is a partially adaptive beamformer!
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Introduction Model Beamforming Direction of arrival estimation Conclusion

Partially adaptive beamforming

Optimality of partially adaptive beamformer

Is it possible to obtain wqp:?

® WpA DF = Wopt < C‘las S R( T)
* Not useful: if C~1a is known, optimal beamformer can be
implemented

o if C= Z_}I:]. Pjaja}" + 0'2//\/ = C‘las = Nsas + Z}'lzl nja;

® o if [as a ... a_j:| S R( T) then wpa.pr = Wopt

WPA_GSC = Wopt < BHC_las S R(U)
o if [BHa1 BHaJ} € R(U) then wpa_gsc = Wopt
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Introduction Model Beamforming Direction of arrival estimation

Partially adaptive beamforming

Expression of partially adaptive beamformer

st r P 51K

NR+1 R+1[1

® Minimize output power

min W/ Ryw  subject to W&y =1
w
. _ TH = _ TH
where Ry = T"R, T and 4 = T" ag
® Solution
W = aR; & = weapF = aTR; 'y

gt

Julien LESOUPLE - SIGNAV Array Processing IENAC22 SAT - ASNAT23 115 / 189



Introduction Model Beamforming Direction of arrival estimation

Partially adaptive beamforming

® Minimize output power
minE { |d[k] - #}'Z[K] 2 |
W,

e Solution (ry, = E {z[k]d*[k]})

1
W, = R;'rys = <UHRzU> U"ry, = wpa.csc = wegr—BUR;  ry;

e
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Beamforming
Partially adaptive beamforming

Selection of T and U

Fixed transformations: pre-steered beams

T=[a0) a(f) a(d) ... a(ir)]
u=8"[a(i) a(i) ... a(fs)]

Requires prior knowledge about interferences DOA

EX
REPUBLIQUE
FRANCAISE
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Beamforming
Partially adaptive beamforming

Selection of T and U

Adaptive transformations
¢ optimal beamformer: wyp: = wcgr — B Ele ﬂJ-BHaj
* only need a basis for R {[B"a; ... B"a,|}
e for R, = B"CB

J
R.=)_Pi(B"a)(B"a)" + 0%In_y
j=1
N-1
= AnGnq@l M >N > > Ay
n=1
® Property: R{[B"a; ... B"a)]} =R {1 ... @]} 0.

FRANCAISE
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Introduction Model Beamforming Direction of arrival estimation

Partially adaptive beamforming

Selection of T and U

Principal Component

Choose the R principal eigenvectors of R,, U = [ql ...qR} leading
s = UMR,U = A = diag(\1, ..., \R)

and

1
wpaGgsc = wegr — BUA " ry,

Cross Spectral Metric

Choose the R eigenvectors which contribute most to increase the SINR

EX
REPUBLIQUE
FRANCAISE

et
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Beamforming

Partially adaptive beamforming

Partially adaptive beamforming: influence of K

SINR versus K of partially adaptive beamformers (interf : [-20,15])
T T T T T T

=
Z or R
~
w0 —opt
= —MVDR smi
= ~—MVDR smi-PA [-20,15]|
= —MVDR smi-PA [-30,20]
--PC
; |
s |
5 1 1 1 1 1 1 1
20 30 40 50 60 70 80 920 NCAISE 100,
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Introduction Model Beamforming Direction of arrival estimation Conclusion

Summary

Beamforming: synthesis

e Conventional beamforming: wcgr = (a(’jao)_lao, optimal in white
noise, O34g ~ 0.9 (NCX!)_l
® Adaptive beamforming:
Wopt o Ctag, wvpr o Ctag, wmppr o R ay,
® all equivalent if R, C known and ap = a;
® SINRopt > SINRpypRr > SINRyppr When ag # ag
® SINRmvDR-smi => SINRpmpDR-smi and convergence for about 2N
snapshots for MVDR and N x SINRgpt for MPDR
e Diagonal loading: helps to mitigate finite sample errors and steering
vector errors. Especially useful in MPDR context with low power
signal of interest

¢ Partially adaptive beamforming: enables to achieve faster convergence
by operating in low-dimensional subspace. Especially effective with
. FRANCAISE
strong, low-rank interference 2
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@ Direction of arrival estimation
Problem formulation



Introduction Beamforming

Direction of arrival estimation

Conclusion

Problem formulation

DOA estimation problem

Collection of K snapshots of P signals impinging the array
P
ylk = 3" a(6,)s,1K] + elk] = A(6)s[k] + e[K]
p=1
How to retrieve 8 = {61,...,0p}7?

ylK] ? 0,....0p

Approaches

® Non parametric approaches: don't rely on a model for y[k] (similar to
Fourier in time domain)

® Parametric approaches: a model is assumed and its properties are
exploited (algebraic structure, distribution)
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Direction of arrival estimation
Non parametric methods

Beamforming for direction finding purposes

Idea: form a beam w(0) for each angle § and evaluate the power at the
output

yIK w(6) Pu(0) = E{|wH(O)y[K[*} = wH(0)R,w(0)

Large peaks should correspond to the DOA

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation
Non parametric methods

CBF for direction finding purposes

Conventional beamformer

H
weer (6) = 200 = whe(6) Rucee(9) = 2 0Re)

In practice, R is unknown

K aH Aa
R= >y 1K = Peer(0) = TR0
k=1

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation

Non parametric methods

CBF for direction finding purposes

CBEF for direction finding
T

— CBF true covariance
— CBF estimated covariance

5 T T T T

10logyy Pepr(6)
&
T

L L L
20 40 60

| I 1 1
-20 0
Angle of Arrival (degrees)

IENAC22 SAT - ASNAT23
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Direction of arrival estimation
Non parametric methods

Interpretation of CBF for direction finding

The estimated power at the output of the CBF is

Pesr(0) = %a”(ﬁ)f"a(ﬁ)

K
= ﬁ; "k

1 K
= N2 2

k=1

N 2
D yalkle T

n=1

with f; = $sin ¢

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation
Non parametric methods

Interpretation of CBF for direction finding

The estimated power at the output of the CBF is

Pesr(0) = %a”(ﬁ)f"a(e)

K
= ﬁ; "k

1 K
= N2 2

k=1

N 2
D yalkle T

n=1

with f; = $sin ¢

. . EXN
= Spatial Fourier transform of each snapshot e
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Direction of arrival estimation
Non parametric methods

MPDR for direction finding purposes: Capon’s method

MPDR beamformer

R~ a(0
wnppRr(0) = Wa—ga)(g)
leads
_a"(0)R"'RR'a(9) 1
wyippr(0) Rwhppr(0) = (a"(9)R-1a(h))2 ~ aM(§)R-'a(6)
In practice,

1
Pl = Qi) 1a(o)

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation

Non parametric methods

Capon for direction finding purposes

Capon’s method for direction finding
5 T T T T T

— Capon true covariance
— Capon estimated covariance

101logy PCupo'n (‘9)

L L L L L L L
20 40 60

-20 0
Angle of Arrival (degrees)

-30
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Direction of arrival estimation

Non parametric methods

Comparison of beamformers for direction finding purposes
(low resolution)

Beamformers for direction finding
s T T T T T T T

101log;o Popr(0)

30 1 1 1 ! 1 1 1

20 o ) w0 w0 SBRANCAE.
Angle of Arrival (degrees)
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Direction of arrival estimation

Non parametric methods

Comparison of beamformers for direction finding purposes
(high resolution)

Beamformers for direction finding
s T T T T T T T T

101log;o Popr(0)

30 1 A 1 1 1 1 L

beeroorl QUE
40 60 8PRANGCAISE

20 0 20
Angle of Arrival (degrees)
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Direction of arrival estimation
Parametric methods

Model-based methods

Principle: based on the model

ylk] = A(0)s[k] + e[k]

with
T
0=1[0 ... 6p]
A0) = [a(61) ... a(0p)]
T
S[k] = [Sl[k] N Sp[k]]
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Introduction Model Beamforming Direction of arrival estimation

Parametric methods

Classes of methods

® Maximum likelihood methods: maximize the likelihood function —
find the parameters that best explain the data

® Subspace-based methods: signal subspace coincides with the
subspace spanned by the principal eigenvectors of R, which is
orthogonal to the one spanned by the minor eigenvectors

¢ Covariance matching: relies on a model R(n) of the covariance
matrix, finds the parameter that makes it the closest to R

E
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Reminder: MLE

We have K independent observations from the same distribution
parametrized by 1

ye ~plyim), k=1,....K
The likelihood is defined as

L(miys,---,¥x) = py

K
= H ykl
MLE: find i that best explains the observatlons

ML = argmax L(n; y1, - - -, Yk)
n

= argmin (—log L(m; y1, .- -, yk)) seroncur
y

Julien LESOUPLE - SIGNAV
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Introduction Model Beamforming Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Reminder: MLE

® asymptotically unbiased

li E {7 =
K_'}Too {MmL} =n

® asymptotically efficient

li Var () = CRB
K_')TOO ar (ML) (m)

Drawback

Usually multi-dimensional optimization problem: computationally
intensive, possible to reach local maxima
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Introduction Model Beamforming Direction of arrival estimation Conclusion

Parametric methods: Maximum likelihood estimation

MLE for direction finding

There are two expressions, based on the signal model

® Deterministic MLE: the received signal is assumed deterministic
(Conditional signal model)

® Stochastic MLE: the received signal is assumed random
(Unconditional signal model)

For each model, it is assumed

e[k] ~ CN (e[k]; 0,07 1y)

where 1
: _ Hp-1
p(e p, R)—WN—|R|9XP (—(e—u) R (E—ﬂ)>

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Deterministic MLE

We have
y[k] = A(0)s[k] + e[K]
hence
y[K] ~ CN (y[K]; A(8)s[k], 0?In)
with unknown parameters n = {02, s[1],..., s[K], 0}
Likelihood

L0731 9) = H [ oy @ (52 Iyt~ A@)star)

REPUBLIQUE
FRANCAISE
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Deterministic MLE

Maximum likelihood estimator

K
i = arg min NK log(o Z y[K] — A()s[«]||?
k=1

leading #

édEt:argminTr IR =argmax Tr ( I1 R
ML 0 ( A(6) ) 0 ( A(6) )

For a single source

fglet = arg max a'’(#)Ra(9) = CBF

REPUBLIQUE

—1
TMy=A (AA"’ AHand TIf = 1 — TI,
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Introduction Model Beamforming Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Conclusion

Gaussian vectors: reminder

Property: independence
Let x and y two Gaussian vectors. Then

x and y are independent < cov(x,y) =0

Property: affine transformation

Let x ~ N(m,X) € R", A€ RP*" (p < n) with full rank and b € RP,

and let y = Ax + b. Then

y ~N(Am+ b, ATAT)

These results can be extended to complex Gaussian vectors (with

REPUBLIQUE

Hermitian instead of transpose) ANeARY
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Stochastic MLE

We have

y[k] = A(0)s[k] + e[k]
and we assume

s[k] ~ CN (s[k]; 0, Rs)
and independent with e[k]. Then

yIK] ~ CN (y[k]; 0,R = A()R.A"() + 021,\,)
with unknown parameters n = {02, R;,0}

Likelihood

LMiyis--¥K) H N|R| exp (_y[k]HR—ly[k]>

Julien LESOUPLE - SIGNAV Array Processing

IENAC22 SAT - ASNAT23 144 / 189



Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Stochastic MLE

Maximum likelihood estimator

K
v = arg min K log(|R|) + Y y"[KIR ™ y[]
n k=1

= argminlog(|R|) + Tr R_1k>
n

closed-form expressions for 52(8) and R(6) can be found (book® , Egs.
(14.64) and (14.65)) yielding

65t = arg min log ‘A(O)ﬁs(B)AH 6) + 62(0)1,\,‘
6

EX
REPUBLIQUE
FRANCAISE

5Rama Chellappa Abdelhak M. Zoubir Mats Viberg and Sergios Theodoridis. Array and Statistical Signal Processing.
Academic Press, 2014.
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Introduction Model Beamforming Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Solving MLE

Several methods can be employed to solve these problems, as

® extensive grid search: try all possible values of & — complexity
increases exponentially as P increases

® EM algorithm: find unobserved variables that simplifies the problem,
iterate between estimation of theses variables and the parameters of
interest

® SAGE algorithm: same approach, instead the unobserved variables
change — speeds up the previous one

All can be used for conditional or stochastic MLE, here only conditional

E
REPUBLIQUE
FRANCAISE

et

Julien LESOUPLE - SIGNAV Array Processing IENAC22 SAT - ASNAT23 146 / 189



Introduction Model Beamforming

Direction of arrival estimation
Parametric methods: Maximum likelihood estimation

EM® approach

Expectation maximization

Principle: augment the observations Y with imputed values X to simplify

the maximization, and apply the augmented data to estimate the unknown
parameters

Find a many-to-one mapping M : X — M(X) =Y
® EM algorithm for estimating € when observing y
® E-step: compute Q(ele(t)) = Ex|y o [log p(X|e)]
* M-step: solve e(t*1) = arg max_ Q(ele?)

EX
REPUBLIQUE
FRANCAISE

SA.P. Dempster, N.M. Laird, and Do. Rubin. “Maximum Likelihood from Incomplete Data via the EM Algq}t&hm”. IngnZiaiRs
Stat. Soc. Series B 39.1 (1977), pp. 1-38.
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

EM principle

EX
REPUBLIQUE
FRANCAISE

Adapted from Christopher M. Bishop, “Pattern Recognition and Machine Learning,” Chap. 9
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

EM principle

=0

EX
REPUBLIQUE
FRANCAISE

Adapted from Christopher M. Bishop, “Pattern Recognition and Machine Learning,” Chap. 9
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

EM principle

: Qele®) + K
- . \

=0

EX
REPUBLIQUE
FRANCAISE

Adapted from Christopher M. Bishop, “Pattern Recognition and Machine Learning,” Chap. 9
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

EM principle

Qele™) + K

\

e(t) g(t+1) Ex
REPUBLIQUE
FRANCAISE

Adapted from Christopher M. Bishop, “Pattern Recognition and Machine Learning,” Chap. 9
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

EM principle

Qele™) + K

\

e(t) g(t+1) Ex
REPUBLIQUE
FRANCAISE

Adapted from Christopher M. Bishop, “Pattern Recognition and Machine Learning,” Chap. 9
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Application of EM to MLE (conditional)

We define
Xl[k] 3(91)51[/(] + el[k]
M= : |= z
Xp[k] a(ap)SP[k] + ep[k]
such as
P
YIKI=D xplkl=[In ... In]x[K]
p=1
and

X ={x[1],...x[K]}, Y ={y[1],...y[K]}

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Application of EM to MLE (conditional)

We define the unknown parameters

e={e1,....,ep}, &p={0p5[1],... ,sp[K],af,}

and we have
xp[k]lep ~ CN (xp[K]; a(0)p)sp K], U[%IN)

where Zp 105 =0° (eg., 02 = "—,,2) leading
log p(X|e) = C — ZZ 2 Ixp[k] — a(6, )splK]II?
k=1p=1 Tp

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Application of EM to MLE (conditional)

One can show’
Exiy.cto Dolkl] = %[ = (085§ 1K) + 1 (vIK] — A(6©)sO 1K)

leading (when not interested in 03)

kK Py
Qele)=D->"%" 2 %[kl — a(0,)sp[K]|I?

k=1p=1 P

The M step is equivalent to

Pk
) —argminy > %K) — a(0,)splK]I”

p=1 k=1 .
REPUBLIQUE
FRANCAISE

"Rama Chellappa Abdelhak M. Zoubir Mats Viberg and Sergios Theodoridis. Array and Statistical Signal Processing.
Academic Press, 2014.
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Application of EM to MLE (conditional): wrap up

EM approach to solve conditional MLE
® initialize g0
@ iterate until convergence
%[k  a(0,))5,7 (K] + B (y[K] — A(D)sO[K])
LR DIWREALEAL
o g = arg maxe a'(0,)Rx,a(0,)

° t+1)[k] H )Xp[k]

EX
REPUBLIQUE
FRANCAISE
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Introduction Model Beamforming Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

SAGE?® approach

Space Alternating Generalized EM

Principle: break the problem into several smaller problems by conditioning
sequentially on a subset of the parameters, then applies EM to each
reduced problem.

Each iteration has C cycles: at cycle c,
* E-step: compute Q() (e |e(t:c—1)) = Ez)y etce-nllog p(Zclec)]
* M-step: solve (t:) = arg max,_ Q(°)(ec|e(t:<1)

at the end of the last cycle: g(t+1.0) = g(£:C)

EX
REPUBLIQUE
FRANCAISE

8J.A. Fessler and A.O. Hero. “Space-Alternating Generalized Expectation-Maximization algorithm”. In: IEEFE, Transadtichs
on Signal Processing 42.10 (1994), pp. 2664-2677.

Julien LESOUPLE - SIGNAV Array Processing IENAC22 SAT - ASNAT23 153 / 189



Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Application of SAGE to MLE (conditional)
We use P cycles and define

2[k] = a(0,)s,[K] + e[k]
Using same reasoning as for EM

2[k] = a(65"" ) P V1] + ylk] — A8 )s(P VK]

Leading the update

6) = arg max a(0r\R;,a(0,)
0

P
where 1
A 1 AH Ex
Rz, = 1o 2pl k125 [K] AR
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Application of SAGE to MLE (conditional): wrap up

SAGE approach to solve conditional MLE
® initialize (0,0
@ iterate until convergence
® Forp=1,...,P
o 3,k  a(8f P V)PV K] 4 y[K] — AOEP—D)s(EP—D [
® Ry, — £2[Kl2} K]
o 6P —arg maxp, (0} )Rz, a(0p)
. s‘(}vp)[k] = AaH(él(Jt;:))fp["]
[} €(t+170) < E(t,P)

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation

Parametric methods: Maximum likelihood estimation

Initialization of EM or SAGE

Several possibilities
® easy one
@ assume a single source:

0A§0) = argmax Tr (Ha(e)ﬁ'>
0

@ augment the steering matrix with a new source:
A(9) = [a(égo)) a(O)] and 0A§0) =argmax Tr (HA(Q)ﬁ')
0

©® continue until the total number of sources is reached

® any other method -
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Parametric methods: Subspace-based methods

Subspace-based methods: principle

® Theorem (reminder): if A € CN is an Hermitian matrix, then its
eigenvalues are real and there is an orthonormal basis formed by
eigenvectors of A

Eigenvalue decomposition of the covariance matrix (P < N signals)

R = A(0)R,A"(0) + o%ly  (Rs full rank)

P N
= Z)\pupu;j —i—azZupu;j (M >...>Xp)

—Z()\ + 02 Jupuy, " io? Z upu;," (M >...>Xp)
p=P+1
= USASUSH + o?U. UM

E
REPUBLIQUE
FRANCAISE

where Us = [uy ...up| L Ue = [upy1 ... up]
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Parametric methods: Subspace-based methods

Signal and noise subspaces

Subspace-based method rely on either
* R{Us} = R{A(0)}: the signal subspace is spanned by Us so there
is a non-singular matrix T such that Us = A(0)T
* R{U.} is orthogonal to R {Us} = R {A(8)} so AH(0)U. =0

>\1+02 T

Ap+o? |

Eigenvalues of the covariance matrix

Signal subspace

Noise subspace

|
| ! =
1 P N FRANGARE
it
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Direction of arrival estimation

Parametric methods: Subspace-based methods

Principle
In practice: estimated covariance matrix

Covariance matrix eigenvalues

T T T T T T T T T
o
H
°
o
10+ -
o
°
°°
°°
~< °
< o
o0 5 o -
< ° o
S ° o
o
o
o o o o o o o o o o o o o o o s o -
.
5 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 2
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Direction of arrival estimation

Parametric methods: Subspace-based methods

MUSIC (MUItiple Signal Classification)

The steering vectors are orthogonal to R {U.}
Ula(0,) =0=ula(6,)=0forn=P+1,....N

Principle: look for the P largest maxima of

1 1
P 0 = ~ A =
MUS|C( ) aH(H)Ue é—la(g) E ,I:I:P_H_ ‘ﬁ#a(@)’

When 02 — 0 or K — 400 one has Pyysic(#) — +oo

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation

Parametric methods: Subspace-based methods

Beamformers for direction finding
5 !
T T T T T T T T —Cor
— Capon

ok —MUSIC]
T, wv%w |

-30 L 53
40 60 FRANGBUSE

101log, Popr(9)

-20 0 20
Angle of Arrival (degrees)
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Direction of arrival estimation

Parametric methods: Subspace-based methods

Root-MUSIC

Leta(z) =1 z ... zM!]7. For ULA

. . T ) .
i dsin 0 ; dsin6 _ dsin 6
6(9) — [1 e—_/27ch SICn o e—J27TfC(N—1)SI%] —a, (e jmfe =2 )

leading for a DOA

e

at(0)0.0"a(0) = a] (/> ") 0,0  a,(e 727" ) = 0
One can look for the roots of
Puusic(z) = a) (z71) 0.0 a,(2)

closest to the unit circle REPUBLIQUE
FRfNCAISE

Zeaie
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Direction of arrival estimation

Parametric methods: Subspace-based methods

Root-MUSIC

Moreover, Puysic(z) = ZQ’:_E(NA) pnz" has 2(N — 1) roots, but

a,(z*) = ai(z) leads

1 A 1\\*
Phausic <;> = <3zT(Z*)UeU53z (;))
=al(2)0:0]a, (z71)
=al (z1)0.0"a, (2)
= Puusic(2)

so only (N — 1) are inside the unit circle

No need to try several values of 6, directly given by the roots
EX

REPUBLIQUE
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Direction of arrival estimation

Parametric methods: Subspace-based methods

Root-MUSIC

Root-MUSIC

2000 300

EX
REPUBLIQUE
270 FRANCAISE
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Parametric methods: Subspace-based methods

ESPRIT (Estimation of Signal Parameters via Rotational
Invariance Techniques)

Partition of A = A(6)

A= 2=l

where A; (resp. Az) contains all but last (resp.first) row of A.
For ULA

D P
Ay = A® with & = diag ({G—Jzﬂs.n A 1)
p:

The DOAs are in ®, which can be deduced from A; and A, which are
unknown

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation

Parametric methods: Subspace-based methods

ESPRIT

We known Us; = AT. We can decompose Us = {Us’l] = [U_ ] leading
5,2

)

Uy =AT
Uy =AT=AST

=Usp=U 1 T'@®T
:>Us’2 = Us71\I/

Moreover, if u is an eigenvector of ®, then OT lu=T1®u=)2T1u

. _iondsi
— @ and W share the same eigenvalues e /2"x%"% p =1 ... P

EX
REPUBLIQUE
FRANCAISE

Zeaie
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Direction of arrival estimation
Parametric methods: Subspace-based methods

ESPRIT

In practice, one solves Us o = U 1 W with a least squares approach
N AH N A1
v = (Us,1U571) Us,l U5,2

and compute the eigenvalues of ¥

As root-MUSIC, no need for a grid

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation
Parametric methods: Subspace-based methods

Subspace fitting

Principle: minimize error between subspaces spanned by Us and A(6)
using a weighted least square criterion

6, T =argmin||U; — A0)T|%
0T

= argmin Tr ((05 —A0)T) W(Us —A(6) T)H>
0, T

As for ML, we replace with the estimator of T, leading

~

0 = argmin Tr (HJA;(B) 05W05H>
0

EX
REPUBLIQUE
FRANCAISE

et
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Direction of arrival estimation
Parametric methods: Subspace-based methods

Subspace fitting

Possible weights®
P A 1 N
W=NAG', A=As—8%lp, 6°=——F5 > A

Alternative: use the fact that A7(8)U, = 0 and solve

6 = argmin |U"A(0)|3,
e

EX
REPUBLIQUE
FRANCAISE

9Rama Chellappa Abdelhak M. Zoubir Mats Viberg and Sergios Theodoridis. Array and Statistical Signal Processing.
Academic Press, 2014.
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Parametric methods: Covariance fitting

Some matrix operations

Kronecker product: A€ C™*" B e C"*9
A1B AB ... A.B

popo |AiB Ae2B o AaB|
AmiB Am2B ... Am.B
Vec (vectorize) operator (linear)
A1 A ... Ain a
A1 A ... Al a
= . . Jl=[a a ...a] = vec(A)=
Am,l Am,2 cee Am,n ap
Property gﬁﬁmquz
vec(AXB) = (BT ® A)vec(X)
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Direction of arrival estimation

Parametric methods: Covariance fitting

Covariance fitting

Covariance matrix
R = A(8)R.A"(0) + o1y
leads

r = vec(R) = vec(A(8)R; A" (8)) + vec(a?ly)
= (A*(8) ® A(8))vec(Ry) + ovec(ly)
= ()P + o*%
— [9(6) =] [ ;]
=®(0)

Julien LESOUPLE - SIGNAV
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Direction of arrival estimation

Parametric methods: Covariance fitting

Covariance fitting

Principle: minimize the error between R and its estimate R

6,6 = argmin || — ®(0)a|3y = (F — ®(0)a) ' W(F — ®(0)a)

0,

Solving for ¢ then 6 leads

6 = arg min || T1+ , W%FH2
0 W2 ®(09)

Proposed weights

EX
REPUBLIQUE
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Direction of arrival estimation

Parametric methods: Covariance fitting

Covariance fitting

Avantages
® asymptotically equivalent to ML estimates
® no need for assumptions on the pdf (only R)
® criterion usually simpler to minimize
® can be used with full-rank covariance Rs (subspace methods require it
to be rank deficient)
Drawback
® requires an important number of samples

EX
REPUBLIQUE
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Direction of arrival estimation
Sparse estimation

Overcomplete representation

Signal model, @ and s[k] unknown

0= {01, 92, . ,GP} s y[k] = A(O)S[k] + e[k]

Overcomplete representation, only §[k] unknown

- {9"1,52, N .,é,\,e} . yIk] = A(@)S[K] + e[K], Np > P
where B
§k|=0iff;¢06, j=1,... N,
Only few non-zero elements in §[k] (sparse vector)

EX
REPUBLIQUE
FRANCAISE
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Beamforming Direction of arrival estimation

Conclusion
Sparse estimation

Regularization

Overcomplete representation

y[k] = A(0)3[k] + e[k] with A(B) € CV*Ne and Ny > N
Problem: A(#) not full-rank (doesn’t admit pseudoinverse)
Solution: regularization (add constraints to the vector to estimate)

arg min ||y [k] — A(9)3[K]|3 +A f(8[])
S[k N——

data-fidelity term regularization term

Hyperparameter A controls the balance between fidelity and regularization
EN

REPUBLIQUE
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Direction of arrival estimation
Sparse estimation

Regularization

For instance: minimize signal energy (ridge regression)

arg[rk?in lylk] — A(B)STK] |13 + AlISTK]|I3

Solution )
8K = (AB)"AB) + My, A(G)"yK]
We want sparsity, are there regularizations providing sparsity?
N
finorm: || x| = Z |xi| provides sparsity
i=1

EX
REPUBLIQUE
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Direction of arrival estimation
Sparse estimation

Sparse regularization: illustration

Single equation in 2D y = h'x

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation
Sparse estimation

Sparse regularization: illustration

Single equation in 2D y = h'x

— T
] I

a e e
\\ \\::::1:*:::\
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Direction of arrival estimation
Sparse estimation

Sparse regularization: illustration

Single equation in 2D y = h'x
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Direction of arrival estimation
Sparse estimation

Sparse DOA with a single snapshot

Solve o
ar%[z;in ly[k] — A(0)8[K]|13 + AlI5[K] 11
S

We can plot a pseudospectrum for all values of §; as |5;[k]|?

A controls the level of sparsity of the solution

EX
REPUBLIQUE
FRANCAISE
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Direction of arrival estimation

Sparse estimation

Sparse DOA with a single snapshot

Beamformers for direction finding
T T T T T T

N

S
<
S
QS 4
=
0
<
=1
=
- —CBF ul
— Capon M
—Music
L —Sparse A =0.02| |
20 —Sparse A =2
—Sparse A =20
—Sparse A =200
T T

1 1 1

20 0 20 40 60 0.
Angle of Arrival (degrees) REPUBLIQUE
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250 ! 1 ! 1
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Direction of arrival estimation
Sparse estimation

Sparse DOA with all snapshots

Define
Y=[y1] ... yIK]],S=1[3[1] ... §[K]] and E=[e[l] ... e[K]]

then o
Y =A(0)S+E
We want to induce sparsity on the rows of matrix §. Define

(¢ . . T .
£ — 51 ... K b j=1,... N

and
§t2) — [§£Z2) o §(f2)]

EX
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Direction of arrival estimation
Sparse estimation

Reminder: Singular Value Decompositon (SVD)

Let M € CNV*K a rectangular matrix. Then, there exists
UecCVN 3 ¢ (RT)V*K and V € CK*K such as

e M=UxV"
4 UHUIIN
o VAV = Iy

® 3l is a rectangular diagonal matrix

EX
REPUBLIQUE
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Direction of arrival estimation
Sparse estimation

Sparse DOA with all snapshots

Solve o
argmin||Y — A(6)S|2 + |5,
S

SVvD
Y =ULVH uecVN Le@®HVK veckK
can help to reduce the dimension of Y
Y, = ULDp = YVDp, Dp=[lp O _pyux]

Related to eigenvalue decomposition of R

N 1 1 1
R==-vY"=_uvivLu" = —ut?u" ..
K K K FRANCAISE

et
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Direction of arrival estimation
Sparse estimation

Sparse DOA with all snapshots

Defining 3 y
S, =SVDp, E,=EVDp,
we have s
Y, = A(0)S; + E;
Solve

arg min || Y — A(8)S.]13 + A58,
S.

S
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Direction of arrival estimation

Sparse estimation

Sparse DOA with all snapshots

Beamformers for direction finding

T T T T T T T T T
T / I ]
=) W N o—— |
— =l —CBF i
o) — Capon
& .
5] —— Music
Q; —Sparse A = 20
& — Time-sparse A = 40
15}
=)
=
-100 (- 4
150 I I I I I I I I I
80 60 40 20 0 20 40 60 80,
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Direction of arrival estimation

Sparse estimation

Sparse DOA with all snapshots

Beamformers for direction finding
T T T T T T T

— CBF

— Capon
—Music

— Sparse A = 20

%( — Time-sparse A = 40
ok

101log;o Popr(0)

\///,

1 1 1 1 1

12 14 16 18 ﬁ
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Direction of arrival estimation
Sparse estimation

Conclusion on sparse DOA

Advantages

® sharp peaks

® |ower side lobes
Drawbacks

® )\ selection

® depends on a grid

® numerical optimisation
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Introduction Model Beamforming Direction of arrival estimation Conclusion

Conclusions

® Array processing, thanks to additional degrees of freedom, enables
one to perform spatial filtering of signals

¢ Adaptive beamforming, possibly with reduced-rank transformations,
enables one to achieve high SINR with a fast rate of convergence in
adverse conditions (interference, noise)

® Robustness issues are of utmost importance in practical systems, and
should be given a careful attention

® Non-parametric direction finding methods are simple and robust but
may suffer from a lack of resolution

® Parametric methods offer high resolution, often at the price of
degraded robustness

Please provide any useful comment on SIDE! FRANCARE
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