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Estimation Statistical Hypothesis Testing

Statistical Modeling

Statistical model

Observations

We have n real observations

x1, · · · , xn

Samples

We associate n iid random variables to the

X1, · · · ,Xn

The observations are realisations of independent random variables with the
same underlying distribution
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Statistical model

Goal: infer properties of the underlying distribution from the observations

Estimator

An estimator of a parameter θ is a function of the random variables
associated to the observations

θ̂(X1, · · · ,Xn) or θ̂n or θ̂

For instance, to estimate the mean of a distribution

θ = E [X ] → θ̂ = X =
1

n

n∑
k=1

Xk

How to compare different estimators? Is there a best choice?
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Quality of an estimator

For θ ∈ R

Bias (systematic error)

The bias of an estimator is defined as

bn(θ) = E
[
θ̂n

]
− θ

Example: sample mean
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Quality of an estimator

For θ ∈ R

Variance (convergence speed)

The variance of an estimator is defined as

vn(θ) = Var
(
θ̂n

)
= E

[(
θ̂n − E

[
θ̂n

])2]
= E

[
θ̂2n

]
− E

[
θ̂n

]2
Example: sample mean
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Quality of an estimator

For θ ∈ R

Mean square error (accuracy)

The mean square error (MSE) of an estimator is defined as

en(θ) = E

[(
θ̂n − θ

)2]
= vn(θ) + b2n(θ)

Example: sample mean
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Convergence of an estimator

For θ ∈ R

Definition

An estimator θ̂n is said to be convergent if

bn(θ) −−−−→
n→+∞

0

vn(θ) −−−−→
n→+∞

0

Example: sample mean
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Quality of an estimator

For θ ∈ Rp

Bias

The bias of an estimator is generalized as

bn(θ) = E
[
θ̂n

]
− θ ∈ Rp

Covariance matrix

The variance of an estimator is generalized as

vn(θ) = E

[(
θ̂n − E

[
θ̂n

])(
θ̂n − E

[
θ̂n

])T]
∈ Rp×p
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Exercise

We have Xk ∼ N (m, σ2) with known σ2. We want to estimate θ = m.
Compare the two estimators

• θ̂n = 1
n

∑n
k=1 Xk

• θ̃n = 2
n(n+1)

∑n
k=1 kXk
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Solution

Bias for θ̂n

b1,n(m) = E
[
θ̂n

]
−m

= E

[
1

n

n∑
k=1

Xk

]
−m

=

(
1

n

n∑
k=1

E [Xk ]

)
−m

=

(
1

n

n∑
k=1

m

)
−m

= 0
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Solution

Bias for θ̃n

b2,n(m) = E
[
θ̃n

]
−m

= E

[
2

n(n + 1)

n∑
k=1

kXk

]
−m

=

(
2

n(n + 1)

n∑
k=1

kE [Xk ]

)
−m

=

(
2

n(n + 1)

n∑
k=1

km

)
−m

=

(
2

n(n + 1)

n(n + 1)

2

)
m −m

= 0
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Solution

Variance for θ̂n

v1,n(m) = Var
(
θ̂n

)
= Var

(
1

n

n∑
k=1

Xk

)

=
1

n2
Var

(
n∑

k=1

Xk

)

=
1

n2

n∑
k=1

Var (Xk) (independence)

=
1

n2

n∑
k=1

σ2 =
σ2

n
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Solution

Variance for θ̃n

v2,n(m) = Var
(
θ̃n

)
= Var

(
2

n(n + 1)

n∑
k=1

kXk

)

=

(
2

n(n + 1)

)2

Var

(
n∑

k=1

kXk

)

=
4

n2(n + 1)2

n∑
k=1

Var (kXk)

=
4

n2(n + 1)2

n∑
k=1

k2σ2

Julien LESOUPLE - SIGNAV Statistics ASNAT23 16 / 102



Estimation Statistical Hypothesis Testing

Statistical Modeling

Solution

Variance for θ̃n

v2,n(m) =
4

n2(n + 1)2
n(n + 1)(2n + 1)

6
σ2

=
2σ2

3

(2n + 1)

n(n + 1)

= O
(
4σ2

3n

)

Julien LESOUPLE - SIGNAV Statistics ASNAT23 17 / 102



Estimation Statistical Hypothesis Testing

Statistical Modeling

Solution

So b1,n(m) −−−−→
n→+∞

0 and v1,n(m) −−−−→
n→+∞

0 ⇒ θ̂n is convergent

b2,n(m) −−−−→
n→+∞

0 and v2,n(m) −−−−→
n→+∞

0 ⇒ θ̃n is convergent

Moreover

v1,n(m)

v2,n(m)
=

σ2

n

3

2σ2

n(n + 1)

(2n + 1)

=
3n + 3

4n + 2
< 1 for n > 1

So v1,n(m) < v2,n(m) for n > 1
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Estimation Statistical Hypothesis Testing

Statistical Modeling

Likelihood

Remember the distribution of the samples is parametrized by θ

Definition

The likelihood of a parameter θ given the observations x1, · · · , xn is
defined as

L(x1, · · · , xn; θ) =
{

PX1···Xn(x1, · · · , xn; θ) if Xk discrete
fX1···Xn(x1, · · · , xn; θ) if Xk continuous

=

{ ∏n
k=1 PX (xk ; θ) if Xk discrete∏n
k=1 fX (xk ; θ) if Xk continuous

(iid)

Sometimes: useful to work on the log-likelihood

lnL(x1, · · · , xn; θ)
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Estimation Statistical Hypothesis Testing

Cramér-Rao bound

Cramér-Rao inequality

Bound on the variance of all the possible estimators of θ ∈ R

Theorem

If the log-likelihood is twice differentiable and if the support of the
distribution does not depend on θ, then for any estimator θ̂n we have the
inequality

Var
(
θ̂n

)
≥ [1 + b′n(θ)]

2

−E
[
∂2 lnL(X1,··· ,Xn;θ)

∂θ2

] = CRB(θ)

≥ [1 + b′n(θ)]
2

−nE
[
∂2 lnL(X ;θ)

∂θ2

] (iid)

Counter-example: U([0, θ])
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Estimation Statistical Hypothesis Testing

Cramér-Rao bound

Efficient estimator

Definition

An estimator θ̂n is said to be efficient if it is unbiased and if

Var
(
θ̂n

)
= CRB(θ)

Property

If an efficient estimator exists, it is unique

Example: Xk ∼ N (m, σ2)
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Estimation Statistical Hypothesis Testing

Cramér-Rao bound

Cramér-Rao inequality

Generalization to estimators of θ ∈ Rq

Theorem

For unbiased estimators θ̂ of θ, we have

Cov
(
θ̂
)
≥ I−1

n (θ)

where A ≥ B means A− B is semi definite positive and

In(θ)ij = E

[
−∂2 lnL(X1, · · · ,Xn;θ)

∂θiθj

]
In particular

Var(θi ) ≥
[
I−1
n (θ)

]
ii
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Estimation Statistical Hypothesis Testing

Cramér-Rao bound

Example

Xk ∼ N (m, σ2) and θ = (m, σ2)T
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Maximum likelihood

Definition

The maximum likelihood estimator is defined as the value maximizing the
likelihood with respect to θ

θ̂ML = argmax
θ

L(X1, · · · ,Xn;θ)

Julien LESOUPLE - SIGNAV Statistics ASNAT23 26 / 102



Estimation Statistical Hypothesis Testing

Maximum likelihood

Maximum likelihood

How to find the MLE?

If θ ∈ R and the support of the distribution does not depend on θ and
likelihood twice differentiable

∂L(X1, · · · ,Xn; θ)

∂θ
= 0 or

∂ lnL(X1, · · · ,Xn; θ)

∂θ
= 0

then ensures it is a max

∂ lnL(X1, · · · ,Xn; θ)

∂θ
≥ 0 or

∂2 lnL(X1, · · · ,Xn; θ)

∂2θ
< 0

If θ ∈ Rq, for i = 1, . . . , q

∂L(X1, · · · ,Xn;θ)

∂θi
= 0 or

∂ lnL(X1, · · · ,Xn;θ)

∂θi
= 0
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Examples

Find the following MLE

1 Xk ∼ P(λ) with θ = λ

2 Xk ∼ N (m, σ2) with θ = (m, σ2)T

Julien LESOUPLE - SIGNAV Statistics ASNAT23 28 / 102



Estimation Statistical Hypothesis Testing

Maximum likelihood

Solution

In the first case we have θ > 0

PX (xk ; θ) = e−θ θ
xk

xk !
, xk ∈ N

L(X1, · · · ,Xn; θ) =
n∏

k=1

PX (Xk ; θ)

=
n∏

k=1

e−θ θ
Xk

Xk !

= e−nθ

∏n
k=1 θ

Xk∏n
k=1(Xk !)

= e−nθ θ
∑n

k=1 Xk∏n
k=1(Xk !)
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Solution

Therefore

lnL(X1, · · · ,Xn; θ) = ln

(
e−nθ θ

∑n
k=1 Xk∏n

k=1(Xk !)

)

= −nθ + ln
(
θ
∑n

k=1 Xk

)
− ln

(
n∏

k=1

(xk !)

)

= −nθ +
n∑

k=1

Xk ln (θ)− ln

(
n∏

k=1

(Xk !)

)

The support of the distribution (R+∗) does not depend on θ and
lnL(X1, · · · ,Xn; θ) is clearly twice differentiable with respect to θ
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Solution

We have

∂ lnL(X1, · · · ,Xn; θ)

∂θ
= −n +

1

θ

n∑
k=1

Xk

and

∂2 lnL(X1, · · · ,Xn; θ)

∂θ2
= − 1

θ2

n∑
k=1

Xk

therefore

∂ lnL(X1, · · · ,Xn; θ̂ML)

∂θ
= 0 ⇔ θ̂ML =

1

n

n∑
k=1

Xk
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Solution

And we check

∂ lnL(X1, · · · ,Xn; θ)

∂θ
= −n +

1

θ

n∑
k=1

Xk

and

∂2 lnL(X1, · · · ,Xn; θ̂ML)

∂θ2
= − 1

θ̂2ML

n∑
k=1

Xk

= − n2∑n
k=1 Xk

< 0

Hence

θ̂ML =
1

n

n∑
k=1

Xk
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Solution

In the second case, we have θ = (m, σ2)T ∈ R× R∗+ and

fX (xk ;θ) =
1√
2πσ2

exp

(
− 1

2σ2
(xk −m)2

)
, xk ∈ R

L(X1, · · · ,Xn;θ) =
n∏

k=1

fX (Xk ;θ)

=
n∏

k=1

1√
2πσ2

exp

(
− 1

2σ2
(Xk −m)2

)

=

(
1√
2πσ2

)n

exp

(
− 1

2σ2

n∑
k=1

(Xk −m)2

)

=
(
2πσ2

)− n
2 exp

(
− 1

2σ2

n∑
k=1

(Xk −m)2

)
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Solution

So

lnL(X1, · · · ,Xn;θ) = −n

2
ln
(
2πσ2

)
− 1

2σ2

n∑
k=1

(Xk −m)2

For the mean we have

∂ lnL(X1, · · · ,Xn;θ)

∂m
= − 1

2σ2

n∑
k=1

2(Xk −m)(−1)

=
1

σ2

n∑
k=1

(Xk −m)
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Solution

So if m̂ML is an extremum

∂ lnL(X1, · · · ,Xn;θ)

∂m

∣∣∣∣
m=m̂ML

= 0 ⇔
n∑

k=1

(Xk − m̂ML) = 0

⇔
n∑

k=1

Xk = nm̂ML

⇔ 1

n

n∑
k=1

Xk = m̂ML

and

∂2 lnL(X1, · · · ,Xn;θ)

∂m2

∣∣∣∣
m=m̂ML

=
1

σ2

n∑
k=1

(−1) = − n

σ2
< 0
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Solution

For the variance we have

∂ lnL(X1, · · · ,Xn;θ)

∂σ2
= −n

2
2π

1

2πσ2
+

1

2(σ2)2

n∑
k=1

(Xk −m)2

= − n

2σ2
+

1

2(σ2)2

n∑
k=1

(Xk −m)2

So for an extremum

∂ lnL(X1, · · · ,Xn;θ)

∂σ2

∣∣∣∣
σ2=σ̂2

ML

= 0 ⇔ 1

2(σ̂2
ML)

2

n∑
k=1

(Xk −m)2 =
n

2σ̂2
ML

⇔ 1

n

n∑
k=1

(Xk −m)2 = σ̂2
ML
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Solution

And

∂2 lnL(X1, · · · ,Xn;θ)

∂(σ2)2

∣∣∣∣
σ2=σ̂2

ML

=
n

2(σ̂2
ML)

2
− 2

1

2(σ̂2
ML)

3

n∑
k=1

(Xk −m)2

=
n

2(σ̂2
ML)

2
− 1

(σ̂2
ML)

3
nσ̂2

ML

= − n

2(σ̂2
ML)

2
< 0

so

σ̂2
ML =

1

n

n∑
k=1

(Xk − m̂ML)
2
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Maximum likelihood

Properties

• it is asymptotically unbiased

• it is convergent

• it is asymptotically efficient: Var(θ̂i )
[I−1
n (θ)]

ii

−−−−→
n→+∞

1

• functional invariance: if µ = h(θ) with h bijective, then µ̂ML = h(θ̂)
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Estimation Statistical Hypothesis Testing

Maximum likelihood

Generalization

All the previous definitions and results generalize when the observations
X1, · · · ,Xn are vectors X1, · · · ,Xn
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Brainstorming

Medical test for a disease affecting 2‰ of the population

• Positive for 100% of ill people

• Negative for 95% of non ill people

You get tested positive. What is the probability you are indeed ill?

1 0-4.99%

2 5-49.99%

3 50-94.99%

4 95-100%
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Brainstorming

2‰: 500 people → 1 sick

• 100% efficient for sick
people: 1 tested positive

• 5% false alarm for
healthy people:
(500-1)×0.05≈24 tested
positive

• probability of being sick
1

24+1=4%
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Brainstorming
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Reminder

Framework:

• estimate parameters θ from n observations X1, . . . ,Xn

• we defined the likelihood L (X1, . . . ,Xn; θ)
• how much a fixed θ explains the observations

• we defined the maximum likelihood estimator
• the best θ explaining the observations

In the previous case

• θ ∈ {0, 1} (0: healthy, 1: sick)

• X = 1

• L (X ; θ) = P (X = 1|θ)
{

P (X = 1|θ = 1) = 1
P (X = 1|θ = 0) = 0.05

• we rather want to know P (θ = 1|X = 1)
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

The Bayes theorem

Remember from probability class

Theorem

For two random variables X and Y , we have

fY |X (y |x) =
fX |Y (x |y)fY (y)

fX (x)︸ ︷︷ ︸
continuous

PY |X (y |x) =
PX |Y (x |y)PY (y)

PX (x)︸ ︷︷ ︸
discrete
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Brainstorming

In 1999, in England, a women was judged because her two children
suffered sudden death. The lawyer claimed: “Sudden death is extremely
rare, so two times in a raw is even more. I calculated 1 chance in 73
millions. So there is 1 chance in 73 millions that she is not guilty.” She
was put to jail. In your mind, was she guilty?

1 Yes

2 No
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Exercise

We define θ ∈ {0, 1} (0: innocent, 1: guilty) and y the number of dead
children. We want to find P(θ = 1|y = 2)

P(θ = 1|y = 2) =
P(y = 2|θ = 1)P(θ = 1)

P(y = 2)

with

P(y = 2) = P(y = 2|θ = 1)P(θ = 1) + P(y = 2|θ = 0)P(θ = 0)

= P(y = 2|θ = 1)P(θ = 1) + P(y = 2|θ = 0) (1− P(θ = 1))

and

P(y = 2|θ = 1) = 1

P(y = 2|θ = 0) = 1/73000000 (lawyer, but overestimated)

P(θ = 1) = 1/500000000 (UK statistics)
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Estimation Statistical Hypothesis Testing

Bayesian Estimation
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Correction

P(θ = 1|y = 2) =
1× 1

500 000 000

1× 1
500 000 000 + 1

73 000 000 ×
(
1− 1

500 000 000

)
≈ 12.75 %

Statisticians came to the court, she was freed after 3 years in jail
This is why we are presumed innocent
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

A posteriori distribution

The parameter θ is now seen as a realization of a random variable Θ, with
a prior distribution fΘ(θ).

Definition

Application of the Bayes theorem to the likelihood

fΘ|X1···Xn
(θ|x1, . . . , xn) =

fX1···Xn|Θ(x1, . . . , xn|θ)fΘ(θ)

fX1···Xn(x1, . . . , xn)
∝ Likelihood× prior

where ∝ means “proportional to”
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

The Bayesian estimators

The Bayesian estimators minimize a cost c
(
θ, θ̂

)
representing the error

between θ and its estimate θ̂.

There are two main Bayesian estimators:

• the Minimum Mean Square Error (MMSE)

• the Maximum A Posteriori (MAP)
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

The MMSE estimator

Definition

Minimizes the Mean Square Error (MSE)

c
(
θ, θ̂

)
= E

[(
θ − θ̂

)T (
θ − θ̂

)]
One can show

θ̂MMSE = E (θ|y1, . . . , yn)

It’s the mean of the posterior distribution
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

The MAP estimator

Definition

Minimizes the cost E
[
c
(
θ, θ̂

)]
with

c
(
θ, θ̂

)
=

{
1 if ∥θ − θ̂∥ > ∆

0 if ∥θ − θ̂∥ < ∆

for ∆ arbitrarily small. One can show

θ̂MAP = argmax
θ

p (θ|y1, . . . , yn)

It’s the value of θ that maximizes de posterior distribution
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Exercise

Suppose someone throws n arrows on a target with a marked center, and
that you can only see the target from behind. Therefore, you can see the
impact of the different arrows, but you don’t know where the center is.

We model the position of the arrow as a Gaussian distribution, centred on
the real center c (the shooter aims perfectly, in mean), with a variance σ2

(the precision) i.e.,

yi ∼ N
(
yi ; c , σ2I2

)
, i = 1, . . . , n

1 what is the maximum likelihood estimator of the center?

2 do you think this estimator is appropriate when n is small?

Julien LESOUPLE - SIGNAV Statistics ASNAT23 52 / 102
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Bayesian Estimation

Exercise

Observations
Real center

ML for Gaussian mean: empirical
mean

ĉ =
1

n

n∑
i=1

yi

We have an intuition on the center
location, modelled as the prior

c ∼ N
(
c ; c0, σ2

0I2
)

→ Derive the corresponding posterior
and Bayesian estimators
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Exercise

Observations
Real center
ML estimator

ML for Gaussian mean: empirical
mean
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Correction

We use Bayes rule to express the posterior as a function of c

p(c|y1, . . . , yn) ∝ Likelihood× prior

∝ exp

(
−

1

2σ2

n∑
i=1

(yi − c)T (yi − c)

)
exp

(
−

1

2σ2
0

(c0 − c)T (c0 − c)
)

∝ exp

(
−

1

2σ2

n∑
i=1

(
yT
i yi − 2cT yi + cT c

)
−

1

2σ2
0

(
cT
0 c0 − 2cT

0 c + cT c
))

I can remove multiplicative terms not depending in c

p(c|y1, . . . , yn) ∝ exp

−
1

2σ2

n∑
i=1

(
−2cT yi + cT c

)
−

1

2σ2
0

(
−2cT0 c + cT c

)
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Correction

I gather all the terms depending on c

p(c|y1, . . . , yn) ∝ exp

−
1

2

(
n

σ2
+

1

σ2
0

)
cT c + cT

 1

σ2

n∑
i=1

yi +
1

2σ2
0

c0



I need to identify (if possible) this distribution with a known one. If we
look at the multivariate Gaussian distribution with mean µ and covariance
ν2I2

p(x) ∝ exp

(
− 1

2ν2
xTx +

1

ν2
xTµ

)
which has the same shape as my posterior. I can thus identify

1

ν2
=

n

σ2
+

1

σ2
0

and
1

ν2
µ =

1

σ2

n∑
i=1

yi +
1

2σ2
0

c0
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Correction

I can express the parameters

ν2 =

(
n

σ2
+

1

σ2
0

)−1

and µ =

(
n

σ2
+

1

σ2
0

)−1
(

1

σ2

n∑
i=1

yi +
1

2σ2
0

c0

)

leading

ν2 =
σ2σ2

0

nσ2
0 + σ2

and µ =
σ2σ2

0

nσ2
0 + σ2

(
1

σ2

n∑
i=1

yi +
1

2σ2
0

c0

)

We conclude that the posterior distribution is

c |y1, . . . , yn ∼ N

(
c ;

σ2σ2
0

nσ2
0 + σ2

(
1

σ2

n∑
i=1

yi +
1

2σ2
0

c0

)
,

σ2σ2
0

nσ2
0 + σ2

I2

)

Julien LESOUPLE - SIGNAV Statistics ASNAT23 56 / 102



Estimation Statistical Hypothesis Testing

Bayesian Estimation

Correction

Note: we used a Gaussian prior for the mean of a Gaussian likelihood, and
ended up with another Gaussian. We say that the Gaussian is a conjugate
prior for the mean because the prior and the posterior are the same family.

We can deduce the Bayesian estimators. For the Gaussian distribution, the
mean is also the value that maximizes the density. Therefore

ĉMMSE = ĉMAP =
σ2σ2

0

nσ2
0 + σ2

(
1

σ2

n∑
i=1

yi +
1

2σ2
0

c0

)

Julien LESOUPLE - SIGNAV Statistics ASNAT23 57 / 102



Estimation Statistical Hypothesis Testing

Bayesian Estimation

Correction

Observations
Real center
ML estimator
MAP estimator
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Discussion

We have

ĉMMSE =
σ2σ2

0

nσ2
0 + σ2

(
1

σ2

n∑
i=1

yi +
1

2σ2
0

c0

)

=
nσ2

0

nσ2
0 + σ2︸ ︷︷ ︸
αn

1

n

n∑
i=1

yi︸ ︷︷ ︸
ĉML

+
σ2

nσ2
0 + σ2

c0

= αnĉML + (1− αn)c0

with αn → 1 when n → +∞
The Bayesian estimator allow more importance to the prior when the number of

observations n is small. On the contrary, when we have a large number of

observations, the Bayesian estimator allows more importance to the maximum

likelihood.
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Estimation Statistical Hypothesis Testing

Bayesian Estimation

Conclusion

• How to introduce prior information into parametric estimation

• Bayes rule

• Posterior distribution (∝ likelihood× prior)

• Bayesian estimators (MMSE and MAP)

• Application to the Gaussian mean

So far, we have seen how to give a point value for an estimator. But can
we be more preservative and tell how much we are confident with this
value?
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Estimation Statistical Hypothesis Testing

Confidence Interval

Confidence interval

Definition

A confidence interval [a, b] for θ ∈ R is an interval such that

P[a < θ < b] = α

where a and b are functions of θ and α ∈ [0, 1] is the confidence level
(usually α = 0.95 or 0.99)

In practice, we find the distribution of the estimator to find such intervals

Julien LESOUPLE - SIGNAV Statistics ASNAT23 62 / 102
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Confidence Interval

Exemples

1 Xi ∼ N (m, σ2), with m unknown and σ2 is known

2 Xi ∼ N (m, σ2), with m unknown and σ2 is unknown
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Estimation Statistical Hypothesis Testing

Confidence Interval

Solution

X n = 1
n

∑n
i=1 Xi is Gaussian with X n ∼ N

(
m, σ

2

n

)
(property of Gaussian

vectors)
Therefore

Z =
X n −m√

σ2

n

∼ N (0, 1)

Let [aα, bα] a confidence interval with level α for the standard Gaussian
distribution

P(aα < Z < bα) = α
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Estimation Statistical Hypothesis Testing

Confidence Interval

Solution

P(aα < Z < bα) = P

aα <
X n −m√

σ2

n

< bα


= P

(
aα

√
σ2

n
< X n −m < bα

√
σ2

n

)

= P

(
−bα

√
σ2

n
< m − X n < −aα

√
σ2

n

)

= P

(
X n − bα

√
σ2

n
< m < X n − aα

√
σ2

n

)
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Confidence Interval

Solution

When the variance is unknown, we have seen n−1
σ2 S2

n ∼ χ2
n−1 where

S2
n = 1

n−1

∑n
i=1

(
Xi − X n

)2
(property of Gaussian vectors) and X n and S2

n

are independent. Therefore

U =
Z√
S2
n

σ2

∼ tn−1

(Reminder: if X ∼ N (0, 1) and Y ∼ χ2
n independent, X√

Y
n

∼ tn)

Let [cα, dα] a confidence interval with level α for the Student distribution
with n − 1 degrees of freedom

P(cα < U < dα) = α
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Confidence Interval

Solution

P(cα < U < dα) = P

(
cα

√
S2
n

σ2
< Z < dα

√
S2
n

σ2

)

= P

cα

√
S2
n

σ2
<

X n −m√
σ2

n

< dα

√
S2
n

σ2


= P

(
X n − dα

√
S2
n

n
< m < X n − cα

√
S2
n

n

)
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Confidence Interval

Remark

This Gaussian study case is very crucial because of the CLT!
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Estimation Statistical Hypothesis Testing

Generalities

Statistical hypothesis testing

Definition

A statistical test is a method of statistical inference to choose between
several hypotheses H0,H1, · · · from observations x1, · · · , xn

In this class: only two hypotheses

For two hypotheses

A statistical test with two hypotheses consists in finding a test statistic
T (X1, · · · ,Xn) and a set ∆ such that

H0 is rejected if T (X1, . . . ,XN) ∈ ∆

H0 is accepted if T (X1, . . . ,XN) /∈ ∆
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Estimation Statistical Hypothesis Testing

Generalities

Statistical hypothesis testing

Definitions
• H0 is the null hypothesis

• H1 is the alternative hypothesis

• R = {(x1, · · · , xn)|T (x1, · · · , xn) ∈ ∆} is the critical region

• an hypothesis is simple if we test a particular value of the parameter

• otherwise it is composite

Examples

• H0 : θ = θ0 is a simple hypothesis

• H0 : θ > 0 is a composite hypothesis
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Estimation Statistical Hypothesis Testing

Generalities

Statistical hypothesis testing

Definitions
• Type I error rate = probability of false alarm

α = PFA = P(reject H0|H0 true)

• Type II error rate = probability of missed detection

β = PMD = P(reject H1|H1 true)

• power of the test = probability of detection π = 1− β

• p-value p(x1, · · · , xn) = inf {α ∈ (0, 1)|(x1, · · · , xn) ∈ Rα}

The p-value is the smallest value of α leading to the rejection of H0
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Generalities

Example

Xi ∼ N (m, σ2), with known σ2. We want to test the two hypotheses{
H0 : m = m0

H1 : m = m1

where m1 > m0. For a fixed α

1 what statistic can we use to perform the test?

2 what is the critical region?

3 what is β?

4 what is the power of the test?

5 what is the p-value of the test?
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Generalities

Solution

We want to test the value of the mean, hence the sample mean is a

convenient statistic. Moreover, X ∼ N
(
m, σ

2

n

)
. We can compare the pdf

of X under the two hypotheses.
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Generalities

Solution

We can see that if the sample mean is too high, then the null hypothesis
seems to be less likely. We propose the test

reject H0 if X > Sα

so

Rα =

{
(X1, . . . ,Xn) ∈ Rn

∣∣∣∣∣1n
n∑

i=1

Xi > Sα

}
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Generalities

Solution

To determine Sα, we write the definition of α

α = P(reject H0|H0 true)

= P

(
1

n

n∑
i=1

Xi > Sα

∣∣∣∣∣m = m0

)

= P

(
X > Sα

∣∣∣∣X ∼ N
(
m0,

σ2

n

))
= 1− P

(
X ≤ Sα

∣∣∣∣X ∼ N
(
m0,

σ2

n

))
= 1− P

(
X −m0√

σ2/n
≤ Sα −m0√

σ2/n

∣∣∣∣∣X −m0√
σ2/n

∼ N (0, 1)

)
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Estimation Statistical Hypothesis Testing

Generalities

Solution

Useful function: the inverse CDF of the standard Gaussian distribution
Φ−1(x) = where

Φ(u) = P(U ≤ u|U ∼ N (0, 1))

is the CDF of the standard Gaussian distribution. We have

α = 1− FN

(
Sα −m0√

σ2/n

)

⇔FN

(
Sα −m0√

σ2/n

)
= 1− α

⇔Sα −m0√
σ2/n

= Φ−1(1− α) ⇔ Sα = m0 +Φ−1(1− α)

√
σ2

n
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Estimation Statistical Hypothesis Testing

Generalities

Solution

To find β, we write its definition

β = P(reject H1|H1 true)

= P

(
1

n

n∑
i=1

Xi ≤ Sα

∣∣∣∣∣m = m1

)

= P

(
1
n

∑n
i=1 Xi −m1√
σ2/n

≤ Sα −m1√
σ2/n

∣∣∣∣∣ 1
n

∑n
i=1 Xi −m1√
σ2/n

∼ N (0, 1)

)

= Φ

(
Sα −m1√

σ2/n

)

= Φ

(
Φ−1(1− α) +

m0 −m1√
σ2/n

)
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Estimation Statistical Hypothesis Testing

Generalities

Solution

To find the power, we write its definition

π = 1− β

= 1− Φ

(
Φ−1(1− α) +

m0 −m1√
σ2/n

)
Same for the p-value

p = inf {α ∈ (0, 1)|(x1, · · · , xn) ∈ Rα}

= inf

{
α ∈ (0, 1)

∣∣∣∣1n
n∑

i=1

xi > Sα

}

= inf

{
α ∈ (0, 1)

∣∣∣∣1n
n∑

i=1

xi > m0 +Φ−1(1− α)

√
σ2

n

}
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Estimation Statistical Hypothesis Testing

Generalities

Solution

At the inf

1

n

n∑
i=1

xi = m0 +Φ−1(1− p)

√
σ2

n

⇔

(
1

n

n∑
i=1

xi −m0

)√
n

σ2
= Φ−1(1− p)

⇔p = 1− Φ

((
1

n

n∑
i=1

xi −m0

)√
n

σ2

)
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Estimation Statistical Hypothesis Testing

ROC curves

ROC curves

Definition

The Receiver Operator Characteristic (ROC) plots the power of the test
versus the Type I error rate, i.e., the probability of detection versus the
probability of false alarm)

π = f (α)

In the previous example

π = 1− Φ

(
Φ−1(1− α) + (m0 −m1)

√
n

σ2

)
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Estimation Statistical Hypothesis Testing

Neyman-Pearson

The Neyman-Pearson theorem

Framework

This theorem is defined for a test with simple hypotheses{
H0 : θ = θ0
H1 : θ = θ1

Theorem: continuous random variables

For a fixed α, the test that minimizes β is

Reject H0 if
L(x1, · · · , xn;θ1)
L(x1, · · · , xn;θ0)

> Sα
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Estimation Statistical Hypothesis Testing

Neyman-Pearson

Example

Xi ∼ N (m, σ2), with known σ2. We want to test the two hypotheses{
H0 : m = m0

H1 : m = m1

with m1 > m0. What is the most powerful test for a fixed α?
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Neyman-Pearson

Solution

We compute the likelihood

L(x1, · · · , xn;m1) =
n∏

i=1

1√
2πσ2

exp

(
− 1

2σ2
(xi −m1)

2

)

=

(
1√
2πσ2

)n

exp

(
− 1

2σ2

n∑
i=1

(xi −m1)
2

)
Therefore

L(x1, · · · , xn;m1)

L(x1, · · · , xn;m0)
=

(
1√
2πσ2

)n
exp

(
− 1

2σ2

∑n
i=1(xi −m1)

2
)(

1√
2πσ2

)n
exp

(
− 1

2σ2

∑n
i=1(xi −m0)2

)
= exp

(
− 1

2σ2

n∑
i=1

(xi −m1)
2 +

1

2σ2

n∑
i=1

(xi −m0)
2

)
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Neyman-Pearson

Solution

L(x1, · · · , xn;m1)

L(x1, · · · , xn;m0)
= exp

(
− 1

2σ2

(
n∑

i=1

(xi −m1)
2 −

n∑
i=1

(xi −m0)
2

))

= exp

(
− 1

2σ2

n∑
i=1

(
(xi −m1)

2 − (xi −m0)
2
))

= exp

(
− 1

2σ2

n∑
i=1

(
m2

1 −m2
0 − 2xi (m1 −m0)

))

= exp

(
− 1

2σ2

(
n(m2

1 −m2
0)− 2(m1 −m0)

n∑
i=1

xi

))
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Estimation Statistical Hypothesis Testing

Neyman-Pearson

Solution

The Neyman-Pearson theorem leads

Reject H0 if
L(x1, · · · , xn;θ1)
L(x1, · · · , xn;θ0)

> Sα

exp

(
− 1

2σ2

(
n(m2

1 −m2
0)− 2(m1 −m0)

n∑
i=1

xi

))
> Sα

− 1

2σ2

(
n(m2

1 −m2
0)− 2(m1 −m0)

n∑
i=1

xi

)
> S ′

α

n(m2
1 −m2

0)− 2(m1 −m0)
n∑

i=1

xi < S ′′
α

− 2(m1 −m0)
n∑

i=1

xi < S ′′′
α
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Neyman-Pearson

Solution

We have m1−m0 > 0 therefore the Neayman-Pearson test is formulated as

Reject H0 if
n∑

i=1

xi > kα

Remark: earlier, we proposed

reject H0 if X > Sα

these are the same test as X = 1
n

∑n
i=1 xi
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Neyman-Pearson

Neayman-Pearson recipe

To perform the Neyman-Pearson test for two simple hypothesis

1 find the test statistic with the likelihood ratio

2 find the critical region

3 determine the threshold Sα as a function of α

4 deduce β and π

5 numerical application to take a decision
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Neyman-Pearson

The Neyman-Pearson theorem

Theorem: discrete random variables

For simple hypotheses and a fixed α, among all the tests with a Type I
error rate ≤ α, the test that minimizes β is

Reject H0 if
L(x1, · · · , xn;θ1)
L(x1, · · · , xn;θ0)

> Sα

When n is important, it is possible to resort to the central limit theorem
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Neyman-Pearson

Example

Xi ∼ P(λ). We want to test the two hypotheses{
H0 : λ = λ0

H1 : λ = λ1

with λ1 > λ0
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Neyman-Pearson

Solution

We compute the likelihood

L(x1, · · · , xn;λ1) =
n∏

i=1

P(Xi = xi |λ1)

=
n∏

i=1

e−λ1
λxi

xi !

= e−nλ1
λ
∑n

i=1 xi∏n
i=1 xi !

Therefore

L(x1, · · · , xn;m1)

L(x1, · · · , xn;m0)
=

e−nλ1
λ

∑n
i=1 xi

1∏n
i=1 xi !

e−nλ0
λ

∑n
i=1

xi
0∏n
i=1 xi !

= e−n(λ1−λ0)

(
λ1

λ0

)∑n
i=1 xi
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Estimation Statistical Hypothesis Testing

Neyman-Pearson

Solution

The Neyman-Pearson theorem leads

Reject H0 if
L(x1, · · · , xn;θ1)
L(x1, · · · , xn;θ0)

> Sα

e−n(λ1−λ0)

(
λ1

λ0

)∑n
i=1 xi

> Sα(
λ1

λ0

)∑n
i=1 xi

> S ′
α

n∑
i=1

xi ln

(
λ1

λ0

)
> S ′′

α
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Estimation Statistical Hypothesis Testing

Neyman-Pearson

Solution

We have λ1 − λ0 > 0 therefore the Neayman-Pearson test is formulated as

Reject H0 if
n∑

i=1

xi > kα
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Estimation Statistical Hypothesis Testing

Generalized Likelihood Ratio Test

GLRT

Generalization of Neyman-Pearson for composite hypothesis (not
necessarily the most powerful){

H0 : θ ∈ Θ0

H1 : θ ∈ Θ1

Definition

Reject H0 if
L(x1, · · · , xn; θ̂ML

1 )

L(x1, · · · , xn; θ̂ML
0 )

> Sα

where θ̂ML
0 (resp. θ̂ML

1 ) is the maximum likelihood estimator of θ under H0

(resp. H1)

Remark: L(x1, · · · , xn; θ̂ML
i ) = supθ∈Θi

L(x1, · · · , xn;θ)
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Estimation Statistical Hypothesis Testing

Generalized Likelihood Ratio Test

Example

Xi ∼ N (m, σ2), with known σ2. We want to test the two hypotheses{
H0 : m = m0

H1 : m ̸= m0

What is the GLRT test?
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Estimation Statistical Hypothesis Testing

Generalized Likelihood Ratio Test

Solution

L(x1, · · · , xn; θ̂ML
i ) = sup

θ∈Θi

L(x1, · · · , xn;θ)

with Θ0 = {m0} and Θ1 ̸= R\{m0}. So

L(x1, · · · , xn; θ̂ML
0 ) = sup

θ∈Θ0

L(x1, · · · , xn;θ)

= L(x1, · · · , xn;m0)

=

(
1√
2πσ2

)n

exp

(
− 1

2σ2

n∑
i=1

(xi −m0)
2

)
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Estimation Statistical Hypothesis Testing

Generalized Likelihood Ratio Test

Solution

And

L(x1, · · · , xn; θ̂ML
1 ) = sup

θ∈Θ1

L(x1, · · · , xn;θ)

= L
(
x1, · · · , xn;X

)
=

(
1√
2πσ2

)n

exp

(
− 1

2σ2

n∑
i=1

(
xi − X

)2)

Hence the GLRT

Reject H0 if exp

(
− 1

2σ2

n∑
i=1

(
xi − X

)2
+

1

2σ2

n∑
i=1

(xi −m0)
2

)
> Sα
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Estimation Statistical Hypothesis Testing

Generalized Likelihood Ratio Test

Solution

And

exp

(
− 1

2σ2

n∑
i=1

(
xi − X

)2
+

1

2σ2

n∑
i=1

(xi −m0)
2

)
> Sα

⇔−
n∑

i=1

(
x2i − 2xiX + X

2
)
+

n∑
i=1

(x2i − 2xim0 +m2
0) > S ′

α

⇔2nX
2 − nX

2 − 2nXm0 + nm2
0 > S ′′

α

⇔n
(
X −m0

)2
> kα

with
√
n
(
X −m0

)
∼ N (0, 1) → n

(
X −m0

)2 ∼ χ2
1
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