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Estimation
Statistical Modeling

Statistical model

We have n real observations

X1, 5 Xn

We associate n iid random variables to the

Xl?"' ,Xn

The observations are realisations of independent random variables with the
same underlying distribution
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Estimation Statistical Hypothesi

Statistical Modeling

Statistical model

Goal: infer properties of the underlying distribution from the observations

An estimator of a parameter 6 is a function of the random variables
associated to the observations

9A(X1, e, Xp) or 6, orf

For instance, to estimate the mean of a distribution

How to compare different estimators? Is there a best choice?

FRANCAISE
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Julien LESOUPLE - SIGNAV Statistics ASNAT23 6 /102



Estimation
Statistical Modeling

Quality of an estimator

For 6 € R

Bias (systematic error)

The bias of an estimator is defined as

ba(0) = E [9] 9

Example: sample mean
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Estimation
Statistical Modeling

Quality of an estimator

For 6 € R

Variance (convergence speed)

The variance of an estimator is defined as

un(6) = Var (3,) = E [(an _E [@nm S GEE0k

Example: sample mean
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Estimation
Statistical Modeling

Quality of an estimator

For 6 € R

Mean square error (accuracy)

The mean square error (MSE) of an estimator is defined as

en(0) = E [(9n - 0)2] — un(0) + B2(0)

Example: sample mean
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Estimation

Statistical Modeling

Convergence of an estimator

For 0 € R

An estimator 9An is said to be convergent if

Example: sample mean
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Estimation
Statistical Modeling

Quality of an estimator

For 8 € RP

The bias of an estimator is generalized as

ba(8) = E [én] — 0 ERP

Covariance matrix

The variance of an estimator is generalized as

v(8) = E [(an —£[6.]) (6. £[6]) ] J—
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Estimation
Statistical Modeling

Exercise

We have Xy ~ N(m, a2) with known o2. We want to estimate = m.
Compare the two estimators

0, = > ket Xu

.énz

mﬁ D=1 kX
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Estimation
Statistical Modeling

Solution

Bias for é,,

Il
m
| = 'ﬁ',_|
NN
x
|
3
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Estimation
Statistical Modeling

Solution

Bias for 0,
by n(m) = [5 } m

n(n + 1) Z KX
1) 2 Z kE [Xk]>

(
¢ nH)Zk’”)‘
=

—m

B n(n+1)> .
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Estimation
Statistical Modeling
Solution

Variance for GA,,
vi,n(m) = Var <9A,,>

1 n
= Var ;ZX"

k=1
1
- ?Var Zxk

1 n
2 > Var(X) (independence)
k=1

1 Z , 0?2
= —2 o~ = — Ex
n n REPUBLIQUE

k=1 FRANCAISE
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Estimation
Statistical Modeling
Solution

Variance for 6,

vo.n(m) = Var (5,,)
= Var (ﬁ ; ka>
2 2 .
= (m) Var (; ka)

4 n
L — Var (kX
n?(n+1)? ; ar (k%)

4 n
— E k2 2
n2(n + 1)2 et g 5Pﬂnuqus

FRANCAISE
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Estimation
Statistical Modeling

Solution

Variance for 6,

4 n(n+1)@2n+1) ,
vanlm) = a1y 6 7
202 (2n+1)
T 3 n(n+1)

402
=0 (ﬁ)
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Estimation
Statistical Modeling

Solution

So by n(m) —— 0 and vy o(m) —— 0 = 8, is convergent
n—-+-00 n——+o00

b.n(m) m 0 and v ,(m) m 0=140,is convergent
Moreover
vin(m) 0% 3 n(n+1)
van(m) ~ n 202 (2n+1)
_3n+3
~ 4n+42

<lforn>1

So vi,n(m) < vo n(m) for n>1
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Statistical Hypothesis

Estimation

Statistical Modeling

Likelihood

Remember the distribution of the samples is parametrized by 6

The likelihood of a parameter 6 given the observations xi,- -+ , x, is
defined as

oy Pxpex, (X1, s xn; 0) if X discrete
L0, ;%01 0) _{ g x, (X1, s xni0)  if Xk continuous
_f Tlkeq Px(xk; 0) if Xy discrete (iid)
| ITeoq fx(xk; 0)  if Xk continuous

Sometimes: useful to work on the log-likelihood

In £(X1, sty Xny 9) gl;:BLIQUE

FRANCAISE

ASNAT23 19/

Julien LESOUPLE - SIGNAV Statistics



Plan

@ Estimation

Cramér-Rao bound



Estimation Statistical Hypothesis Tes

Cramér-Rao bound

Cramér-Rao inequality

Bound on the variance of all the possible estimators of # € R

If the log-likelihood is twice differentiable and if the support of the
distribution does not depend on 6, then for any estimator 6, we have the
inequality
) ER:AC)
r (en) 2— [QQM(XM_,X”;G)] — CRB(0)
002
[1+4 b,(0))° (id)
- E 821In L(X;0) "
-n 902
Counter-example: U([0, 6]) L('EZ'U“%’I‘%U‘E
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Estimation
Cramér-Rao bound

Efficient estimator

Definition

An estimator én is said to be efficient if it is unbiased and if

Var (9) — CRB(0)

Property

If an efficient estimator exists, it is unique

Example: Xy ~ N(m,0?)
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Estimation Statistical Hypothesis

Cramér-Rao bound

Cramér-Rao inequality

Generalization to estimators of 8 € RY

For unbiased estimators 0 of 0, we have

Cov <0A) > 1-1(0)
where A > B means A — B is semi definite positive and

0?InL(X1,- -+, Xn; 0)
h(6); = E [_ 96,6,

In particular
Var(6;) > [I,,_I(B)]

ii
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Estimation

Cramér-Rao bound

Example

Xk ~ N(m,c?) and 8 = (m,0?)7
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Estimation
Maximum likelihood

Maximum likelihood

Definition

The maximum likelihood estimator is defined as the value maximizing the
likelihood with respect to 6

O = argmax L( X1, -+, Xn; 0)
]
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Estimation

Statistical Hypothesis Testing

Maximum likelihood

Maximum likelihood

How to find the MLE?

If & € R and the support of the distribution does not depend on 6 and
likelihood twice differentiable

OL(X1, -+, Xn; 0) “0or AlnL(X1, -+, Xn; 0)
90 00 90
then ensures it is a max
AlnL(X1, -+, Xn; 0) 0%InL(X, -+, Xn; 6)
>
20 >0 or 220 <0
If@eRI fori=1,....q

=0

OL(X1, -+, Xn; 0) 0o AlnL(X1, -+, Xn; 0)
06, B 00;

Julien LESOUPLE - SIGNAV Statistics ASNAT23
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Estimation
Maximum likelihood

Examples

Find the following MLE
@ Xi ~ P(\) with 6§ = A
@ Xy ~ N(m,o?) with 8 = (m,0?)"
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Estimation
Maximum likelihood

Solution

In the first case we have 8 > 0

Xk

Px(Xk;e) = 6_09—, xx €N
X!

L(X1,- , Xni 0) = H Px (Xy; 0

:He—e

e Hk:l 0%
[Th—1 (Xi!)

n

1 X
- sz_l k Ex
—_— e TN <, N REPUBLIQUE

HZ:I (Xk I) n::Ncmss

exk
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Estimation
Maximum likelihood

Solution
Therefore
(X Xy ) = In [0 O
n R n; = |n e o
' [Ti-r (X))
— —nf+In (922:1 Xk) —In <H(Xk!)>
k=1
=—nf+>_ XcIn(0) —In (H(Xk!)>
k=1 k=1

The support of the distribution (R™*) does not depend on 6 and
InL(Xq,- -+, Xn; 0) is clearly twice differentiable with respect to -

REPUBLIQUE
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Estimation
Maximum likelihood

Solution
We have
dInL(Xy,---, Xn; 0) 1<
08 =—ntg 2 X
k=1
and
D?InL(Xy,---, X 0) 1 <
062 Tp2 DX
k=1
therefore
Aln L(X1, -+, Xn; Opar) N 1<
— o =-3 X
80 0 <:> ML n ; k RE'PUBLIQUE

FRANCAISE
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Estimation
Maximum likelihood
Solution

And we check

A L(X1, -, Xn; 0) 1¢
— n+-S"x
50 n+ 6; k
and
PInL(Xy, XoiO) 1 Z
002 =
2
n
=————<0
22:1 Xk
Hence n
L1
On =~ X R
k=1

Julien LESOUPLE - SIGNAV Statistics
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Estimation
Maximum likelihood

Solution

In the second case, we have 8 = (m,02)7 € R x R** and

g L 1 2
fx(xx; 0) = o= exp (—ﬁ(xk —m) ), xk € R

L(Xy,+ X 0) = [] fx(Xi: 0)
k=1

Julien LESOUPLE - SIGNAV Statistics ASNAT23 33 /102



Estimation
Maximum likelihood

Solution

So

1 n
InL(X1,- -, Xp; 0) = —g In (27702) = 592 (X — m)?
k=1

For the mean we have

OML(Xy, -, X 0) 1
= g 20 M)

- 22
k=
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Estimation
Maximum likelihood

Solution
So if My is an extremum
om — —
n
= ZXk = nmpyL
k=1
& 1 iX =m
n 2 k= MpL

and

B2InL(Xy, + , Xn; 0)

Statistics
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Estimation
Maximum likelihood

Solution

For the variance we have

OlnL(X1, -, Xn; 0) n 1 1 5
=—=2 X —
do? 2 om0 T 2(0?)? k—1( k=m)
n 1 °
— X, — m)?
202 2(02) ;( .
So for an extremum
AnL(Xy,---, X 0) 1 - ) n
=0& — (Xk — m) = —
o2 o252, 2(62,,)? ; 26%,,
1 n
= — (Xk — m) =0 .
ni~ i
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Estimation
Maximum likelihood

Solution
And
0?In L(X1,- -+, Xn; 0) n 1 4 5
’ ’ = = 2 = (Xk — m)
T I T kT DD
n 1 2
= = = g
2063, (633 M
= n <0
2(87,)?
SO n
Gt == > (X — i)
k=1
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Estimation

Maximum likelihood

Maximum likelihood

Properties

® it is asymptotically unbiased

® it is convergent
Var(é;) N
[ O], n—sto0”

e functional invariance: if u = h(@) with h bijective, then fipy = h(6)

® it is asymptotically efficient:
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Estimation
Maximum likelihood

Generalization

All the previous definitions and results generalize when the observations
X1, , X, are vectors Xy, , X,
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Estimation
Bayesian Estimation

Brainstorming

Medical test for a disease affecting 2%o of the population
® Positive for 100% of ill people
® Negative for 95% of non ill people
You get tested positive. What is the probability you are indeed ill?
@ 0-4.99%
® 5-49.99%
® 50-94.99%
O 95-100%
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Estimation
Bayesian Estimation

Brainstorming

..o..~.‘¢. 3 .o..“ .'ooc’
LI AT A . 2%0: 500 people — 1 sick
IR e
.:... o‘. o, o..o..o:. ¢ .; Io.
" .o.: ‘o’.ﬂ.:' :0 -' otw
POR TR R S
.h.: 'O'. o... “ .‘.' ...

o o ® s L
° ...... °® { . ..‘.' :‘..e
* % el 0 o8 o ‘edee
N .c.... ° e o : ot
o0 °8 : °.‘¢o°. o ®o 0o’ .;q d
'. .' 0 0 o, ®0ee’ 00 ob o
sel % %00 & oo % °® Ex
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Estimation

=
.o
=]
T
=
B
7}
w
=
B
3
>
5]
o0

Brainstorming

[9) gl
> ] =
x 5 H 2
Qg 9] 0
n O + a0 "
Lo = o 2 "3
28 gl 2 =
c n [
L8 & 52 o
S ® 0o > X
SN TR
U = 249 > 0
o —= © D = @
N 0o w 2
OOoﬂam.mbl._.
S o XNoRBo 2T«
— 0O O cCc ~— O O
° ° °

9000000000000 000000000000
0000000000000 00000000000(0
e00o0ccc0rcccccncccconoccc®
0000000000000 00000000000(®
0000000000000 00000000000(®
9000000000000 000000000000
0000000000000 00000000000(0@
00000 c0nncccccnccccenoccc®
0000000000000 00000000000(®
9000000000000 000000000000
0000000000000 00000000000(0
@000 cc00rcccccncccconoccc®
0000000000000 00000000000(®
0000000000000 00000000000(®
9000000000000 000000000000
0000000000000 000000000000@
000000000 cccccncccccnee®@
0000000000000 000000000000@®
0000000000000 0OCOCCOOIOO RO
0000000000000 000000000000
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Estimation
Bayesian Estimation

Reminder

Framework:

® estimate parameters 6 from n observations Xi, ..., X,
® we defined the likelihood £ (X1, ..., Xs;6)

® how much a fixed @ explains the observations
® we defined the maximum likelihood estimator

® the best 8 explaining the observations

In the previous case
® 0 €{0,1} (0: healthy, 1: sick)
e X=1
L B P(X=1=1)=1
* L(Xi6) =P (X= 1|9){ P(X =1/0 = 0) = 0.05
® we rather want to know P (6 = 1|X =1) Rérdiuaue

FRANCAISE
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Estimation

Bayesian Estimation

The Bayes theorem

Remember from probability class

For two random variables X and Y, we have

o (y) = fxw(é!{)(){v()’) Pyix(ylx) = wagi}('))(";v(ﬂ

continuous discrete
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Estimation
Bayesian Estimation

Brainstorming

In 1999, in England, a women was judged because her two children
suffered sudden death. The lawyer claimed: “Sudden death is extremely
rare, so two times in a raw is even more. | calculated 1 chance in 73
millions. So there is 1 chance in 73 millions that she is not guilty.” She
was put to jail. In your mind, was she guilty?

® Yes
® No
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Estimation
Bayesian Estimation

Exercise

We define § € {0,1} (0: innocent, 1: guilty) and y the number of dead
children. We want to find P(6 = 1|y = 2)

PO =1y =2) =

P(y =2/ =1)P(6 =1)

P(y =2)
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Estimation
Bayesian Estimation

Exercise

We define § € {0,1} (0: innocent, 1: guilty) and y the number of dead
children. We want to find P(6 = 1|y = 2)

Pw=1w=2y=PW:i£;j§w:1)

with

Ply=2)=P(y=2/0=1)P(0=1)+P(y =2/ =0)P(6 =0)

= P(y =2/0 = 1)P(0 = 1) + P(y = 2/ = 0) (1 — P(0 = 1))
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Estimation
Bayesian Estimation
Exercise

We define § € {0,1} (0: innocent, 1: guilty) and y the number of dead
children. We want to find P(6 = 1|y = 2)
Py =210 =1)P(6 =1)

PO =1y =2) = P =3)

with

P(y =2) = P(y = 2|0 = 1)P(6 = 1) + P(y = 2|0 = 0)P(6 = 0)
= P(y=2/0=1)P(0 =1)+ P(y = 2§ = 0) (1 — P(0 = 1))

and
Ply=2/=1)=1
P(y = 2|0 = 0) = 1/73000000 (lawyer, but overestimated)
P(6 = 1) = 1/500000000 (UK statistics)
Julien LESOUPLE - SIGNAV Statistics ASNAT23 46 / 102




Estimation
Bayesian Estimation

Correction
1 X 500600000
1 X 550000 000 * 73000 000 X(l—m>
~12.75 %

Statisticians came to the court, she was freed after 3 years in jail
This is why we are presumed innocent
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Estimation

Bayesian Estimation

A posteriori distribution

The parameter 0 is now seen as a realization of a random variable ®, with
a prior distribution fg ().

Definition
Application of the Bayes theorem to the likelihood

fx,-x,j@ (X1, - - -, Xn|0) o (0)
fxyx, (X1, ..., Xn)
o Likelihood x prior

f®|x1...x"(9|xlv ey Xp) =

where o means “proportional to"
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Estimation
Bayesian Estimation

The Bayesian estimators

The Bayesian estimators minimize a cost ¢ (0, HA) representing the error

between 6 and its estimate 8.

There are two main Bayesian estimators:
¢ the Minimum Mean Square Error (MMSE)
¢ the Maximum A Posteriori (MAP)
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Estimation

Bayesian Estimation

The MMSE estimator

Definition
Minimizes the Mean Square Error (MSE)

c(e,@)=E[(e_a)T<e_a)]

OvMsE =E@ly1,- ... yn)

One can show

It's the mean of the posterior distribution
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Estimation Statistical Hypothesis

Bayesian Estimation

The MAP estimator

Minimizes the cost E [c (0, é)] with

N[ 1 if|le-9|>A
6(9’9>_{0 if |0 — 0| < A

for A arbitrarily small. One can show

OvAp = arg max p {61, - ., yu)

It's the value of 8 that maximizes de posterior distribution BN
FRANCAISE

et
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Estimation Statistical Hypothesis

Bayesian Estimation

Exercise

Suppose someone throws n arrows on a target with a marked center, and
that you can only see the target from behind. Therefore, you can see the
impact of the different arrows, but you don't know where the center is.

We model the position of the arrow as a Gaussian distribution, centred on
the real center ¢ (the shooter aims perfectly, in mean), with a variance o2
(the precision) i.e.,

yi~N (yic,o’hb), i=1,....n

® what is the maximum likelihood estimator of the center?

® do you think this estimator is appropriate when n is small? ;.

Julien LESOUPLE - SIGNAV Statistics
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Estimation
Bayesian Estimation

Exercise

ML for Gaussian mean: empirical

«  Observations mean
n
1
e=2D ¥
n-
i=1

. Real center
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Estimation
Bayesian Estimation

Exercise

ML for Gaussian mean: empirical

«  Observations mean
n
1
e=2D ¥
n-
i=1

+  Real center
ML estimator
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Estimation
Bayesian Estimation

Exercise

ML for Gaussian mean: empirical
«  Observations mean

+  Real center 1
ML estimator

We have an intuition on the center
location, modelled as the prior

c ~ N (c; c, 0(2)/2)
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Estimation
Bayesian Estimation

Exercise

ML for Gaussian mean: empirical

«  Observations mean
+  Real center 1 n
ML estimator

We have an intuition on the center
location, modelled as the prior

c~N(c; co,aglz)

— Derive the corresponding posterior
and Bayesian estimators
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Estimation
Bayesian Estimation

Correction

We use Bayes rule to express the posterior as a function of ¢

p(elyi, ..., ¥n) x Likelihood x prior

1 & 1
x exp <—g S )i - c)) A G CELUCET)
i=1
x exp -t i (y.Ty,- —2cyi + cTc) b (c(;rco —2¢fc+ cTc)
202 pet ! 203

| can remove multiplicative terms not depending in ¢

1§ T T 1 T
plelyt, -\ yn) o< exp <*§§(72c yi+¢ c) “32 (72coc+c c))

EX
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Estimation
Bayesian Estimation

Correction

| gather all the terms depending on ¢
1/n 1\ 7 (1 1
plelyr, .-, Yn) o< exp (*5 <§+;§)c ct+ec <;;}’i+%%>)

| need to identify (if possible) this distribution with a known one. If we

look at the multivariate Gaussian distribution with mean g and covariance
2

14 12

1 1
p(x) o exp (—ﬁxTx + ﬁxTu)

which has the same shape as my posterior. | can thus identify
1 n 1 1
ﬁ = ﬁ + —S and ]/ZN = 02 Zyl 20 2 Co 5£BUQUE

FRANCAISE

,,,,,,,
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Estimation
Bayesian Estimation
Correction

| can express the parameters

o (AN (L YLy
V- = 034‘0_—(2) an n = ;—i‘o_—g ;;y,—k
leading

2 2
2 009

0-0—0

= Y and =——— i C
no + o2 neoH nog + o, azzy 220

We conclude that the posterior distribution is

2 2
e oo
c|y1 y,,NN C'— E y, —/2
R no3 + o2 02 " no3 + o2
REPUBLIQUE
FRfNCAISE
Julien LESOUPLE - SIGNAV
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Estimation Statistical Hypothesi

Bayesian Estimation

Correction

Note: we used a Gaussian prior for the mean of a Gaussian likelihood, and
ended up with another Gaussian. We say that the Gaussian is a conjugate
prior for the mean because the prior and the posterior are the same family.

We can deduce the Bayesian estimators. For the Gaussian distribution, the
mean is also the value that maximizes the density. Therefore

N N O' 0'0
EMMSE = EMAP = 57 2 UQZy, > 2co
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Estimation

Bayesian Estimation

Correction

«  Observations
= Real center

e ML estimator
MAP estimator
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Estimation
Bayesian Estimation
Discussion

We have

o203

¢ ! z": + L C
MMSE = ;27752 | o2 ,-zly' 202

n
n0(2) 1 Z + 0'2
=—"=>) yi+———6
nog +o2 n ="' nog + o2
=
Qp

ML
= a,,C'ML + (1 — Oz,,)Co

with a, — 1 when n — 4+

The Bayesian estimator allow more importance to the prior when the number of
observations n is small. On the contrary, when we have a large number of
observations, the Bayesian estimator allows more importance to the mgﬁ[ﬁgm
likelihood.
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Estimation
Bayesian Estimation

Conclusion

® How to introduce prior information into parametric estimation

Bayes rule

Posterior distribution (o likelihood x prior)
Bayesian estimators (MMSE and MAP)

Application to the Gaussian mean

So far, we have seen how to give a point value for an estimator. But can
we be more preservative and tell how much we are confident with this
value?

EX
REPUBLIQUE
FRANCAISE

et

Julien LESOUPLE - SIGNAV Statistics ASNAT23 60 / 102



Plan

@ Estimation

Confidence Interval



Estimation

Confidence Interval

Confidence interval

Definition

A confidence interval [a, b] for 6 € R is an interval such that
Pla< 6 < bl =«

where a and b are functions of # and « € [0, 1] is the confidence level
(usually & = 0.95 or 0.99)

In practice, we find the distribution of the estimator to find such intervals
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Estimation
Confidence Interval

Exemples

® X; ~ N(m,o?), with m unknown and o is known

® X; ~ N(m,o?), with m unknown and o is unknown
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Estimation
Confidence Interval

Solution

X, =131, X is Gaussian with X, ~ N/ <m, é) (property of Gaussian
vectors)

Therefore
X —
z=20"" N(0,1)
o2
n
Let [aq, ba] a confidence interval with level « for the standard Gaussian
distribution

Plaa < Z < by) =«
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Estimation
Confidence Interval

Solution

Plag < Z < by) =P |aqa < Z2— < b,
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Estimation
Confidence Interval

Solution

When the variance is unknown, we have seen ”?_15,2, ~ X2_; where
S2=_L 50 (X—-X ) (property of Gaussian vectors) and X, and S2
are independent. Therefore

Z
S3

o2

U=

~ th—1

(Reminder: if X ~ A(0,1) and Y ~ x2 independent, Lx ~ tp)

Let [ca, da] @ confidence interval with level o for the Student distribution
with n — 1 degrees of freedom

Plca <U<dy) =«
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Estimation
Confidence Interval

Solution

Plca<U<dy)=P

S2 7,,—m<da S_ﬁ

o2 02 02
n
- /52 - S2
Xn—doA/ L <m< Xp— ot/ 2
n n
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Estimation
Confidence Interval

Remark

This Gaussian study case is very crucial because of the CLT!
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Estimation Statistical Hypothesis Testing

Generalities

Statistical hypothesis testing

Definition
A statistical test is a method of statistical inference to choose between
several hypotheses Hy, H1, - -- from observations xi, - - , x,

In this class: only two hypotheses

For two hypotheses

A statistical test with two hypotheses consists in finding a test statistic
T(Xq,---,Xs) and a set A such that

Ho is rejected if T(Xq,...,Xn) € A
Ho is accepted if T(Xq,...,Xn) ¢ A

o
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Estimation Statistical Hypothesis Testing

Generalities

Statistical hypothesis testing

Definitions
® Hy is the null hypothesis

® Hj is the alternative hypothesis
® R={(x1, -+ ,xn)| T(x1, -+ ,xn) € A} is the critical region
® an hypothesis is simple if we test a particular value of the parameter

® otherwise it is composite

Examples
® Hy: 60 =0y is a simple hypothesis
® Hy: 60 > 0is a composite hypothesis
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Estimation Statistical Hypothesis Testing

Generalities

Statistical hypothesis testing

Definitions

® Type | error rate = probability of false alarm
a = Pga = P(reject Hop|Ho true)
® Type Il error rate = probability of missed detection
B = Pump = P(reject Hi|Hy true)

® power of the test = probability of detection 7 =1 —
e p-value p(xi, -+ ,xp) = inf{a € (0,1)|(x1, -+ ,%n) € Ra}

The p-value is the smallest value of a leading to the rejection ofpld@wg
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Statistical Hypothesis Testing
Generalities

Example

X; ~ N(m,c?), with known o2. We want to test the two hypotheses

Ho:m= mg
H1:m:m1

where my > myg. For a fixed «
@ what statistic can we use to perform the test?
® what is the critical region?
® what is 57
O what is the power of the test?
©® what is the p-value of the test?
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Statistical Hypothesis Testing
Generalities

Solution

We want to test the value of the mean, hence the sample mean is a

convenient statistic. Moreover, X ~ A/ (m, é) We can compare the pdf
of X under the two hypotheses.

Ho
Haq

v
X

Mo G/S,x A m,

%V@p»w@w
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Statistical Hypothesis Testing
Generalities

Solution

We can see that if the sample mean is too high, then the null hypothesis
seems to be less likely. We propose the test

reject Hp if X > S,

SO

1 n
Ro = {(Xl,...,Xn)e]R” ;;X;>Sa
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Statistical Hypothesis Testing
Generalities

Solution

To determine S,, we write the definition of «

a = P(reject Hy|Hp true)

1 n
(255 m)

i=1
2
)
n
2
()
n

:1_P<X—m0<5a—m0 X—mo

Vo2/n T \Jo?/n |\/o?/n

:1—P(7§5a

NG, 1))

|
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Statistical Hypothesis Testing
Generalities

Solution

Useful function: the inverse CDF of the standard Gaussian distribution
®~1(x) = where

d(u) = P(U < u|U ~ N(0,1))
is the CDF of the standard Gaussian distribution. We have

Se —m
a=1-Fy <—U2/n°>
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Statistical Hypothesis Testing
Generalities

Solution

To find 3, we write its definition

B = P(reject Hi|H; true)

1 n
:P(;ZX,'SSQ m:ml)

i—1
P(%Z?:lxi_ml < So —m

1n :
T i Xi —m

Vo?/n

Vo?/n ~ \/o?/n
(%)
a?/n
_ (¢—1(1 )y Mo M ml)

NG, 1))
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Statistical Hypothesis Testing
Generalities

Solution

To find the power, we write its definition
T=1-0
—1-0 (CD_l(l—a)-l—M)
Vo?/n
Same for the p-value
p=inf{a € (0,1)|(x1, - ,%n) € Ra}

1 n
= inf{a s (O,l)‘;Zx; > sa}
i=1
o2

. 1 — B
=mf{a€(0,1)‘;;x,>mo+¢ 1(1—0&) 7}
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Statistical Hypothesis Testing
Generalities

Solution

At the inf

i=1
u n
_ -1
& —Zx,—mo H;—QD (1-p)
i=1
1 n
Sp=1-90 — X; — mg ”12
= g
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Statistical Hypothesis Testing
ROC curves

ROC curves

Definition

The Receiver Operator Characteristic (ROC) plots the power of the test
versus the Type | error rate, i.e., the probability of detection versus the

probability of false alarm)
= f(a)

In the previous example

11— (¢—1(1 —a) + (mo — ml)\/g)
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Statistical Hypothesis Testing
Neyman-Pearson

The Neyman-Pearson theorem

This theorem is defined for a test with simple hypotheses

HQZOZO()
Hi:0 =0,

Theorem: continuous random variables

For a fixed «, the test that minimizes (3 is

L(x1,- " ,Xn; 01)

Rej Hy if
SIeCt 0 N XL,y xn: B0)

> S,

—
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Statistical Hypothesis Testing
Neyman-Pearson

Example

X; ~ N(m,o?), with known o2. We want to test the two hypotheses

Ho:m=m0
Hi:m=m

with my > mg. What is the most powerful test for a fixed a?

EX
REPUBLIQUE

Julien LESOUPLE - SIGNAV Statistics ASNAT23 86 /



Statistical Hypothesis Testing
Neyman-Pearson

Solution

We compute the likelihood

n
1 1
L(x1, -, Xp;m :”—exp(——x,-—m 2)
(1 1) =1 212 202( 1)

— exp 53 (X,' — ml)
2o 20° —

Therefore
1) 1
L(x1,- -+, Xp;m1) ( 27r02> P (—@27:1(& _ m1)2)
. - n

E(Xh » X, mO) (\/2;7) exp (—% Z?:I(Xi - m0)2)
1 ° 2 1 . = 2
= exp —F . l(Xi—ml) +FZI(XI ?g;@ﬂ%)

= 1=
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Statistical Hypothesis Testing
Neyman-Pearson

Solution
L(x , Xpym 1 n
chi,. o m(l); P T2 <Z(X: —m)® - 122( mo)z))

_% Z (m% — m% — 2x,-(m1 — mo)))
_ﬁ < ( mO) —2(m1 mo ZX,))
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Statistical Hypothesis Testing
Neyman-Pearson

Solution

The Neyman-Pearson theorem leads

L(x1,++ ,%Xn: 01)
L(x1, -+, %n; 60)

1 n
exp (—@ (n(mf —m3) —2(my — mo) Zx,- ) > S,
i=1
1 n
~ 53 (n(m% — m3) — 2(my — mo) Zx,-) > S
i=1

n
n(m? — m3) — 2(my — mg) Zx,- < S/
i=1

Reject Hy if > S,

n
"
— 2(m1 - mo) ZX[ < SO[ Epﬂnuquz
i=1
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Statistical Hypothesis Testing
Neyman-Pearson

Solution

We have my — mg > 0 therefore the Neayman-Pearson test is formulated as

n
Reject Ho if > X > ka
i=1

Remark: earlier, we proposed

reject Hp if X > S,
v 1w L
these are the same test as X = = > 1 X;
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Statistical Hypothesis Testing
Neyman-Pearson

Neayman-Pearson recipe

To perform the Neyman-Pearson test for two simple hypothesis
@ find the test statistic with the likelihood ratio
® find the critical region
©® determine the threshold S, as a function of «
O deduce S and w

©® numerical application to take a decision
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Statistical Hypothesis Testing
Neyman-Pearson

The Neyman-Pearson theorem

Theorem: discrete random variables

For simple hypotheses and a fixed «, among all the tests with a Type |
error rate < «, the test that minimizes f3 is

L(x1,- " ,Xn; 01)

L(x1, - ,Xn; 00) > Sa

Reject Hy if

When n is important, it is possible to resort to the central limit theorem
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Statistical Hypothesis Testing
Neyman-Pearson

Example

Xi ~ P(A). We want to test the two hypotheses

Ho: X=X
Hli)\z)\]_

with A\ > Ag
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Statistical Hypothesis Testing
Neyman-Pearson

Solution

We compute the likelihood

L(xa,xm M) = [ P(Xi = xi[ A1)

i=1
n X
=1
X,'!

i=1

n
1 X
e—")\l )\2,71 i

Therefore
Xy xi
—N)\l)‘l—_ n X
,C(X]_7 cee X ml) _ € I, xi! B e_n()\l_AO) (ﬁ)z:_l
= L =
L(x1,- -+, Xn; Mo) e—mho )\OZ’=1 ! Ao gﬁ%;%“é
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Statistical Hypothesis Testing
Neyman-Pearson

Solution

The Neyman-Pearson theorem leads

L(x1,- -, Xn; 01)
L(x1,"+ , Xn; o)

- (ﬁ)zj:l . s,

Reject Hy if > S,
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Statistical Hypothesis Testing
Neyman-Pearson

Solution

We have A1 — A\g > 0 therefore the Neayman-Pearson test is formulated as

Reject Hp if Zx; > kg,
i=1
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Generalized Likelihood Ratio Test

GLRT

Statistical Hypothesis Testing

Generalization of Neyman-Pearson for composite hypothesis (not
necessarily the most powerful)

Hy: 0 € ©g
H1:9€@1

. . ML
Reject Hy if Bsy: ’Xn'gAl ) s
(X1, -+, Xn: 05")

where 63" (resp. )" is the maximum likelihood estimator of @ under Ho
(resp. Hi)

P ——
REPUBLIQUE e

» X é:m) = SUPgeco; L(x1,- " ,%n; 0) FRANCAIZE

et

Remark: L£(xq, - - -
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Statistical Hypothesis Testing
Generalized Likelihood Ratio Test

Example

X; ~ N(m,o?), with known o2. We want to test the two hypotheses
Hy:m=mgp
Hy - m# mg

What is the GLRT test?
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Statistical Hypothesis Testing
Generalized Likelihood Ratio Test

Solution

L(xg, - ,X,,;é}‘"L) = sup L(x1,- -+ ,xn; 0)
0cO;

with ©9 = {mp} and ©; # R\{mg}. So
L(xq, - ,x,,;GA(“)"L) = sup L(x1, * ,xn; 0)
ISSH
= L(x1,-* ,Xn; Mo)
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Statistical Hypothesis Testing
Generalized Likelihood Ratio Test

Solution

And
L1, X O = sup L(x1, -+, Xn; 0)
0cO;
=L (x1, % X)

_ (ﬁ)"exp <_% ; (x - 7)2>

Hence the GLRT

2072 4
1

1 - 1
Reject Hp if exp (—— (xi —X)"+ 552 (xi —mo)? | > S.

Il
=
|
—

|
REPUBLIQUE
FRANCAISE

Julien LESOUPLE - SIGNAV Statistics ASNAT23 101 / 102



Statistical Hypothesis Testing
Generalized Likelihood Ratio Test

Solution

And
1 n 0 1 n )
exp —PZ(X;—X) +2T'22(X,-—mo) > S,
i=1 i=1
n 5 n
& — Z (x,z —2GX + X ) +Z(X,-2 — 2x;mg + m3) > S},
i=1 i=1
20X’ — nX’ — 2nX'my + nmj > S!!

&n (7 — mo)2 > ke

with v/ (X — mo) ~N'(0,1) = n (X — mo)* ~ x3
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