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Abstract

Interferences pose a significant risk to applications that rely on Global Nav-
igation Satellite Systems (GNSS). They have the potential to degrade GNSS
performance and even result in service disruptions. The most notable type of
intentional interference is characterized by a constant modulus, such as chirp and
tone interferences. These interferences have a straightforward structure, leading
to the creation of complex circles when attempting to identify their contribution.
To address the interference and improve the situation, we calculate the maximum
likelihood estimator for the relevant parameters (time delay and Doppler shift)
while considering the presence of these latent variables. To achieve this, we employ
the Expectation Maximization algorithm, which has previously demonstrated its
effectiveness in similar scenarios. Experiments conducted using synthetic signals
confirm the efficiency of the proposed algorithm.

Keywords: Maximum likelihood, Expectation maximization, GNSS, Interference, Von
Mises distribution



1 Introduction

Global Navigation Satellite Systems (GNSS) [1] have a wide range of applications,
extending beyond navigation and timing to fields like Earth observation, attitude esti-
mation, and space weather characterization. As a result, the accuracy of position,
navigation, and timing information is crucial, especially for critical applications like
intelligent transportation systems and autonomous unmanned ground/air vehicles.
While GNSS has become the primary source of positioning, it was originally designed
for optimal performance in clear-sky conditions, making its reliability susceptible to
degradation in challenging environments. For instance, phenomenon such as multipath
(reflections) [2], spoofing and interferences (intentional or unintentional) are the most
challenging ones, being a key issue in safety-critical scenarios [3], such as civilian avia-
tion [4]. These effects have been reported in the state-of-the-art, and several mitigation
countermeasures have already been proposed [5]. In the field of intentional interference,
real-world scenarios have identified jammers broadcasting interference characterized
by a constant modulus (CM). Initially, these devices utilized constant amplitude tones
to disrupt receiver functionality. With this type of signal (even with their straight-
forward structure), they were able to prevent the receiver from functioning. As a
countermeasure, in the time domain, two common methods are employed

e pulse blanking [6], which involves zeroing out samples of the incoming signal
exceeding a predefined power threshold to mitigate the impact of pulsed interference

e adaptive notch filtering [7], where the jamming signal’s instantaneous frequency is
continuously estimated using a recurrence equation in the time domain, and the
corresponding frequency components are filtered out from the incoming signal. This
approach avoids the need for frequency domain transformations.

However, they proved ineffective when the tone’s frequency varied, paving the way
for chirp interference, which remains a significant issue today. Notably, notch filters
fail to attenuate chirp interference adequately, particularly with nonlinear frequency
variations. Even with linear variations, these countermeasures encounter challenges.
Alternative approaches involve signal processing techniques such as the Discrete
Fourier Transform (DFT) which project the signal into the frequency domain, allowing
the application of a threshold to eliminate suspicious elements. Another transfor-
mation with potential for interference mitigation is the Karhunen-Loeve Transform
(KLT) [8, 9], which relies on the eigenvalues and eigenvectors of the incoming signal’s
autocorrelation. However, these methods often overly degrade the signal, especially
with wide chirp bandwidths.

In this article, we introduce a novel approach to mitigate interference characterized
by a CM. This interference category is among the most prominent forms of inten-
tional interference reported in the literature and includes signals like pure tones and
chirped signals with time-varying tones. The constant modulus property results in a
complex circular search space when attempting to identify interference at the receiver.
To characterize these circles, latent variables are introduced. The primary contribu-
tion of this article is the computation of the maximum likelihood estimator (MLE)
for key parameters, specifically the time delay and Doppler shift, in the presence of



these latent variables. To calculate the MLE, we choose independent von Mises dis-
tributions with unknown parameters for the interference phases and we employ the
Expectation-Maximization (EM) algorithm, which has demonstrated asymptotic effi-
ciency in similar scenarios and has proven effective for N-hypersphere estimation [10].
To evaluate the performance of our proposed algorithm, we compare it against the
theoretical limits of time-delay and Doppler shift estimation under the following partic-
ular cases: i) we consider the scenario where no interference corrupts the GNSS signal.
Note that this is the best possible scenario and the theoretical limits are provided by
the Cramér-Rao bound (CRB) derived in [11], ii) the misspecified conditional model
[12, 13]. In this scenario, the signal is corrupted by an interference but the receiver
estimates the parameters of interest without considering it. Then, the time-delay and
Doppler estimates are biased. Note that this is the worst possible case and the per-
formance limits are characterized by the misspecified CRB (MCRB) derived in [14].
The fair comparison of our algorithm should be with respect to the CRB which takes
into account the parameters describing the structure of the interference. However, the
corresponding derivation are intractable and we resort to the so-called Modified CRB
(MoCRB) [15], which is a looser bound, normally used in problems involving missing
variables.

The article’s structure is organized as follows: in Section 2, we present the GNSS
received signal model in the presence of a CM band-limited interfering signal. In
Section 3, we derive a closed-form expression of the MoCRB for the parameters of
interest considering that the signal is bandlimited. This expression only depends on the
baseband samples and the parameters which define the structure of the interference.
Section 4 provides an in-depth description of the proposed EM algorithm, which is
employed for mitigating interference under the CM hypothesis. Section 5 presents the
simulation results that confirm the effectiveness of the proposed approach for two
synthetic signal scenarios. Finally, Section 6 offers the concluding remarks.

2 Signal model and Complete Likelihood function
2.1 Signal model

In this article, we consider a band-limited signal s(¢), with bandwidth B, transmitted
over a carrier frequency f. and traveling at the speed of light ¢, from a GNSS satellite
to a receiver. The transmitter and receiver are assumed to be in uniform linear motion
such as the distance can be modeled by a first order d — v distance-velocity model [16].
At the receiver, a narrow-band signal model is assumed and the received signal x(t)
at the output of the receiver’s Hilbert filter can be approximated by [11, 17]

z(t) = pej¢s(t — T)e_ﬂ”fcb(t_ﬂ + n(t) (1)

where p and ¢ are the amplitude and phase of the complex coefficient o = pel® €
C induced by the propagation characteristics, 7 = d/c is the unknown propagation
delay, b = v/c is the unknown Doppler shift and n(¢) is a zero-mean white complex
circular Gaussian noise. An interfering signal I(¢), unknown and bandlimited within
the frequency band of interest, is also arriving at the receiver. Then the received signal



x becomes

z(t) = as(t — 7)e 72T L 1(4) 4 n(t). (2)
Considering the acquisition of N = Ny — N; + 1 samples at the sampling frequency
Fy, = B = 1/T;, and assuming that the observation window [N;Ts, NoTs] is short
enough to consider constant amplitude, delay and Doppler shift, the discrete signal
model yields to

z=op(m) +I+n (3)
where p(n) = [...,s(kTs —T)e_jQ’Tbe(kTS_T)7...]T € CN with n = (7,b) and k €
{Ny,...,No\, I =]  I(kTy),..]" e CN¥ andn = [...,n(kT,),... )" ~CN(0,02Iy).

Under constant modulus interference, all the components of the vector I have the
same modulus A. We therefore propose the parametrization

I=AI (4)

such that T = 5 ... fN]T with |I;| = 1. In other words, each component of the

vector T belongs to the complex unit circle, meaning that the vector I belongs to the

complex hyper-torus of dimension N. Hence, there exists 8 = [91 e GN] Te (—m, 7]V
Vk=1,...,N I, =e%. (5)
2.2 Complete likelihood
The resulting problem has the following likelihood
1 1 7\H2 7
p(z]0,¢) = o~ 7z (w—ap(m—AI)" (z—ap(n)-AT) (6)

ANg2N

where € = {nT, 0, P, A, 02} is the vector gathering the parameters of interest. We con-
sider the angles ) as latent (random) variables with independent prior distributions
p(0y). We can therefore form the joint likelihood of observed random variables  and
unobserved random variables 6 as p(x, 8le) = p(x|0, €)p(0) using (6) and the chosen
prior p(8) = Hf{vzl p(0k). One way to overcome the fact that € is unobserved is to
marginalize p(x, 08|e) w.r.t. 8 and to maximize this marginalized likelihood. For the
particular case where p(y) follows a uniform distribution over [0, 2|, the marginalized
likelihood expression is

1 1 H A2N N 2A
pm@=@ﬂweﬂwww”wwwkUQXE&(ﬂmrﬂmwQ<n
where B, is the modified Bessel function of the first kind and order v [18, Chap.
3.5.4]. This expression cannot be optimized wrt. € and one cannot derive closed-form
expressions for the maximum likelihood estimators of the parameters in €. Moreover,
when the chosen prior over 6y is more complicated than the uniform one, the likeli-
hood expression would be even more complicated and closed-form expressions for the



maximum likelihood estimators cannot be derived. One way to bypass this limit is
to resort to the EM algorithm. The EM algorithm [19] can be handy to evaluate the
maximum likelihood estimator of parameters when missing variables appear in the
estimation framework.

The complete likelihood of the parameters € given the observations & and missing
variables 0 can be expressed as

L.(e;z,0) = p(x,0le) = p(x|0,€)p(0). (8)

where p(x|0, €) is given in (6). For the prior p(@), in this article we choose independent
Von Mises distributions with parameter v and k for the interference phases 6

N
p(6) o< [ p(6) 9)
k=1
with
encos(ek—'y)
() = W (10)

where v is the mean direction of the von Mises distribution, « is the concentration
parameter. In the following we use the notation

O ~ VM (0k; r,7) (11)

to describe the interference phases. One can note that when « is set to 0, the uniform
distribution is recovered, hence the results should be the same as presented in [20].
This prior distribution depends on a set of two hyperparameters ¢ = {7, k}. These
hyperparameters might be set by the user or unknown. Therefore, in the following, we
will consider the general case where they are unknown and will estimate them jointly
with the vector of parameters e. Using prior (9) and the conditional likelihood (6) we
can rewrite the complete likelihood as

o~ 2z le—anim—aI||*+x 0, cos (9r—7)

, 12
(02Bo (k)™ (2

L.(e,p;x,0) = p(x|6,e)p(8]p) x

where ||z]|> = 2z for any z € CN and where it is assumed all 6 are in (—m,7] to
avoid the indicator functions.

3 Modified Cramér-Rao Bound

To assess the performance of the proposed method, it would be appealing to derive the
Cramér-Rao Bound (CRB) of the likelihood (7). However, the corresponding deriva-
tions are intractable, mainly due to the expectation of the By function, having no
closed-form expression. To alleviate this problem, we propose to resort to the so-called
Modified CRB (MoCRB) [21], which has been designed for such problems involving



missing variables. The MoCRB results in a looser bound of the asymptotic estimation
performance of the parameter of interest, but with a closed form formulation. The
MoCRB of parameters of interest € is then defined in its vector form as [15]

Oe Oe

— By (Emm {alnp((;e,e) {mnpéiw’e)] }) , (13)

where the matrix to be inverted is the so-called modified Fisher information matrix
(MoFIM) of the vector €, denoted F'ps (€) in the following. Moreover, we have

MoCRB (g) = Eq {8lnp(a:0,€) {8lnp(:n|0,e)]T}l

xz|0,e ~CN (m;pej¢u (n) + AI(8), aQIN) : (14)

T
Hence, Fg(e) = Egjo {Olnpgzl@,s) {alnpé:w’e)] } is the Fisher information matrix

(FIM) of a complex Gaussian model, and we can resort to the Slepian-Bangs
formula [22, (8.34)] to find its expression

1 00’1y 001
Fo(ell =t (25 )

85k 38[
, . H
2 9 (Pemﬂ (m) + AI(O)) dpet®p (n) + AI(6)
+ =< Re (15)
o2 Oey, Oe;
Recalling € = {nT, p, o, A, 02} and given the previous formula, the FIM is
T
Fo(n",p,¢) Fo(A [n".p,¢]) 0
Fo(e) = |Fo (A, [n".p,¢]) Fo(A) 0 (16)

0 0 Fg(0?)

where Fo(n',p,¢) = F(n',p,¢) is the FIM for the case without interference,
Fy(0?) = U—I\Q and both are derived in [11] and independent of 8. On the other hand,

2N

o2’

Fo(A) = (17)
Fo (A, [n",p,0]) = 25 Re (1"(0) o0 20 o), jpertn(m)).  (18)

To derive the MoFIM, one has to take the expected value of (16) wrt. 6. Given the
previous results, one only requires the expected value I H(B)7 which yields to [18,



(3.5.25),(3.5.26)]

2 [1(0)] = gg; Iy (19)

with 15 the vector of ones with size 1 x V. Then, after some calculations that can be
found in Appendix A, (18) yields to

Fy (A, [nTvpv d)])T = (20)

(g [0 1 {Tuwes™Deg . ()} Re {aTeu s ()} —pTm (e (£0)}]

with w, = 27 f., s = [, s(kTs), ], es—~(f) = [, el (¢—y—2nfkTs) ] and
D = diag(Ny, ..., Ns). Finally, The MoFIM is

F(n".p,¢)  Fu (A 07, p,¢])" 0
Fy(e) = |Far (A, [n7,p,0]) 2 0 (21)
0 0 N

ol

Finally, from the matrix inversion lemma [23, 14.11-(a)] we have the MoCRB
expression for the parameters of interest

MoCRB(n”, p,¢) = F(n", p,¢) ™"
2
+ ;WF(nTaP, d))ilFJM (Aa [nva QS})TFM (A7 [nT’p’ ¢]) F(T’T’p’gb)il'
(22)

Note that when x = 0, i.e., when the prior distribution is uniform, the second term

vanishes due to the term gégzg which is 0 when k = 0, and the MoCRB becomes the

CRB in absence of interference.

4 EM approach for interference mitigation under
the CM hypothesis

In this section, we introduce the proposed EM algorithm. The EM algorithm iterates
between the expectation (E) and the maximization (M) steps to obtain a maximum
of the likelihood function:

® E-step: the derivation of the function
Q(€7 90|€(t)7 (P(t)) = Eﬂ\m,s("),q:(f) [IOg ‘CC(€7 P; T, 0)] (23)
e M-step: the maximization of this function Q(e, le®, p®)

el ol = argmax Q(e, ple'”), "), (24)
€0

where t represents the iteration index.



4.1 E-step
4.1.1 Derivation of the @ function

At the t + 1 iteration, the E-step approximates the loglikelihood (which is to be
maximized) around the parameters e® and ¢®. This approximation is given by

Qe,ple™, M) = Egip ) ) [l0g Lo(e, 03 T, 0))] (25)

where €| reps. @), represent the current value for the set of parameters, resp.
hyperparameters. From (12), we have

log L.(e, ;2,0) =K' — Nlogo? — N log By(k)

1 IR R
_ﬁHx—au(n)—aIH —&—anos(@k—’y)
k=1

1
=K'= Nlogo® — Nlog Bo(r) = — ||z — ap(n)|*

24 a0 Naz &
+§Re{($—au(n))HI}— 3 +anos(9k—*y)
k=1

1
=K'~ Nlogo® — Nlog Bo(r) — — ||z — ap(n)|*

g

A2 K24
_ N — + Z (2025k cos (0 — Br) + K cos (6 — '7)) ) (26)

g
k=1

where K’ gather terms independent of {e,,x,0}, and Re ((:L'—au(n))H j) =

Zivzl 0r cos (0 — Br) with 6p = |zx — apr(n)| and By, = arg (zr — auk(n)), where
arg(.) : C — (—m, x| the argument of a complex number. The only terms depending
on 0 in (26) are in the sum of cosines, leading to

1 NA?
Q(e, ple®, ™) = K' — Nlogo? — Nlog Bo(k) — s |z — ozu(n)”2 -3
N o4 N
+y 501 Epjm.et o [cos (O — )] + > kEBgige o [cos (B — 7). (27)
k=1 k=1

4.1.2 Conditional distribution

This expected value considers the distribution of G\w,s(t),go(t). The distribution of
0|z, e, o can be expressed as (see Appendix B for details)

N

p(Olm,e™, o) o [] p(Orlzr, ™, M) (28)
k=1



and
Oclon, e, 00 ~ VM (05 A" ) (29)

To express the terms in this distribution, we define x; as the k-th component of the
vector &, and py (1) the k-th component of the vector pu(n), then

6,(;) = ‘xk - a(t)uk(n(t))‘ ; (30)
B =arg (w5 — ol (n™)), (1)
2
. 245" 5 4AW§H E®) .
0= (P g O (50 @
()5 () 5(t)

N 24Ty, D) 1 o g (B 24 0% ®)Y 4 (0 (t)
atan?( g (t) sin (B ) sin ('y ), JQ(t) cos (ﬂ ) + Kk’ cos (’y ) .
(33)

4.1.3 Expectation
We have for any angle ¢ € (—m, 7]
By, |z,et) o0 [€08 (O — V)] =Fp, |4 ch) o) [cos (9k (t) i 7]it) 1/})}
=FEp,|z,e® o® [cos (Gk - 7,?))} cos ('y,gt) - 1/1)
— By, |z, o) [Sin (Gk — 'y,(:))] sin (fy,(:) — 1/1) (34)

Since 6;|z,e®, p® follows a Von Mises distribution with parameters fs,(f) and 7,(;)
we have [18]

B (/{g))
= 37

s Egk‘w7€(t)’cp(f,) |:Sin <0k — Vl(ct)):| =0
(")
0\ Ry

Eek\:c,eu),(,,u) [cos <9k _ 'Vi(ct))]

(35)
and thus
Bl lil(»t)
E9|w,e(") [COS (0; — 1/))] = R COS (’Yz(gt) - ¢)- (36)
Bo (")
Therefore,

NA2

1
Qle,ple',9!) = K' — Nlogo® — Nlog Bo(r) = — & — ap(n)|* ~

B N By (&
) £ )



=K'+ Q(ele™, ") + Qele®, "), (37)

with
2 2 N Bl (K(t))
) L0y — _ s llz—aumn)|” NA 2A k (t) _
Q(ele™, ) = —Nlogo = ). 5kB ( (t)) cos (Wk ﬁk)
k=1 0\~
(38)
and
N Bl Ii](;)
Qple™, ") = —Nlog Bo(k) + > m<(t)) cos (vl(f) - v)- (39)
k=1 Bo (fik )

Finally, we can define
Dr® D]
w, = , Qi = [wl e wy TN ] ) (40)

yielding in (38) to

1 NA% 24 ; "
Qele®. ") = ~Nlogo® - — ||z —ap)|* - —5-+ =5 Re{(w — pe’?p(n)) at}
A2 (& 2 1 - 2
= —Nlogo? + o) <Z (w,(f)) — N) -2 H:c — pe??u(n) — AatH
k=1
(41)
and (39) to
N
Qple®, ) = —Nlog Bo(k) + HZ’LU](:) cos ('y,(:) — ’y). (42)
k=1
4.2 M-step

The second step of the EM algorithm is to maximize (37) w.r.t. € and ¢. Note that
this equation is the sum of two independent terms in € and ¢, so the optimization
can be done independently.

10



4.2.1 Optimisation with respect to o2
Differentiating (41) w.r.t. 02 yields the update equation

(02)(t+1) _ 1

o 2 1 & 2
L= ot 0e ) - 4D g, P (a2 (1 -y 2 (w) ) |

N
k=

4.2.2 Optimisation with respect to p, p,n

The second term in function (41) is independent of p, ¢ and 7, then we can recast the
equation as

Qele™, o) = — % |z — pe’?p(n) — Aar|)” + K"

where K" represents the terms independent of p,¢ and 7. Let us denote S =
span(B), with B a matrix, is the linear span of the set of its column vectors.
Iz = B(BYB)"'BY and Hé = I — Ilg are the orthogonal projectors over S and
S+, respectively. Then,

M) = ) (n ) w(m) w(m™. (40
I, = In = M), (45)
and
&~ pe?#m) — Ade]|* = [P 2 — Aar) — perum)|” + |k (2 — Aa)|
(46)
Ny @™ @ =200 e e aan?
) nm)Tum " ] +H wen | -

Note that maximizing the previous expression wrt. p, ¢ yields to the following update
equations:

H
p(t+1) _ 2 (n(t+1)) (m — A(t+1)at) (47)
I (n(t+1))H n (n(t-‘rl))

t+OVH (4 At+1)
So(t-‘rl) — arg l"" (n ) (}"IB at) . (48)

o (n(t+1)) o (n(t+1))

2

Moreover, u(n)( Aat)” = |z — Aay|? — [T (& — Aay)| ®  where the

Pythagora’s theorem has been applied. Then, maximizing Q(e|e®), p®)) w.r.t. i yields

11



to the following update equation
(t+1) — 1 —atg )| 49
n arg max ||IL,,) (x a; || - (49)
n

4.3 M-step: optimisation with respect to A

To carry out the optimization, we first remind that the objective function (41) can be
expressed as

2
Q(E|€(t),(p(t)) _ K/// B NA 2A {(

=+ x — pei?p(n))"” at}, (50)

where K"’ represents the terms independent of A. Differentiating this expression w.r.t.
A yields to

1 e
A+ — NRG {af[ (w _ p(t+1)ew< +1>u (n(t+1)))} _ (51)
We can note that

H
pargetry _ (#(@) " (2 - A a) (52)
") (n(t+1)) ") (n(t+1))

can be injected in (51) to give the update equation

Re {aflﬂt(n(tﬂ))x}

A+ — . (53)
N —Re {afl‘[“(n(t+1))at}
Note that (53) can be injected into (49) to provide the update equation
2
Re atHl'IL T
Y = arg max O, |- { lm) } a; (54)
n N—Re{aflﬂu(n)at}

4.4 M-step: optimisation with respect to x and ~

In the case where the hyperparemeters are to be estimated jointly with the model
parameters, we can update their values maximizing Q((p|€(t), <p(t)), previously defined
in (42). Let us denote

N

Cy = % Z w,(:) cos (’y,(ct)), (55)
1 k;l

St = N Z w,(:) sin (fy(t)), (56)
k=1

=
I

Q)
N
+

W)
+ N
o«
-



7, = atan2 (?t,ét) . (58)

Then, C; = R, cos (7,) and S; = R, sin (¥,). Moreover,

Zwk cos( ) Zw cos( )cos Zwk sm( )sin(v)
= NC’t cos () — NSysin (y) = NRt cos (7 — ), (59)

yielding

Qple™, o) = —Nlog Bo(k) + kN Ry cos (7, — 7). (60)
From the previous equation, we can recognize the loglikelihood of a von Mises
distribution as in [18, (5.3.1)] which leads the update equations

'Y(t+1) =7t (61)
s = A7N(Ry) (62)

where the function A(k) = B1(k)/Bo(x) has no closed-form, but can be approximated
using an iterative algorithm [24].

4.5 Implemented Algorithm

Fort = 0, i.e., for initialization, we might compute {(n(o))T ,p0) pl0) (02) (0)} thanks
to the standard MLE [11]. In other words:

0 = argmg [yl v
)"
o _ u(nH) z (64)
p(n©)" p (n®)

@(0) _ arg{ H (n(O))H d } (65)
w(

n©)" u (n©)

1
() = ~ Hw —p0 )i W (n(O))H (66)

Once the interference is detected, due to the fact that the interference is much more
powerful than the GNSS signal masked in the noise, we keep the MLE estimators for
7, pM M and (62)(M, and we initialize the interference power as

1
AD = i xHe. (67)

If we do not know the parameters for the prior distribution, we can set (') = 0 and

x1) = 0. Those values indicate that the prior distribution is uniform. Then, we com-

(t) (®)

pute the Von Mises parameters, 7, and x;’, and trigonometric moments w,(:) and

13



a, using Egs. (33), (32) and (40) respectively. Finally, we update the parameters of
interest in the order m, 4, p, ¢ and o2 with Eqgs. (54),(53),(47),(48) and (43) respec-
tively. Note that Eqgs. (54) and (63) do not have closed-form expressions. However, a
grid search approach can be used to maximize the corresponding functions. Also, a
little simplification can be made to optimize (49), using (54) where A®+1) is replaced
by A® to update 1. With this approach, the same function can be used to solve both
(63) and (54).

4.6 Simplification of the algorithm based on an uniform prior

The algorithm presented in this article is a generalisation of the algorithm presented
in [20]. In that article, the prior distribution is considered to be a uniform distribution,
i.e. kK =0 and ¥¥) can be undefined. Therefore, as demonstrated in the Appendix
B, mg) = 3—35,(:) and ’y,(:) = ,(ct) and M-step presented in Section 4.4 is not required.
Once these simplifications have been made, the algorithm presented in [20] is the same
as the one proposed in Section 4.5.

5 Experiments

In order to evaluate the performance of the algorithms presented in Sections 4.5 and
4.6, we consider two possible scenarios.

® Scenario 1:

Let us consider the case where a GPS L1 C/A signal [1] is attacked by a jammer that
is generating a linear frequency modulation (LFM) signal [25], which is defined as

Afor0<t<T

0 otherwise (68)

I(t) = T (t) x 7B +30 TIp(t) = {

where (. is the chirp rate and A is the amplitude. For this particular scenario, we set
the waveform period as T'= N - Tj, i.e., equal to the integration time. The instanta-
neous frequency is f(t) = i% (wﬂctz) = B.t, and therefore the waveform bandwidth
is B. = pB.T. We consider the case where, after the Hilbert filter, the chirp is located
at the baseband frequency, i.e., the central frequency of the chirp is f; = 0. Then, the
waveform can be rewritten as,

I(t) = Tp(t) x d™Pe=T/2" 40, (69)

We set the chirp bandwidth B, = 1 MHz, with initial phase ¢ = 0, amplitude A = 40.
In Fig.1, we illustrate the power spectral density (PSD) of the linear chirp considered
in scenario 1. We would also like to point out that the phase distribution for this case
is a uniform distribution.

® Scenario 2:
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Fig. 1 PSD of centered linear chirp signal of bandwidth B. = 1 MHz and amplitude A = 40. The
sampling frequency is set to Fs = 4 MHz.

We consider a GPS L1 C/A signal attacked by a jammer generating a non-linear
frequency modulation [26], which is defined as

Afor0<t<T

0 otherwise (70)

I(t) = TIp(t) x ejw(ﬂc;t)ﬂ‘aﬁ’ p(t) = {

where ¢(f,.;t) is a non-linear function with . a parameter which controls the band-
width of the chirp. For this particular scenario, we set ¢(8.;T';t) = sin (%wﬁct). Note
that the chirp is located at the baseband frequency, i.e., the central frequency of the
chirp is f; = 0. For this scenario, we set 8. = 51, T'= 1 ms (which it is the duration
of the GPS L1 C/A signal PRN), initial phase ¢ = 0, amplitude A = 40. In Fig.2, we
illustrate the power spectral density (PSD) of the non-linear chirp. For this particular
scenario and because the phase is characterised by a non-linear periodic function, we
can verify that the phase distribution is not uniform. In Fig. 3, we observe the phase
histogram. As can be seen, the probability density function of the chirp distribution
can be well represented from a VM distribution.

The root mean squared error (RMSE) for the parameters of interest n’ are dis-
played in Figs. 4-5 for scenario 1 and in Figs. 6-7 for scenario 2. These figures depict
how the RMSE varies with respect to the Signal-to-Noise Ratio (SNR) at the output
of the matched filter, labeled as SN Royr. The evaluation is conducted under the fol-
lowing conditions: a GNSS receiver with a sampling frequency of Fy = 4 MHz and
integration times of T'= 1 ms.

The EM algorithm incorporates a stopping criterion that assesses the change in
noise variance at each iteration. The maximum iteration limit is set to 15, and 1000
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Fig. 2 PSD of centered non-linear chirp signal of bandwidth B, = 0.16 MHz and amplitude A = 40.
The sampling frequency is set to Fs = 4 MHz.
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Fig. 3 Histogram of 0y from a non-linear chirp signal of bandwidth B, = 0.16 MHz and amplitude
A = 40. The sampling frequency is set to Fs = 4 MHz.
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Monte Carlo runs are performed. The results presented in the Figures illustrate four
different types of curves:

e the VCRB (as referred to in [11]), which signifies the asymptotic estimation
performance of the parameters in the absence of interference

e the vV MCRB + Bias?, representing the asymptotic estimation performance of the
parameters when the receiver is unaware of the presence of interference (as discussed
in [13, 27]). This includes the Root MSE of the misspecified maximum likelihood
estimator, as mentioned in [12]. Please note that these metrics quantify the Root
MSE under the assumption that the receiver does not account for any interference,
i.e., the receiver assumes a misspecified model with probability distribution that
deviates from the true model. The bias is determined by minimizing the Kullback-
Leibler Divergence between the probability distributions of the true model and the
assumed model (i.e., the misspecified model)

® the vVMoCRB derived in Section 3 which provides a looser bound of the prob-
lem of interest. Note that for the evaluated scenarios, the vV MoCRB yields to the
v CRB. This is consistent if one evaluates numerically the MoFIM matrix intro-
duced in (21) since the the order of magnitude of the values within the vector

F (A, [nT, 0, qb] )T are much smaller than the orders of magnitude of the values in
the matrix F(nT, p, ¢)

e the Root MSE (vVMSE) generated by the proposed EM algorithm in Section 4.5
and the simplified algorithm proposed in Section 4.6. It is important to note
that the proposed EM algorithms seem to be unbiased and capable of correcting
interference-induced effects. However, even if the performance of the algorithms
seems to be similar, we can observe slight performance differences in time-delay
estimation depending on the scenario evaluated. Particularly for the first scenario,
the algorithm considering the uniform distribution seems to perform slightly better
asymptotically. This is mainly due to the fact that the distribution of 8 in the case
of LFM interference is uniform. Note that the asymptotic performance is enhanced
by the fact to estimate a reduced set of parameters. In the second scenario, we can
observe that the performance of the algorithm which considers a prior VM distribu-
tion converges around 1 dB earlier. This is because the algorithm jointly estimates
the parameters of interest together with the parameters of the a priori distribution,
which makes it possible to get rid of the interference at lower SN Rouyr. However,
note that asymptotic performance improvement gained by introducing prior phase
information is offset by the need to jointly estimate another parameter. Therefore,
the only improvement achieved is in convergence. We would also like to point out
that once both algorithms have converged to the asymptotic regime (small RMSE),
the number of iterations for the convergence of the algorithm are surprisingly the
same. Our conclusion is that if one of the two algorithms were to be implemented,
the complexity in this case suggests using the uniform method.

Finally, it is evident from the results that the error introduced by the EM algorithms
is nearly identical to that of the Maximum Likelihood Estimator (MLE) in scenarios
without interference. These findings serve to validate and demonstrate the excellent
performance of the proposed algorithm.
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Fig. 4 RMSE for time-delay estimation of the GPS L1 C/A signal received along with a centered
LFM chirp signal of bandwidth B = 1 MHz and amplitude A = 40. The sampling frequency is set
to Fs = 4 MHz.
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Fig. 5 RMSE for Doppler estimation of the GPS L1 C/A signal received along with a centered LEM
chirp signal of bandwidth B, = 1 MHz and amplitude A = 40. The sampling frequency is set to
Fs = 4 MHz.
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Fig. 6 RMSE for time-delay estimation of the GPS L1 C/A signal received along with a centered
non linear chirp signal with 8. = 51, T' = 1ms and amplitude A = 40. The sampling frequency is set
to Fs = 4 MHz.
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Fig. 7 RMSE for Doppler estimation of the GPS L1 C/A signal received along with a centered non
linear chirp signal with 8. = 51, T' = 1ms and amplitude A = 40. The sampling frequency is set to
Fs = 4 MHz.
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6 Conclusion

Numerous studies have established that interferences can significantly affect the per-
formance of GNSS receivers. In this article, we introduce an EM algorithm designed
to address one of the most prominent interference types, known as CM. This algo-
rithm enables the simultaneous estimation of the parameters of interest of the received
signal and the characterization of the CM of the interference signal. We demonstrate
the estimation effectiveness of this EM algorithm by evaluating its RMSE for time-
delay and Doppler parameters. The evaluation encompasses scenarios involving chirp
interference jamming and a GPS L1 C/A signal. The results clearly illustrate the
strong performance of the proposed algorithm. Finally, we would like to point out that
numerous array processing solutions leverage Riemannian optimization to mitigate
interference while adhering to constant modulus constraints [28, 29]. These methods
could represent a promising advancement in the search for low-complexity interference
mitigation algorithms for GNSS.
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Appendix A MoFIM derivation for bandlimited
signals
In this appendix, we focus on the derivation of the MoFIM. In order to do that, we need

to derive a closed-form expression of the elements within the vector F'p, (A, [nT, 0, ¢] )
For the element F'; (4, p), it is required to compute :

N2
Ey [eij(O)u(n)} - g;g:; 3" S(kT, — 7)ed (71 2nIbRT =) (A1)
k=N
N2
= Re {Ee [€j¢jH(0)/L (77)} } = Zl)EZ; Z Re {s(kTs _ T)ej(¢7'yf27rfcb(kTsfr))}
k=N,

and applying the Nyquist-Shannon theorem for bandlimited signals we have
N

I Re {s(kT, — 7)ei (012 /00T 7)) .
(Nl’NZ)_l’I(n—OO,-Q-oo)k;V © 5( T)e ( )

+o0 oo
=F, Re {/ st — T)ej(¢727rfcb(t‘r))dt} = F, Re {ej(¢’v) / S(t)eﬂﬂf“btdt}

N2
=F,Re {ejw*"*)S(be)} = Re {ej((b“’) Z s(kTS)eﬂ”f“kaS} = Re {sTe¢,,Y(be)}
k=N,
where
aE F, F
=T T Ve 327 fkTs s s A
S(f) Sk;v s(kT:)e Ve |5 (A3)
and
s=1[..,s(kTy), ...]", k=DNi,..., Ny, (Ad)
eor(f) = [ .. 002 T o Ny LN (A5)

Thus, the closed-form expression of the element yields to

Fu (A p) = 02221)5:3

Re {ST6¢_7(fcb)} . (A6)

Similarly, to compute the element F s (A, ¢), it is required to compute :

N>

L e H . Bi(k b .
Ee |:]p€J¢I (0)# (n) = JPB;EH; Z s(kTs — T)ej(¢ y—2m fcb(kTs ) (A7)
k=N,
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N3
= Re{ By [ipe*T" @) ()] } = ?E:g p S Re{Js(hT, — r)elté-1-nfht, o))
0 k=N,

Then, it is simple to check that closed-form yields to

2p B1(k)
0’2 Bo(;‘i)

Fu (A ) = Im {s" e, (feb)} - (A8)

Now, we compute the elements within the vector F'ps (A,'nT). Then, we need to
compute

op(n) [, (=sWkTy — 1) + s(kTy — 7)j2m fob) e~ 927 Fb*-Ta=T)),
anT B ) _]27Tf6(kT8 - T)S(kTS - T)e_jQﬂ—fub(kTS_T)v

where s() = d‘;—(tt). Then,

1, O (n) Bi(v) [ <
Eo loei*T" (0 — pedle—m 21 _ W (KT, — 7)e 727 fb(kTe=T)
o oo 0) 2| — peito- et 3 SUT e
+ Z (kT — 7)j2m fobe~72mFeb(kTs T>>> (A9)
k=N,

(o]

i O () Bi(r) [
Re {Ee [peNI (9) Kn ]} = Re {pej(d)—” ! (— Z 8(1)(kT5 — T)e_ﬂ”fcb(kTS_T))

or o(k e

~

+ Z (kT — 7)j2m fobe =927 feb (kT T») } (A10)

k=N,
Applying the Nyquist-Shannon theorem for bandlimited signals we have

N2
lim Re {s(l) kT, — ejw*W*zﬂﬁh(kaT))} All
o oy 2 (T, - 7) (A11)

“+oo —+o00
=F, Re {/ 3(1)(t _ T)ej(¢w27rfcb(t‘f))dt} = F, Re {ej(¢7) / s (t)eﬂ”fcbtdt}

—0 —o0

=F.Re {jQWbe'ej(‘b_V)S(fcb)} Re {ﬂﬂf eI (6=7) Z (kT,)e j27rfcka}

k=N1

=—TIm {2rf.bs"es_(f:)}
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where

+oo )
/ s (®)e 72t dt = jar fS(f). (A12)
On the other hand, following the derivation in (A3)
N2
li Re ! j27 fobs(kTy — 7)el (07— 27 fb(KT5—7)) A13
(V1. N2) > ~00,+00) k;vl e {J 7 febs( T)e } (A13)
=Re {j2nfbs"es_(feb)} = —Im {27 f.bs" ey~ (feb) } -
and 5
Re {Eg {pejd)jH(H) ’g(")} } =0 F (A1) =0. (A14)
T
The last element to compute is
Re {Eg [pejﬁH(e) a’gé”)]} = (A15)
Bi(r) -
—Re {pejw—w ! Z 327 fo(KTs — 7)s(kTy — 7)e 72 feb(FTe=7)
BO KR
k:Nl
Again, we apply the the Nyquist-Shannon theorem for bandlimited signals
No
lim Re { j27 fo(kTs — 7)s(kTy — 7)el (@7 =2mfb(RT=m) & (A16
(N1, N3)—(—00,400) k;\ﬁ {J 7 fe( 7)s( 7) } (A16)

+oo
=F, Re {/ j2mfe(t —1)s(t — T)ej(cb’v%rfcb(t'r))dt}

— 00

“+oo
=F;Re {j27rfcej(¢_7) /

— 00

N3
=FsRe {jZﬂ'fcej((b’Y)Tf Z ks(szs)ej%fckas}
k=N,

=—Im {TSQﬂ'chTDegﬁ—’y(fcb)}

where N
ds(f) ) = .
(1) _ Y\ 2 727 fkTs
SY(f) = i = —j2nT; E ks(kTy)e ,
k=N,
" j2m ft J o)
_jor
[ ts(t)e dt = 727'('5 (f)

and D = diag (Ny,..., N2). Then,

Re { £y {pemf’(e)a"a é’”} } _ pg(l)g:; Im {T,27 f,s" Dey_ (f.5)}

23

ts(t)e—ﬂ”fcbtdt} = F,Re { jor fcej(¢—7>2is<1)( fcb)}
™

(A17)

(A18)

(A19)



and

Far (Ab) = % gégg Im {T,27 f.s" Dey . (f.b)} (A20)
Therefore
Far (A [n",0.0])" = (A21)
% g;g:; [0, pIm {T,27 fos" Dey_ (fb)}, Re{sTes—y(feb)}, —pIm {sT ey (fcb)}].
(A22)
The MFIM is then
F]\/[(é?) = FM (A, [nTapa ¢]) % 0 (A23)
N

ol

Appendix B Computation of the conditional
distribution 8|z, e®, ®)

Applying Bayes’ theorem, the following equivalence is obtained
=2
p(Blx, e, p) x p(x|0,e)p(0)p) x e =5 [l —on(m) —AT||"4+w 3251, cos (Ox—) (B24)

Let us expand the quadratic term as:

&~ aptm) — AI|] = @~ aum)” (@ — apm) + NA* ~24Re (17 (2 — apm)).

(B25)
where I HI = N. Hence, following the same procedure as in (26)
(0|$ c So) e 02 ||a: ap(n)— aIH +r 3N cos (0 — ’y) Eﬁ;l i—gék cos (0 —Br)+r cos (0, —)
N
H 24 0y cos (0 —Br)+r cos (Or—v) _ Hp 0k|xk,5 cp) (BQG)

k=1 k=1

%6 cos (0 —Br)+rK cos (0 —7)

with p(Ok|zk,€,) x eo e . Note that we can expand the

exponential term as

%51@ cos (0 — Bi) + kcos (0 — ) = cos (O) <2ng cos (Bk) + K cos (’y))

+ sin (6) (2;“25k sin (By) + K sin (’y)) . (B27)
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Solving the following equation system

QZ% cos (Br) + K cos (7) = ki cos (k)
200 ¢ . . (B28)
=25k sin (B) + msin (7) = kg sin ()
for ki and 7y leads
2a0 2 (2a0;, , ?
K = \/( ZQk cos (Bx) + K cos (fy)> + ( ZQk sin (Bk) + Kk sin (7))
4a262 4ad
:\/a4k+m2+ aflicos(b’k—*y) (B29)
o o
2ad 2a8
e = atan2 < azk sin (Bg) + ksin (), a2k cos (Br) + Kk cos (7)) . (B30)
o o
Introducing the above equations in (B27) leads to
2a
;51@ cos (0, — Br) + Kk cos (0, — v) = ki cos (Ok — Vi) (B31)
which provides the conditional distributions
P(Ok|k, €, ) o e M) — Gyl €, 0 ~ VM (Bk; K, i) - (B32)

Note that when a uniform prior is used (kx = 0) we have k, = ,27%51: and v, = B,
which are exactly the results obtained in [20].
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