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Abstract: A dualistic structure on a smooth Riemaniann manifold M is a triple (M, g, V) with g a Riemaniann
metric and V an affine connection, generally assumed to be torsionless. From g and V, the dual connection V*
can be defined and the triple (M, V, V*) is called a statistical manifold, a basic object in information geometry.
In this work, we give conditions based on this notion for a manifold to admit an almost contact structure and
some related structures: almost contact metric, cosymplectic, and coKihler in the three-dimensional case.

Keywords: dual connections, auto-dual connections, torsionless dual connections, auto-dual torsionless
connection(Levi-Civita connection), gauge equation of dual connections, almost cosymplectic structure, almost
symplectic structure, symplectic structure, cosymplectic structure, almost contact structure, almost contact metric
structure, coKhaler structure.

1. Introduction

Finding characteristic obstructions to the existence of structures is a particularly important question arising
in mathematics. In this work, we give conditions for an orientable manifold to admit an almost contact
structure(almost cosymplectic structure), almost contact metric structure, cosymplectic(symplectic mapping
torus) structure, using the notion of dual connections that was introduced in the context of information geometry
[1,2]. We will also use information geometry to describe the relationships between the structures on an even
dimensional manifold and the corresponding ones on an odd dimensional manifold. Going back to the original
paper [3], given a differentiable manifold M of odd dimension 27 + 1, an almost contact structure is defined by
atriple (¢,&,n) with ¢ € T} (M), & € T(M),n € T*(M) and such that:

nE =1 (1.1
P’ =-ld+n®¢ (1.2)

A manifold with an almost contact structure can also be defined equivalently as one whose structure group is
reductible to U(n) X 1.

From the above equation, one can easily deduce the next proposition:

Proposition 1.1.

rank ¢ = 2n (1.3)
#&=0 (1.4)
n¢ =0 (1.5)
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The proof is elementary and relies only on basic linear algebra. In fact, if p € M and X € T, M # O is such
that 7(X) = 0, then ¢2(X) = —X, and X ¢ ker ¢. From 1.2, n(¢2(X)) = -n(X) +1(£)n(X) = 0 and using the
previous remark it implies 7(¢(X)) = 0. Since $%(£) = 0, it comes at once that ¢(¢) = 0. A Riemannian metric
g on M is said to be adapted to the almost contact structure if it satisfies for all vector fields X, Y:

8 (¢(X),¢(Y)) = g(X,Y) —n(X)n(¥) (1.6)

Using 1.4 and the above definition it comes:

n(X) =g(X,¢) (1.7)

and in turn:

g (¢(X),6) =0 (1.8)

The endomorphism ¢ is skew-symetric with respect to an adapted metric:
g (X,9(Y)) = —g (¢(X).Y) (1.9)
and thus gives rise to a canonical 2-form Q:
Q(X,Y) =g (X, 4(Y)) (1.10)

When Q = dn, the almost contact structure is said to be a contact metric structure. Finally, if ¢ is Killing,
then the structure is said to be K-contact. Any 3-dimensionnal oriented Riemannian manifold (M, g) admits an
almost contact structure with g as adapted metric [4]. For classification of almost contact metric structures (see
also[5]).

In 1969 M. Gromov [6] proved that, any almost contact open manifold M admits a contact structure. A similar
result is proved in case of closed oriented 3-dimensionnal manifold by Lutz [7] and Martinet [8], the case of
5-dimensional is proved by J. Etnyre [9] and the work of R. Casals, D.M. Pancholi and F. Presas [10]. In []
Matthew Strom Borman, Yakov Eliashberg et Emmy Murphy

Being an almost contact manifold is a purely topological condition. In dimension 5, it boils down to the vanishing
of the third integral Stiefel-Whitney class. In [11], this property is used to classify simply connected almost
contact manifolds. Recall that almost cosymplectic manifold(cf. [12],[13]) of dimension 2n + 1 is a triple
(M, w, n) such that the 2-form w and the 1-form 7 satisfy w™ A n # 0. In the language of G-structures, an almost
cosymplectic structure can be defined equivalently as an 1 X Sp(n, R)-structure.

From [13], every almost cosymplectic structure on M induces an isomorphism of C*°(M)-modules

b ) X(M) — QY(M)
(r-w) - X > ixw+n(X)n

for every vector field X € X(M). A vector bundle isomorphism (denoted with the same symbol) b(,, .,y : TM —
T*M is also induced. Then the vector field

£=b ()
on M is called the Reeb vector field of the almost cosymplectic manifold (M, n, w) and is characterized by the

following conditions
isgw=0 and ign=1

Conversely, we have the following characterization of almost cosymplectic manifolds that follows from
[13][proposition 2]
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Proposition 1.2. Let M be a manifold endowed with a 1-form 1 and a 2-form w such that the map b, .,y : TM —
T*M is an isomorphism. Assume also that there exists a vector field & such that igw = 0 and 1(¢) = 1. Then, M
has odd dimension and (M, n, w) is an almost cosymplectic manifold with Reeb vector field &.

By a cosymplectic manifold, we mean a (2n+1)-manifold M together with a closed 1-form 7 and a closed
2-form w such that 7 A @™ is a volume form. This was P. Libermann’s definition in 1959 [14], under the name of
cosymplectic manifold. The pair (77, w) is called a cosymplectic structure on M. In [15], Blair gives an equivalent
definition of cosymplectic manifolds, which is more often referred to in the literature, see [16],[17],[18],[19],[20],
[21], [22]. From Blair[15] an almost contact metric structure (6, £, 7, 2) on an odd-dimensional smooth manifold
M is cosymplectic if dn = d2 = 0, where Q is the fundamental 2-form. The cosymplectic manifolds can be
thought of as an odd-dimensional counterpart of symplectic manifolds. In fact, on any cosymplectic manifold
(M, n, w) the so-called horizontal distribution ker 7 is integrable to a symplectic foliation of codimension 1. On
the other hand, one has the following result due to Manuel de Léon and Martin Saralegi:

Theorem 1.1 ([23]). Let M be a manifold and w, n two differential forms on M with degrees 2 and 1 respectively.
Consider, on Y = M X R, the differential 2-form Q = pr*w + pr*n A dt, where t € R and pr : Y — M. Then:
(M, n,w) is a cosymplectic manifold if and only if (Y, Q) is a symplectic manifold.

The Darboux theorem admits an equivalent in cosymplectic structure.
Any cosymplectic manifold (M,n,w) of dimension 2n + 1 admits around any point local coordinates
(t,q%, pa),a = 1,...,n, such that:

= o 0

wz(;dq ANdpq, n=dt, (‘,‘::E

In 2008, HONGJUN LI main theorem in [16] asserts that cosymplectic manifolds are equivalent to symplectic

mapping tori. The main idea of Li’s proof comes from the theorem of Tischler[24], which states that: A compact

manifold admits a non-vanishing closed 1-form if and only if the manifold fibres over a circle. This assertion is

also equivalent to: A compact manifold is a mapping torus if and only if it admits a non-vanishing closed 1-form.

The codimension-one, co-orientable foliations defined by the kernel of nowhere-zero closed one form are termed

unimodular foliations. In [25] for the codimension one co-orientable, the existence of an unimodular foliation is
equivalent to a vanishing modular class.

Theorem 1.2 ([25]). The first obstruction class(The modular class) ¢ & vanishes identically if and only if we can
chose n the defining one-form of the foliation F to be closed.

In section 2, we briefly summarize results about the gauge equation for dual connections. There is no claim of
originality here, only a reformulation of the previous results obtained by Pr. M. Boyom. In section 3, we discuss
the relationship between skew-symmetric solutions of maximal rank of the gauge equation and the existence of
almost cosympletic structure, almost contact metric structure and cosymplectic structure(symplectic mapping
torus). Finally, the case of dimension 3 coKahler manifolds is treated in the final part of the article.

2. Gauge transformations and parallelism

In this section, (M, g) is a smooth Riemannian manifold. As usual, for a vector bundle E — M, I'(E) denotes
the space of smooth sections. For any affine connection V, its dual connection V* is defined by the relation
(V;X )b = Vy X?, or equivalently as satisfying for any vector fields X,Y, Z in TM, the equation:

Z(g(X.Y) =g (VzX.Y)+g (X, V,Y) 2.1



60

61

62

63

64

Version September 7, 2022 submitted to Mathematics 4 0of 21

The equation 2.1 proves by symmetry that V** = V.
On 1-forms, the duality relation becomes (wa)ﬁ = V;wﬁ, for any 1-form w and vector field X.

The levi-civita connection V“ is self-dual and for any connection V without torsion:
lc 1 * lc 1
V=V-—=-D V'=V“+-D 2.2)
2 2
with D = V* =V a (2, 1)-tensor (since the difference of two affine connections is a tensor).
The relationship between the curvatures of two dual connections is given by :
g(RV(X. V)V, W) = —g(V.RY (X.Y)W).
A connection V in T M is said to be metric if Vg = 0, i.e.:
X (g(Y,Z2))=g(VxY,Z)+g(Y,VxZ), forany vector fields X,Y,Z.
Metric connections are not unique, but differ only by the torsion. As a consequence of Vg = O one has

g(RY(X,Y)V,W) =—g(V,RV(X,Y)W).

Proposition 2.1. D is symmetric in its first two arguments. Furthermore, for any vector fields X,Y,Z:

g(D(Z,X),Y) =g (X,D(Z.Y))

Lemma 2.1. If'V is torsionless, then so is V*.

Proof. Only a sketch of the proof is given here. The starting point is the same as for establishing Koszul formula:

Y(g(X,2)) =g (VyX,Z) +g (X, V;2)
Z(g(X,Y) =g (VzX,Y) +g (X,V5Y)
X(g(Y,2)=g(VxY,Z)+g (Y,VyZ)

It comes:

Y(g(X.2)-Z(g(X.Y)+X (g(¥,2)) =
g ((Vx+V%) Z,Y) +g ([Y.X].2) - g ([Z,X].Y)
+g (X, VyZ-V5Y)

since V + V* = 2V/¢, Koszul formula yields:
8 (X, VyZ-VyY) =g (X.[Y,Z])
and the lemma follows. 0O

Proof. The first claim is a consequence of V being torsionless and lemma: 2.1

D(X,Y) = Vi¥ —=Vx¥ = ViX +[X,Y] - VyX - [X,Y] = D(Y,X)
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For the second, the starting point is equation 2.1 rewritten with the expressions from equation 2.2:
Z(g(X,Y) =g (VIZCX, Y) Ty (X, V’ZCY) - %g (D(Z,X),Y) + %g (X,D(Z,Y))
Using the defining property of the Levi-Civita connection:
§(D(Z,X).Y)-g(X,D(Z,Y)) =0

and the claim follows. O

Proposition 2.2. The tensor:
T:(X,Y,Z) — g(D(Z,X),Y)

is totally symmetric. Futhermore, T(X,Y,Z) = (Vzg) (X,Y)

Proof. The symmetry comes from the one of D. For the second part of the proposition:

(Vzg) (X,Y) = Z (g (X,Y)) =g (VzX,Y) - g (X,Vz,Y)
=g (V,X,Y)-g(VzX.Y)
=g(D(Z,X).,Y).

O

Given a torsionless connection V, a (1, 1)-tensor 6 is said to satisfy the gauge equation if for all vector fields
X,Y:

Vi0Y = 6VxY (2.3)
Equivalently, using the tensor D:
Vo=-(D®1)0 (2.4)
Vo=-(1®D)0 (2.5)
(V’C+%(1®D+D®1) 6=0 (2.6)

with:
(D®1)(0)(X,Y)=D(X,0Y), (1®D)(0)(X,Y) =0D(X,Y).

When V = V!¢, equation 2.6 yields: V/“0 = 0. In this case, equation 2.6 indicates that local solutions exist
provided the conditions of [26] are satisfied. In coordinates, the gauge equation becomes, with Einstein convention
of summation on repeated indices:

ox0] =The) -1’ 6¢ - 69D’ 2.7)
where the Ffi are the Christoffel symbols of V. It is convenient to use an orthonormal frame (X1, ..., X,) and its
associated coframe (a)l =X '1’, Lt = Xﬁ) to represent the tensor D:

DY =Tk +T), (2.8)

where all the coefficients are expressed in the orthonormal frame/coframe, that is:

D =D}X; ® w' @ w’
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Definition 2.2. Let 0 be a (1, 1)-tensor. Its adjoint 0" is defined, for all vector fields X,Y, by the relation:

g (6X.,Y)=g(X,0"7)

Proposition 2.3. [f 6 is a solution of the gauge equation for V, then so is its adjoint 6*.

Proof. For any vector fields X,Y, Z:

g ((VZ0)X.Y) = g (V5(6X).Y) —g (6 X.Y)
= Z(3(6X.)) - g (0X. V%) - g (093 X.Y)

=Z(g(X.0Y)) -8 (X,0'VzY) - g (V;X.0"Y)
=g (X,Vz0'Y) - g (X,0°V,Y)

Since 6 satisfies the gauge equation, V2,8 = -6D(Z, .), thus:
g ((V20)X,Y) = —g (D(Z,X),Y) = —g (D(Z,X),0°Y) = g (X, D (Z,6Y))
and so:

0=¢(X,D(Z,0°Y)) +g (X,V20'Y) — g (X,6°V,Y)
=g (X,V50°Y) —g (X,V20'Y) + g (X,Vz0'Y) — g (X,6°V5Y)
=g (X,V56°Y) — g (X,6°V2Y)

This equation implies in turn the required property:

VL0'Y = 6°VzY

2.9)
(2.10)

@2.11)
(2.12)

(2.13)
(2.14)
2.15)

Remark 2.3. This proposition generalizes theorem 10.3.2 in [27]. It implies that if a tensor is a solution of the

gauge equation, so are its symmetric and skew-symmetric parts.

Proposition 2.4. Let 6 be a skew-symmetric solution of the gauge equation. Let the tensor p g be defined for all

vector fields X,Y by:
po(X,Y) =g (6X,Y)

Then p is V parallel, or equivalently, for any vector fields X,Y,Z:
(V28) (6X.Y) = g ((V26) X.Y)
Proof. For any vector fields X,Y, Z:

(Vzpo) (X.Y) =Z (po(X.Y)) —po (VzX.Y) —po (X, VZY)
= g (V30X.Y) +g (0X.V2Y) — g (V7 X.Y) — g (X, VY)
=g ((V40-6Vz)X,Y)=0
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On the other hand:

(V5g) (6X.Y) = Z (g (6X,Y)) — g (V56X,Y) — g (6X,V5Y)
= g (V20X,Y) — g (V5,0X,V,Y)
=—-g(D(Z,0X),Y)

and by the gauge equation:
-8 (D(Z,0X),Y) =g (Vz0)X.Y)

proving the second assertion. O

Corollary 2.1. let 0 be a solution of the gauge equation. Then the next two conditions are equivalent.

1. V6=0

2. V is metric connection, for the metric g.

Proof. By using the second assertion of Proposition 3.4, we have
(=Vz8) (6X.Y) = (V38) (0X.Y) = g ((Vz0) X.Y)

The proposition is demonstrated. O
Remark 2.4. In the case of torsionless dual connections, V is exactly the Levi-Civita connection of the metric g.

Corollary 2.2. Let 0 be a solution of the gauge equation of dual torsionless connections. The tensor p g is closed
and V-coclosed.

Proof. For a torsionless connection V and a k-form w:
k .
dwe (Xo,..., Xx) = ) (1) (Vx0) (Xo, ... Ris ..., Xe)
i=0

Since Vpg = 0, the previous formula applied to pg shows that dpg = 0. From [28], the codifferential relative to
V acting on differential forms as follows:
Vw= —trgVw

the previous formula applied to pg shows that §¥ pg = 0, then pg is V-coclosed. O

3. From Dual Connections to Almost contact manifold

3.1. Gauge equation of dual connections .
Theorem 3.1. The following assertions are equivalent:

1. M of dimension 2n + 1 admits an almost cosymplectic structure(almost contact structure),

2. The gauge equation of dual connections on M admits a skew-symmetric solution 0 such that rank 6 = 2n.

Proof. Let’s prove the necessary part (1) implies (2): Assume that M admits an almost contact structure (w, 17),
there exists a vector field £ such that igw = 0 and n(¢) = 1. For all x € M, it exists an adapted frame
(Xo, X1, ..Xn, X1, ., X)) of TxM such that

Xo=¢&¢ and  (Xy,.X,, X1,..X,) isasymplectic basis of H = ker(y).
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The adapted coframe (ao = Xg, LAt = )A(l’l) satisfy :

wy=a'Aal+....+a"Aa" and 7y =a’.

Let (Yo, ..V, Y1, ....Y,) and (Xo, ., X, X1, ..., X,) be two adapted frames at x. we have

Y; =C/X;+D/X; and ¥;=-D!X;+C/X;

where C, D € Gl(n,R). Hence the two frames are related by the (2n + 1) X (2n + 1) matrix S:

o'@Q
onb
— O O

Since the structure group of M is reducible to Sp(n, R) X 1, one can find a adapted connection V preserving w, &:
VéE=0 and Vw=0.

From [15], to a almost cosymplectic structure (w, n7) there exists an almost contact metric structure (6, &,7, g) on
M with the same & and 7, whose fundamental 2-form Q coincides with w. we define a metric g on M by

g(X’Y):gH(X’Y)’ g(X’é:):O’ g(f’f)zl’ VX’YGF(H)

The (1, 1)-tensor 8 : TM — TM is defined by:
0X=JX, 6£=0 VXel(H)
where J2X = —Idy where Idy denotes the identity map on H and gy is a metric on H such that

Q(X,Y) =gu(JX,Y) VX.,Y e T(H).

‘We have
w(X,Y)=Q(X,Y) =¢g(0X,Y) and g(0X,Y)=-g(X,0Y)

We have
Vow=VQ=0

XQ,Z)-Q(VxY,Z) - Q(Y,VxZ) =0

By duality between V, V*, we have
g(Vx0Y.Z) - g(6VxY,Z) =0

we deduce that

VL0Y =6VxY and g(6X,Y) = —g(X,6Y)

So 6 is skew-symmetric solution of the gauge equation such that rank(6) = 2n.
The sufficient part (2) implies (1):
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Let 0 be a skew-symmetric solution of the gauge equation. By assumption the rank of 8 is 2n, so 2-form
Pe has maximal rank, i.e. p}y vanishes nowhere. Associated to pg is its 1-dimensional kernel distribution
kerpg. Since M is orientable, by using the Hodge operator x on M, we define a one form 7y such that :
ne =* p% and satisfy naturaly p% Ang # 0. The 2-form pg defines a line bundle /,, = U,cp{p.ker po}.
Let &g be the unique section of [, satisfying i¢,n¢ = 1. The one-form 74 induces an hyperplane distribution
by:H'’¢ = kerng which is everywhere transverse to [,,,. We see that (pg,n¢) determines a splitting

TM = (Ip,,¢0) ® (H,pg)

of the tangent space of M into a framed line bundle and a almost-symplectic hyperplane-bundle (H*¢, p ), where
Do is the restriction of pg to H'.
O

Corollary 3.1. In almost cosymplectic manifold (M,w,n), with M of dimension 2n + 1, there are
always dual connections (V,V*) adapted to the distributions kerw and kern, that is VI'®(kerw) C
I'*(kerw) and VT®(kern) c I'*(kern).

Proof. Let (w,n) be an almost cosymplectic structure on M. It exists V such that:
Vw=0, V&=0.
(A)Vw =0, let Y € ' (kerw). By using the identity
Xwl,Z)-w(VxY,Z)-w(Y,VxZ) =0.

we have

VI (kerw) c T (kerw).
(i1)V¢ = 0, By duality, we have:

(V') (X,Y) = g(Vx&.Y).

So V*np = 0. By a simple calculation we have:

VT (kern) c T (kern).

Corollary 3.2. Let M be a manifold of dimension 2n+ 1, Let put W = M X R. The following assertions are
equivalent:

1. The gauge equation of dual connections on M admits a skew-symmetric solution 6 such that rank 6 = 2n,
2. M admits an almost cosymplectic structure(almost contact structure),
3. W admits an almost symplectic structure,

4. The gauge equation of dual connections on W admits a skew-symmetric solution 0 such that rank 6 = 2n +2.

Proof. (1) < (2) is exactly the assertion of the previous theorem.
Let us proves that (2) < (3):
The necessary part “(2) = (3)”:Starting from a almost cosymplectic structure (w, 77), from [15] there exist an
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almost contact metric (6, &, 7, g) on M associated to the almost cosymplectic structure , from [29] we known that
W = M x R admits a almost complex structure J defined by:

T f A0 = 0K = [E(0) )

we know that from [30] the existence on a manifold of almost complex structures is equivalent to almost symplectic
structures.

The sufficient part “(2)<=(3) "Let denote by p : W = RX M — M the canonical projection and by
I(a) = (0,a) : M — W = Rx M a fixed section. Let Q is almost symplectic 2-form on W ie (Q**! # 0), let s
the coordinate in R and % the corresponding coordinate vector field on R, we define (1, w) by

w=0IQ ,nzl*iagﬂ.
We claim that on W = M x R we have
Q=p 'w+p'nAds.

Then from [23], we known that Q**! = (n+ 1) p*(7 A w™) A ds. The 2-form Q satisfies Q"1 # 0 thus g A ™ is
volume form on M, and consequently the pair (7, w) is almost cosymplectic structure on M.

Let us proves that (3) <= (4) : The necessary part “(3) = (4)”. Let Q an almost symplectic on W, from
[311,[32], there exist almost-symplectic connections V defined by

VxY = VY + A(X,Y)
Where VO is the linear connection on W, defined by:
VoQY,Z) = Q(A(X,Y), Z).
The almost-symplectic connections satisfy:
vVQ =0

There exist a skew symmetric € ['(TW* ® TW) and Riemannian on W such that the identity:

Q(X,Y) =g(6X,Y), 6%=-Idrw

The identity
VQ =0

implies that :
XQY,2)-Q(VxY,Z)-Q(Y,VxZ) =0

X.g(0Y,Z) - g(6VxY,Z) — g(8Y,VxZ) = 0
g(Vi0Y —6VxY,Z) =0

so we have
Vy0Y =60VxY and rank(6) =rank(Q)=2n+2.

The sufficient part “(3)<=(4)
Let 6 be a skew-symmetric solution of the gauge equation of dual connections (V,V*) on W = M xR of
rank(6) = 2n + 2. The 2-form pg is non-degenerate on W, then p is almost symplectic structure on W. O

Proceeding the same way, we have the following corollary:
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Corollary 3.3. Let M be an even dimensional manifold of dimension 2n, Let put W = M X R. The following
assertions are equivalent:

The gauge equation of dual connections on M admits a skew-symmetric solution 6 such that rank 6 = 2n,
M admits an almost symplectic structure(almost contact structure),

W admits an almost cosymplectic structure(almost contact structure),

KN Wb o~

The gauge equation of dual connections on W admits a skew-symmetric solution 6 such that rank 6 = 2n.

Proposition 3.1. Let (0,1, &) be an almost contact manifold. The following assertions are equivalent:

1. Vg=0, Ve=o0,
2.V§=0, Vp=o.

Proof. Let (0,7,&) an almost contact structure ie :
fob+1=n®& A& =1
By a simple calculations, we have
(Vx0)(0Y) +0((Vx0)Y) = n(Y)(Vx&) + ((Vxn)Y)¢E.

we deduce the equivalence. O

Proposition 3.2. Let (w,n) be an almost cosymplectic manifold with associated almost contact metric structure
(0,n,¢,2). If Vw = 0, then the next assertions are equivalent:

1. V6 =0,

2. gis V-paralell ie (Vg = 0),

3. (Vxé)" = Vxn or Vxé=(Vxnt.

Proof. Let proves that (1) &< (2):
Let us proves that (2)==(1):For any X, Y, Z, it comes:

Vz(w)(X,Y) = Z((6X,Y)) - g(0VzX,Y) - g(6X,VzY)
=g(V20X.,Y) +g(0X,V2Y) - g(0VzX,Y) - g(0X,VzY)
= g(Vz0X,Y) - g(V2X.Y)
=g((Vz0)X.Y)

So we deduce the necessary part.

Let proves the sufficient part (1)==(2) Recall that from Proposition 3.4, Vw = 0 is equivalent to V30Y = VxY,
(1) implies Vx6Y = V3.0Y, we deduce that V = V*, then Vg = 0. This proves the sufficient part.

Let proves that (1) &= (3):

Let proves the sufficient part (1)==(3): Assume that V6 = 0, then V = V*, by using the formula (V;‘,X)b =
VyXb(lresp,(wa)‘i = V%wf‘), we deduce that (fo)b = Vxn(resp, Vx& = (Vxn)ﬁ).

Let proves the necessary part (3)==(1):By simple observations (ng,-“)b =Vxn = (V;g)b, so 'V =V* then (1) is
demonstrated. O

3.2. Gauge equation of selfdual connections

When V = V*, the gauge equation is equivalent to

(Vx0)Y =0 VXY € X(M).
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Theorem 3.2. The following assertions are equivalent:

1. M admits an almost contact metric structure,

2. It exists a metric on M such that the gauge equation of self dual connections with respect to it admits a
skew-symmetric solution 6 such that rank 6 = 2n.

Proof. This is essentially a corollary of theorem 3.1. Let proves that (1) implies (2).
Let (0, &, 1, g)-structure(almost contact metric structure) on M, from [29][Theorem 11],[33][Theorem 2], there
exist an linear connection such that:

Vé=0 ,V6=0, Vp=0, Vg=0.

We deduce that 6 is skew-symmetric solution of the selfdual connection V and the rank(6)=2n.

Let proves that (2) implies (1).

Let 8 be a skew-symmetric solution of the gauge equation of selfdual connections V such that rank 6 = 2n. From
3.1, M admits an almost cosymplectic structure. From [15], there exists an almost contact metric structure

(0,¢,n,g) on M.

O

Corollary 3.4. Let M be a 2n + 1 dimensional manifold, Let put W = M X R, the following assertions are
equivalents:

The gauge equation of selfdual connections on M admits a skew-symmetric solution 8 such that rank 6 = 2n,
M admits an almost contact metric structure,

W = M X R has an almost Hermitian structure,

A Wb~

The gauge equation of selfdual connections on W admits a skew-symmetric solution 6 such that rank 6 =
2n+2.

Proof. (1) < (2) is exactly the assertion of the previous theorem. Let us proves that (2) < (3) :

The necessary part “(2) = (3)” Let (6, &, 1, g) be a almost contact metric structure on M, from [15] the pair
(J, h) where J is almost complex structure defined by:](X,f%) = (60X - f.f,n(X)%) and h = g+dt?isa
product metric on W, we have h(J(X,f%),J(Y,f%)) = h((X,f%), (Y,f%)), the pair (J, k) is an almost
Hermitian structure in W.

The sufficient part “(2)e<=(3)"Let (J, i) an almost Hermitian structure on W. The almost Hermitian form defined
by Q(X,Y) = h(JX,Y) is a non-degenerate 2-form on W. Let s the coordinate in R and (.% its coordinate vector
field on R. We define (1, w) by:

w=0Q ,nzl*i%ﬂ.

where the canonical projection and by [(a) = (0,a) : M — W = Rx M. The pair (w,n) is an almost
cosymplectic structure onM. From [15] there exists an almost contact metric structure (6, &,n,g) on M.

(3) & (4) :The necessary part “(3) = (4)” Let (J, h) be an almost Hermitian structure on W. From
[34][Theorem 15.1, corolarry 1] almost Hermitian connections exist, namely, linear connections V ( Bismut
connection, Chern connection) defined by:

1
vV=v-_Jvhy
2

satisfying:
V/=0 and VA =0.



156

157

158

159

160

162

163

164

165

166

Version September 7, 2022 submitted to Mathematics 13 of 21

Then the gauge equation of selfdual connections on M admits a skew-symmetric solution J such that rank J =
2n+2.

The sufficient part “(3)<=(4)"Let 6 be a skew-symmetric solution of the gauge equation of selfdual connections
Von W =M X R of the rank(6) = 2n + 2. The 2-form pg is non-degenerate on W. There exist on W an almost
Hermitian structure (J, &) such that py(X,Y) = h(JX,Y). O

3.3. Gauge equation of torsionless dual connections , modular class and cosymplectic manifold(symplectic
mapping torus)

Theorem 3.3. The following assertions are equivalent:

1. M admits an cosymplectic structure(symplectic mapping torus),

2. The gauge equation of dual torsionless connections admits a skew-symmetric solution 6 such that
rank 6 = 2n and the modular class of the image of 0 vanishes.

Proof. Let us proves that (1) implies (2)

Assume that M admits a cosymplectic structure (w,7), with dg = 0,dw = O, such that  Aw"™ # O is a
volume-form. From [15], it exists an almost contact metric structure (6, £, 7, g) on M, where & is the Reeb vector
field defined by i;w =0 and n(€) = 1) and (6, g) may be obtained by polarizing w on the codimension one
foliation H = ker(n). It satisfies the following identities:

n(¢) =1,0°=-1d+n®¢,g(0X,0Y) = g(X,Y) - n(X)n(¥)

The fundamental 2-form Q of the almost contact metric structure coincides with w, so we have
Q(X,Y) =w(X,Y) = g(6X,Y).

The condition 7 A w™ # O implies that the restriction of w to the leaves of the codimension one foliation
H = ker(n) is symplectic form. From [35] the connections V define by

VxY =V3Y + %N(X, Y)+ éN(Y, X) VXY eT'(H).
is symplectic connections on H, where V© is any torsionless linear connection H, define by:
Vow(Y,Z) = w(N(X,Y),Z) VX,Y,Z eT(H)
According to the decomposition of the tangent bundle as:
TM =C*(M)¢é®H
where m : TM — H denote the corresponding projection. The symplectic connections V admits a torsionless

lift V:
V:i=nV|y and V&=0.

Please note that Vw = 0 implies :
Vo=0 and Vé&=0.

We have, by using Blair’s definition:

w(X,Y)=Q(X,Y) =g(6X,Y) and g(0X.Y)=—g(X,6Y)
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It comes:

Vow=VQ=0
XQY,2)-Q(VxY,Z)-Q(Y,VxZ) =0
X.g(0Y,Z) - g(0VxY,Z) - g(0Y,VxZ) =0
g(Vy0Y,Z) - g(6VxY,Z) =0

we deduce that
Vi0Y =6VxY and g(6X,Y)=—g(X,6Y)

So 6 is skew-symmetric solution of the gauge equation of torsionless dual connections (V,V*) such that
rank(6) = 2n.
By a simple observations, we have:

ker(0) = ker(w).

We deduce that

im(0) = ker(w)* = ker(n).
Then from [25], the modular class of the image of 6 vanishes.
Let now proves that (2) implies (1).
Let 6 be a skew-symmetric solution of the gauge equation of torsionless dual connections (V, V*). From corollary
2.2, pg is V-parallel, therefore it is closed. By assumption the rank of 6 is 2n, so 2-form p ¢ has maximal rank, i.e.
such that p vanishes nowhere. We associate to p g a one-dimensional foliation kerpg = ker(6). From 2.4 pg is
V-parallel, so the foliation kerpg is V-parallel i.e. (VI'(kerpg) C I'(kerpg)). By using the duality of (V, V*):

X.gv,vt) =g(Vxv,vh) +g(v, V}vl)

we deduce that im(6) is V*-parallel i.e. V*T'(im6) C I'(im6). By using the orientation on M together with pf,
we orient kerpg. So im(6) is transversally codimension one foliation. By assumption the modular class of the
image of 6 vanishes, from [25] there exist a closed one form 179 on M suchr that im(6)=kerng. We deduce that
(pg,ne) is cosymplectic structure on M. O

Proceeding the same way as corollary 3.1, we have

Corollary 3.5. In cosymplectic manifold (M?>™*', w, n), there are always dual connections torsionless (V,V*)
adapted to the distributions ker(w) and ker(n). By adapted we means that

V(I ker(w)) c Tker(w) ,V (T ker(n)) c Tker(n).
Using the same technique as in the proof of theorem 3.3, it comes:

Corollary 3.6. Let M?™*! be an odd dimensional manifold, Let put W = M?"*1 x S, the following assertions
are equivalents:

1. The gauge equation of dual torsionless connections on M*"*! admits a skew-symmetric solution 6 such
that rank 0 = 2n and the modular class of image of 0 vanishes,

2. M?™ admits a cosymplectic structure,
3. W admits an symplectic structure,

4. The gauge equation of dual torsionless connections on W admits a skew-symmetric solution 6 such that
rank 0 = 2n + 2.
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Corollary 3.7. Let M?" be an even-dimensional manifold, let put W = M?* x S', the following assertions are
equivalents:

1. The gauge equation of dual torsion-less connections on M>"* admits a skew-symmetric solution 0 such that
rank 6 = 2n.

2. M?" admits a symplectic structure.
3. W admits an cosymplectic structure

4. The gauge equation of dual torsionless connections on W admits a skew-symmetric solution 0 such that
rank 0 = 2n and the modular class of image of 0 vanishes.

Proof. (1) < (2) is exactly the same intuition as (3) &< (4) of the previous corollary (4.4). (3) & (4) is
the same intuition as (1) &= (2) of the previous corollary (4.4). Let us proves that (2) &= (3):*
The necessary part (2) = (3)” Let (M?",Q) be a symplectic manifold, consider the symplectic mapping

torus W = Mﬁ" = %, where ¢ is a symplectic diffeomorphism. From [16] W admits an cosymplectic
M2"x[0,1]

structure. Let take ¢ = Id then W = M?" x S! = T~ (D)
The sufficient part “(2)<=(3)

Let (Q,7) a cosymplectic on W = M2" x S!, let consider fibre bundle M?" — W = M?Z; — S, consider the
map [ : M?" — W, the 2-form define by w = [*Q is symplectic structure on M2". O

admits a cosymplectic structure.

3.4. Gauge equation of torsionless selfdual connection(Levi-Civita connection) and existence of CoKhaler
structure in three dimensional manifold.

3.4.1. Gauge equation selfdual torsionless connection(V‘¢)

Proposition 3.3. The 2-form pg is harmonic, i.e. Apg = 0.

Proof. For a torsionless connection V and a k-form w:
k .
dw (Xo, ..., Xg) = Z(—l)’ (Vx,0) (Xo.... . Xiv. ... Xz
i=0

Since Vpg = 0, the previous formula applied to pg shows that dpg = 0. Let 6 be a skew-symmetric solution
gauge equation 2-form py : (X,Y) — pe(X,Y) = g(60X,Y).

2n
§po (Y1, . Yroy) = —Z(VEipe)(Ei,Yl, D Ay

=0
Apg =d(6'°pg) +6'(dpg) = 0.

O

3.4.2. Gauge equation solution and pseudo-Kahler structure.

The pseudo-Kahler manifold were introduced by André Lichnerowicz in [36].

Definition 3.4. An 2n-dimension manifold (M, g, Q) is pseudo-Kahler, when we can define on it a Riemannian
metric and a quadratic form Q of rank 2n with zero covariant derivative in this metric.

Proposition 3.4. Let M be a 2n dimensional manifold. The following assertions are equivalent:

1. M admits a pseudo-Kahler structure,
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2. It exists a metric g such that the gauge equation of selfdual torsionless connection on M admits a
skew-symmetric solution 0 such that rank 6 = 2n.

Proof. Let us proves (1)==(2): Assume that M admits a pseudo-Kahler structure (€, g), from the Definition
4.7, we have Vi€Q =0 and Q" # 0. There exist a skew-symmetric 6 of rank 2n, such that:

Q(X,Y)=g(6X,Y) VX,Y e X(M).
From the identity
VieQ = g(VE0X,Y) — g(OVEX,Y)

The condition V/Q = 0 implies that V€9 = 0.

(2)==(1): Let g be a metric on M and by V!¢ his levi-Civita connection. Let 6 the skew-symmetric solution of the
linear equation V/°6 = 0 such that the rank of @ is 2n. From proposition 4.3, we have V/py =0 and Py #0.
We deduce that (g, pg) is pseudo-kahler structure on M.

O

3.5. Gauge equation solution and curvature

For a fixed p € M, the Riemaniann metric g admits an orthonormal basis X1, ..., X, in T,, M.With respect to it,
0 is represented by a skew-symmetric matrix © with entries ©;; = g(0X;, X;). It is well-known from elementary
linear algebra that it exists a basis Z1, . .. Zom, Zom+1, - - - Zn, and real numbers Ay, . . ., A, such that:

OZop-1 = AxZok, OZox = Ak Zok-1, k=1...m
OZomik =0, k=1,...,n—2m

Furthermore, the basis Z;, ..., Z, can be chosen to be orthonormal. This is due to the fact that in any case:

027 = —/li(l.)Zi, where 1is 0if i > 2m and k(i) = [ (i + 1) /2] otherwise. It thus comes:

¢(6'2.2)) =~(0%¢ (21.7)) = ¢ (2:.6°Z;) = =22 (2,2))

if Ag(;) # Ak(j). then g (Zl-, ZJ-) = 0. Otherwise, Z;, Z; belong to the same linear subspace of T, M and can thus
be orthonormalized. In the Z;,i = 1. .. n basis, the matrix ® is block-diagonal, with m blocks of the form:

0 -4
A 0

and the remaining entries all zero.

Remark 3.5. As a complex matrix, © is diagonal in the base
Xok—1 — iXok, Xop_1 + 1 Xok, k=0... m, Zom+k, k=1...m—-2N

with respective eigenvalues idy,,—ildy,O.

Proposition 3.5. Forany U,V € T, M, the curvature tensor R(U,V) is block diagonal in the basis Z; = 1. . .n.

Proof. Let U,V € T, M be fixed. In the basis X1, ..., Xy, R(U, V) is represented by an skew symetric matrix,
still denoted by R(U, V). Since Vg‘é of=0o Vl)?, R(U,V) and ® commute, and since they are both diagonalizable
(as complex matrices), they must have the same eigenspaces. O
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Remark 3.6. The proposition 3.5 also shows that any gauge transformation 0’ satisfying V¢ 00’ = 6’ o Vi
commutes with R(U,V), and so is block diagonal in the base Z, . . ., Z,. It must thus commute with 6.

Proposition 3.6. The curvature tensor R is such that:

R(Zok, Zok-1)Zaj = —pkjZaj-1
R(Zok-1,Zok)Zoj = pkjZaj1
R(Zak, Zok-1)Zaj-1 = pijZaj
R(Zak-1,Zox)Zoj—1 = —pijZaj

0 otherwise.

Proof. Let us first recall that for any X,Y,U,V:
g (R(U,V)X,Y) =g (R(X,Y)U,V)
Then, using the expression of R in the basis Z;,i = 1...n, it comes that only the terms:
R(Zok, Zok-1) = —R(Zak-1, Z2k)

can be non-zero. The claim follows by using the block diagonal expression of R. O

Remark 3.7. A direct computation shows that the Ricci tensor is diagonal in the basis Z;,i = 1...n and:

Ric(Zay, Zok) = Ric(Zok-1, Zag-1) = pik-

3.6. Gauge equation solution and K-cosymplectic Structures

Definition 3.8. [/7] A 2n + 1-dimensional manifold M is K-cosymplectic if it is endowed with a cosymplectic
such that the Reeb vector field is Killing respect to some Riemannian metric on M.

Remark 3.9. By using Blair definition of cosymplectic manifold, Giovanni Bazzoni and Oliver Goertsches in
[17] proves that the previous definition is equivalent to cosymplectic structure (0,&,n,g) such that the Reeb
vector field & is Killing.

Proposition 3.7. In a 2n + 1-dimensional oriented Riemannian manifold (M, g), if the gauge equation of
selfdual torsionless(Levi-Civita connections) admits a skew-symmetric solution of rank 2n. Then M admits a
K-cosymplectic structure.

Proof. Let 6 be a skew-symmetric solution of the gauge equation. By assumption the rank of 6 is 2n, so
2-form p ¢ has maximal rank, i.e. such that p}; vanishes nowhere.The gauge equation (Vi@ = 0) implies that
Vi¢pg = 0(dpg = 0). The distribution kerpg is V/“-paralell, then associated to py is its 1-dimensional kernel
distribution(foliation) kerpg. By using the orientation on M together with p, we orient kerpg. Let £p be a unit
norm section in ker pg. Denote by H the mean curvature vector of the foliation kerpg

H= (Vlggé@)lkerpg

and n7¢ be the volume form of kerpy:

no(X) =g(X, &) VX € X(M)
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We have by simple calculation
dng(£9, X) = €g. < £0,X > =X |€g>— < £u, [£0, X] >

~ A 1 ~
dng(£9,X) =< V2 &9, X > _EX.lfglz =<HX >

The 1-dimensional foliation ker p ¢ is minimal foliation, then

dne(£9,X) =0 VX € X(M). (3.1)

The distribution kernjg is V¢-paralell, then kerny is codimension one co-orientable foliation, by using the
integrability condition:
no([X.Y]) =0 VX.Y e I'(kerng)

we deduce that
dng(X,Y) =0 VX,Y e I'(kerny) (3.2)

From (4.5) and (4.6) we deduce that
dl]g =0

Then (pg,ng) is cosymplectic structure on M and &y his Reeb vector field.

®
Vlcéefg =0.

The flows lines of £, are geodesible flow.

(ii) By calculations
(Lg,8)(X,Y) = g(Vi&o,Y) +8(X,Vifg) =0 VX,Y € kerny.

Then &£ is Riemannian flow.
From [37](proposition 10.10), (i) and (ii) implies that Reeb vector field £ is Killing vector field ie(L 2,8 = 0).

O

Corollary 3.8. Let M be a pseudo-Kahler manifold in sense of Lichnerowicz, the manifold W = M x St admits
K-cosymplectic structures.

Proof. W is a fiber bundle over S, let 7 : W — S! denote the natural projection on S!. Let da be the angular
form on S* and % its dual vector field on. It satisties da ( %) = 1, and so induces naturally on W a non-vanishing
closed 1-form n, = 7*(da) and a non-vanishing vector field &, such that:

d
Na(éa) = da(d_) =1
@
By assumption M admit a pseudo-Kahler structure (g, Qg), then on M we have :
VQy=0 and Qf #0.
Let p : W — M denote the natural projection. Let denote by Qg the closed 2-form defined by:
Qg = p*Qg.

‘We have
QAN #0 on W.
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kerQg » is one dimensional for all p € W and Q¢ determines a line bundle by:

lg, = Upew (p. kerQq,)

ker(n¢) is a hyperplane distribution transverse to [, and hence Qg restricts to a nondegenerate form on ker(77,).
Let &, to be the unique section of lg,, satisfying 174 (£o) = 1. We see that QZ A nq # 0, so the tangent bundle
TM splits as the direct sum of a line bundle with a preferred nowhere vanishing section, and a symplectic vector
bundle:

TM =Rég @ (kerng, Qo).

Let h = g + (da)? be a metric of W, &, is Killing for the metric &, then (Qg,7,) is K-cosymplectic structure on
W =M xS

O

3.6.1. coKihler structure in dimension three and gauge equation solution

Definition 3.10. An almost contact metric structure (0,&,1n, g) on an odd-dimensional smooth manifold M is
coKdhler if it is cosymplectic and normal, that is N9 + dn ® &€ = O, where N is the Nijenhuis torsion of 6, defined
as:

No(X,Y) =6%[X,Y] -0([6X,Y] +[X,6Y]) + [6X,6Y].

As it is known, an almost contact metric structure is coKéhler if and only if both Vlcn =0 and V/°Q = 0, where
V!¢ is the covariant differentiation with respect g and Q the fundamental 2-form of the almost contact metric
structure. From [15](Theorem 6.7) we have the following assertion:

Proposition 3.8. An cosymplectic manifold (M, 0,&,1,8) is coKéhler if and only if V€6 = 0.
From [16], coKdhler manifolds are odd-dimensional analog of Kéhler manifolds:

Theorem 3.11. [/6] Any coKdihler manifold is a Kdhler mapping torus.

coKihler manifolds coincide with cosymplectic manifolds in Blair’s sense.

Theorem 3.12. Let M be a 3-dimensional manifold, the following assertions are equivalent:

1. M admits a coKdhler structure(Kdhler mapping torus),

2. It exists a metric on M such that gauge equation of the Levi-Civita connection admits a non-zero
skew-symmetric solution .

Proof. The necessary part (1) implies (2): Assume that M admit a coKihler structure, then there exist a almost
contact metric structure (6,£,1n, g) on M where 7 is a 1-form, 6 is an endomorphism of T M, £ is a non-vanishing
vector field such that such that

(€ =1 and 6%>=-T+nQ¢&.

The compatible Riemannian metric g satifies :

g(0X,0Y) =g(X,Y)—n(X)n(Y) and g(6X,Y)=—g(X,6Y),
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for any two vector fields X, Y € X (M). From [15](Theorem 6.7) the Levi-Civita connection V¢ of the compabible
metric g satisfies V/0 = 0. It exists a metric g on M such that gauge equation of the Levi-Civita connection
admits a non-zero skew-symmetric solution.

Let proves the sufficient part (2) implies (1): Let 6 be a skew-symmetric solution of the gauge equation(V/“6 = 0).
By assumption the rank of 6 is 2, from the Proposition 3.7, we known that M admits a K-cosymplectic structures.
From [17][proposition 2.8] M admits a coKé&hler structure.

O

Remark 3.13. Let (M, g) be a closed orientable 3-dimensional Riemannian manifold such that the gauge equation
of Levi-Civita connection of g admits a skew-symmetric solution. From work of Etienne Ghys [38]

T2 x [0, 1]

M= {(x,O) < (Ax, 1)

} U {Seifert fiber space}

, where A is a Kahler isometry of T2.
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