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ABSTRACT
The capacity to obtain precise positioning using smartphones has become conceivable in recent years thanks to the release of
multi-constellation, multi-frequency smartphones. Furthermore, from 2016 GNSS raw measurements are made available to
developers on Android smartphones. For these reasons, and considering that smartphones have access to the Internet, it is
plausible to aim at implement decimeter-level positioning techniques on these devices. Nonetheless, smartphones also have
some flaws when using them as GNSS receivers. Firstly, the GNSS antenna and the rest of the electronics are embedded
inside the body of the smartphone. This causes the signals to be received at a low signal-to-noise ratio and can cause small
interference that further degrade the received signal. Secondly, smartphone manufacturers usually put low-cost GNSS chips in
their smartphones since the manufacturing cost of the device comprises many more components. Therefore, the quality of the
hardware cannot be compared to that of the high-end GNSS receivers that are commonly used for high-accuracy positioning
applications.

The objective of this project is to obtain the best accuracy from a set of GNSSmeasurements that are obtained with smartphones.
This project is comprised within the Google Smartphone Decimeter Challenge. For this competition, the Android GNSS team
released a pool of datasets containing GNSS and inertial measurements obtained with smartphones on different locations around
the San Francisco Bay Area.

This article presents the solution that has been implemented for this competition. One interesting characteristic of the data
published by Google is that many trajectories contain measurements from more than one phone. For this reason, we decided
to combine the measurements from multiple receivers in an RTK implementation. This method allows estimating the position,
velocity, and attitude of the vehicle while at the same time improving the accuracy of the positioning.



I. INTRODUCTION
In May 2016, Google announced the availability of GNSS raw measurements on smartphones with the release of Android 7.
From then, newer versions have been improving the availability of this data and have also included access to more information
such as the Automatic Gain Control (AGC) or the code type of the signal. Newer phones have also added compatibility with
other constellations apart from GPS with some devices supporting up to 5 different systems, namely GPS, GLONASS, Galileo,
BeiDou and QZSS. Furthermore, thanks to the decreasing cost and the miniaturization of the hardware, some manufacturers
included dual frequency chips on their higher-end products, the first being the Xiaomi Mi 8 which was launched on May 2018.
During all these years, the interest on the Android GNSS raw measurements has been steadily increasing [1].

This year 2021, Android’s GNSS team has launched the Google Smartphone Decimeter Challenge, which will be presented at
ION GNSS+ 2021. For this competition, Google released a pool of 48 datasets containing inertial and GNSS raw measurements
obtained from five different smartphones. These datasets were collected on highways and urban areas in the San Francisco Bay
Area. In addition, State Space Representation (SSR) corrections and Observation Space Representation (OSR) corrections are
provided from SwiftNavigation Inc.1 and Verizon Inc.2. The goal of this competition is to develop an algorithm capable of
obtaining the best possible accuracy on these datasets, setting decimeter-level positioning as an accuracy target. In addition,
another pool of 73 datasets is provided which follow the same structure but also contain ground-truth files collected by a
high-precision NovAtel system. Table 1 shows an overview of the train and test datasets that are provided for this competition.
The score is computed by taking the mean between the 50 and the 95 percentiles of the horizontal error of each trace and then
averaging this mean for all traces. This is

s = mean{s1, s2, ..., s48} | si = mean{P50,t, P95,t} (1)

where s is the final score in meters, and P50,t, P95,t are the 50 and 95 percentiles of the horizontal error for the trace t. In this
paper, the individual scores si obtained on each trace are used to compare the different solutions.

Dataset Train Test
Campaigns 29 19
Traces 73 48

Phones
Pixel4, Pixel4Modded,

Pixel4XL, Pixel4XLModded,
Pixel5, Mi8, SamsungS20Ultra

Pixel4, Pixel4Modded,
Pixel4XL, Pixel4XLModded,
Pixel5, Mi8, SamsungS20Ultra

Ground-truth Yes No
Table 1: Datasets of the Google Smartphone Decimeter Challenge

Different techniques have been long used to achieve high accuracy in the GNSS position computation. In order to achieve
decimeter-level accuracy, the use of carrier phase measurements and the capability to obtain integer solutions for the ambiguities
are two features that are required. The two solutions that are classically applied to solve this problem are RTK positioning and
PPP. RTK is a technique that relies on differential GNSS measurements in order to resolve the carrier-phase ambiguities. This
technique is based on the use of pseudorange and carrier-phase measurements that are obtained in a station whose location is
well known. This method allows to eliminate the main sources of error in GNSS, but it can only be used in the vicinity the base
station. However, a high-bandwidth communication channel is needed for real time applications, as the OSR data tends to be
heavy. PPP provides an attractive alternative to differential GNSS techniques such as RTK. The PPPmethod uses un-differenced,
multi-frequency, pseudorange and carrier-phase observations along with precise satellite orbit and clock products, which can
provide centimeter-level precision. PPP provides some benefits with respect to the differential techniques, mainly due to the
fact that no reference stations are needed. Furthermore, although some communication channel is required in order to retrieve
the precise satellite orbit and clock products, less bandwidth is required in order to transmit SSR data compared to OSR data.
However, PPP requires a long time of convergence in order to obtain an accurate float estimate of the carrier-phase ambiguities.
In addition, this method also requires a cautious modeling and data screening for outliers and carrier-phase cycle slips, which is
more challenging than for the differential GNSS approach. In this competition, RTK seems to be a more appropriate technique
to obtain high precision positioning since OSR data is already provided which has been taken from stations that are less than
10 km away from the locations where the measurements were taken. Furthermore, since the smartphones have access to the
Internet, it is plausible to apply this technique in a real-time application in the future.

The Google Smartphone Decimeter Challenge datasets have a particularity that our team wants to exploit: it involves several
smartphones which are located at a fixed location onboard the vehicle during one data collect. As such, the multiple sensors

1www.swiftnav.com/google-smartphone-decimeter-challenge
2webscope.sandbox.yahoo.com/catalog.php?datatype=s&did=88&guccounter=1



can be considered as an array of sensors, whose observations can be processed in a centralized manner. For example, by
including the geometric relation between the different GNSS antennas of the multiple GNSS receivers, it is possible to establish
an observation model that will include the attitude of the array in addition to its position.

This technique has been investigated previously by Xiao Hu et al. [2] [3] [4] in the context of RTK in an Extended Kalman Filter
(EKF). It has proved to provide increased performance, in terms of cycle slip detection, solution availability, fixed ambiguity
solution availability and accuracy, providing some attitude information as well. These benefits appear thanks to some kind of
spatial diversity: because the antennas are separated spatially, they may not be affected by the same propagation events. This
spatial diversity gain increases with the spatial separation of the antennas. Due to the small separation in the Google data
collect (on the order of tenths of cm), the effectiveness of this feature had to be verified. In this document, a multi-receiver
RTK is compared to a single-receiver RTK and it is shown that the multi-receiver solution is almost always better than the
single-receiver solution. This multi-receiver technique is based on the assumption that the geometry of the receivers is known.
Although this geometry is not explicitly provided in the Google Smartphone Decimeter Challenge, it can be obtained from the
ground-truth trajectories that are provided in the train dataset.

This paper focuses on the improvement in performance that can be obtained when combining GNSSmeasurements frommultiple
receivers. Section II describes the mathematical models of the methods that are compared in this paper. Then, Section 3 provides
a brief analysis of theAndroidGNSS rawmeasurements. The results obtained from the single- andmulti-receiver RTK are shown
in Section IV, where they are also compared to standalone Single-Point-Position (SPP) and Single-Point-Position-and-Velocity
(SPPV) solutions. Finally, the conclusions are drawn in Section V.

II. MATHEMATICAL MODELS
In this work, two RTK positioning models are developed, both based on Kalman Filters (KF). The first method combines the
standard double-differenced (DD) pseudorange and carrier-phase measurements used in RTK as well as non-differenced Doppler
shift, which provides velocity estimates that indirectly smooth the noise of the ranging measurements in the Kalman Filtering.
The second method is based on the same principle as the first method but it combines the measurements from multiple receivers
in an EKF, which allows the filter to estimate the attitude of the vehicle. In order to assess the viability of using RTK with
the Android raw GNSS measurements, two standalone non-differential methods are used, namely a Single-Point-Position (SPP)
EKF which uses pseudorange measurements and a Single-Point-Position-and-Velocity (SPPV) EKF which uses pseudorange
and Doppler measurements. All these methods combine GPS L1/L5, Galileo E1/E5a and BeiDou B1I measurements in
order to provide additional redundancy and better geometry. Furthermore, an outlier rejection technique has been applied in
order to reduce multipath effects and provide some means of carrier-phase cycle-slip detection. This technique is based on a
standard hypothesis testing applied to the innovations [5]. The KFs have been implemented sequentially in order to reduce the
computational costs. This is especially important in the multi-receiver RTK, since it requires the processing of a larger number
of measurements and the estimation the carrier-phase ambiguities for all the receivers, which dramatically increases the size of
the covariance matrices. This section provides a description of the single-receiver and the multi-receiver RTK models.

1. Single-Receiver RTK
As previously stated, both RTK methods use double-differenced (DD) pseudorange and carrier-phase measurements as well as
non-differenced Doppler shift. These measurements are modeled as follows

ρDDj = rs,p − ru,p − rs,j + ru,j + ερ,j (2)

φDDj = rs,p − ru,p − rs,j + ru,j + λj(N
SD
p −NSD

j ) + εφ,j (3)

ρ̇i = ṙi + c(δ̇tu + δ̇tIF + δ̇tIS) + ερ̇i (4)

where:

• ρDDj refers to the j-th DD pseudorange

• φDDj refers to the j-th DD carrier-phase

• ρ̇i refers to the i-th pseudorange rate (i.e. the Doppler shift expressed in meters per second), which has been corrected by
the satellite’s clock drift

• ra,b denotes the true range between receiver a and satellite b

• Subindices s and u denote the base station and the user receivers, respectively

• Subindices p and j denote the pivot and the j-th satellites, respectively



• NSD
a refers to the single-differenced carrier-phase ambiguity for satellite a

• lambdaj is the carrier wavelength of signal j

• ερ,j , εφ,j and ερ̇i refer to the residual errors of the j-th DD pseudorange, j-th DD carrier-phase and i-th pseudorange rate,
respectively

• δ̇tu, δ̇tIF and δ̇tIS refer to the user, inter-frequency and inter-system clock drifts, respectively

• Subindex j denotes the DD measurement and is in the range 1, ..., NDD

• Subindex i denotes the non-differenced measurement and is in the range 1, ..., Nmeas

• c is the speed of light

It is worth noting that two different approaches can be followed regarding the ambiguities in equation (3). One approach is to join
NSD
p −NSD

j as double-differenced ambiguities and include them into the state vector. However, following this approach, every
time the pivot satellite changes all the DD ambiguities need to be re-estimated. This approach can be interesting to implement
for applications in which the reception of GNSS signals is very stable and there is not much signal blocking. However, when this
is not the case, it may be more interesting to keep track of the single-differenced ambiguities and compute the double differences
each time. Although this approach is a bit more complex in the implementation, it is the one selected for this project as it has
been seen that the GNSS measurements obtained from smartphones often lose track of the signals.

Every time a new signal is acquired, either because a new satellite is in view or because the receiver has reacquired lock
with the signal, an initial estimation of the ambiguity has to be obtained. In order to obtain these initial estimations, the
Code-Minus-Carrier (CMC) is used.

CMCSDi = ρSDi − φSDi = −λNSD
i + εSDρ,i − εSDφ,i (5)

N̂SD
i = −CMCSDi

λ
(6)

where N̂SD,i is the estimated single-differenced ambiguity. In the following, the state and the measurement vectors are described
along with the state-transition and measurement models.

State transition model
In our KF modeling, the state vector contains the user-station baseline vector bus, the user velocity u̇, the aforementioned clock
drifts, and the SD ambiguities.

xn =
[
bTus u̇T ˙δtu (δ̇tIF )T (δ̇tIS)T (NSD)T

]T (7)

where δ̇tIF and δ̇tIS are vectors of sizeNfreq − 1 andNsys− 1, respectively. NSD is a vector containing the SD ambiguities
of all the common satellites between the receiver and the station. Since this project uses multiple receivers and multiple
frequency bands, one pivot satellite has to be selected for each pair of constellation and frequency; therefore NSD is of size
NDD = Nmeas −Npiv , where Nmeas is the number of carrier phase measurements available and Npiv is the number of pivot
satellites (i.e. number of constellation-frequency pairs).

The state transition model is defined as an integration of the velocity for the user-station baseline vector and a random-walk
model for the rest of state parameters:

busn = busn−1
+ u̇n−1∆t

u̇n = u̇n−1 +wu̇,n

cδ̇tu,n = cδ̇tu,n−1 + wcδ̇tu,n

cδ̇tIF,n = cδ̇tIF,n−1 +wcδ̇tIF ,n

cδ̇tIS,n = cδ̇tIS,n−1 +wcδ̇tIS ,n

NSD
n = NSD

n−1 +wNSD,n

(8)



where

wu̇,n ∼ N
(
0, σ2

u̇I3
)

wcδ̇tu,n ∼ N
(
0, σ2

cδ̇tu

)
wcδ̇tIF ,n

∼ N
(
0, σ2

cδ̇tIF
INfreq−1

)
wcδ̇tIS ,n

∼ N
(
0, σ2

cδ̇tIS
INsys−1

)
wNSD,n ∼ N

(
0, σ2

NSDINDD

)
(9)

Then, the state transition matrix can be written as

F =


I3 ∆tI3 0 · · · 0
0 1 0 · · · 0
...

. . .
...

0 · · · 0 1 0
0 · · · 0 0 1

 (10)

and the corresponding process noise matrixQ is given by the diagonal matrix

Q = diag
([

01×3 σ2
u̇11×3 σ2

cδ̇tu
σ2
cδ̇tIF

11×(Nfreq−1) σ2
cδ̇tIS

11×(Nsys−1) σ2
NSD11×NDD

])
(11)

Measurement model
Considering the distance between the receiver and the station to be small enough, the double difference of the geometric ranges
in equations (2) and (3) can be rewritten as the difference of the Line-Of-Sight (LOS) vectors between the station and the
two satellites, projected onto the baseline vector between station and receiver [6]. Here, the subscript n denoting the epoch is
dropped in order to simplify the notation.

Then, the measurement equation for the DD pseudorange is

hρDD (x)[j] = (es,p − es,j)T bus (12)

where es,p and es,j are the LOS unit vectors from the station to the pivot and non-pivot satellites, respectively. Similarly, the
measurement equation for the DD carrier phase is

hφDD (x)[j] = (es,p − es,j)T bus + λ(NSD
p −NSD

j ) (13)

Regarding the pseudorange rate, the measurement function can be obtained from the equation (4).

hρ̇(x)[i] = (ṡi − u̇)Tei + cδ̇tu + cδ̇tIF,i + cδ̇tIS,i (14)

From these three equations the measurement matrix is defined as

H =

[
HρDD

HφDD

H ρ̇

]
(15)

where

HρDD
[j:]

=
[
(es,p − es,j)T 01×3 01×Nfreq−1 01×Nsys−1 01×NDD

]
(16)



HφDD
[j:]

=
[
(es,p − es,j)T 01×3 01×Nfreq−1 01×Nsys−1 λ 0 · · · 0 −λ

]
(17)

H ρ̇[i:] =
[
01×3 (es,p − es,j)T aTi bTi 01×Nsat

]
(18)

with the λ and −λ in (17) located at the columns that correspond to the pivot and non-pivot satellites, respectively. Vectors ai
and bi contain a 1 at the column that corresponds to the frequency and the constellation of the i-th measurement, respectively.
Subscripts [j :] and [i :] denote the j-th and the i-th matrix rows, respectively.

The measurement covariance matrix for the DD measurements can be obtained from the covariance matrices of SD measure-
ments. Considering that the noise of the receiver measurements is independent from that of the station measurements, the
SD measurement covariance matrices can be obtained by simple addition of the measurement covariances of the two sources.
Assuming the measurement covariances to be the same in the receiver and in the station, the SD measurement covariance
matrices can be defined from the covariance matrices of the smartphone measurements. These are built using the uncertainty
parameters included in the Android GnssLog files. Then, the SD measurement covariance matrices are

RρSD = 2Rρ (19)

RφSD = 2Rφ (20)

The DD measurement covariance matrices are then given by

RρDD = DRρSDDT (21)

RφDD = DRφSDDT (22)

whereD is the double-differencing matrix where the location of the column full of 1’s correspond to the pivot satellite and the
location of the -1’s matches the position of the non-pivot satellite:

D =


−1 0 · · · 0 1
0 −1 · · · 0 1
...

...
. . .

...
...

0 0 · · · −1 1

 (23)

The resulting covariance matricesRρDD andRφDD are non-diagonal, which results in a non-diagonal measurement covariance
matrix

R =

 RρDD 0NDD
0NDD×Nsat

0NDD
RφDD 0NDD×Nsat

0Nsat×NDD
0Nsat×NDD

σ2
ρ̇INsat

 (24)

This non-diagonal matrix presents a problem when implementing a sequential Kalman Filter update [7]. One option to solve
this issue is to perform a diagonalization of the resulting matrix by Cholesky decomposition, as it is explained in section 7.4
of [8]. This option was tested during the realization of this project but the accuracy of the position estimation was reduced. This
is not expected considering that the inclusion of the non-diagonal terms in the covariance matrix improves the modeling of the
noise, which should improve the performance of the algorithm. Given the limited time for this project, this issue was faced by
simply considering a diagonal measurement matrix and inflating the DD noise.

R =

σ2
ρDDINDD

0NDD×NDD
0NDD×Nsat

0NDD×NDD
σ2
φDDINDD

0NDD×Nsat

0NDD×NDD
0NDD×NDD

σ2
ρ̇INsat

 (25)



2. Multi-Receiver RTK
In order to combine the measurements from multiple smartphones, their relative position inside the vehicle needs to be
considered. To do so, a body frame is defined with the origin centered in one of the smartphones, called the master. Then, the
positions of the other smartphones, called the slaves, are defined relative to the master smartphone. Three attitude angles are
defined: pitch θ, roll ϕ and yaw ψ. The capacity to observe these attitude angles depends on the number and geometry of the
smartphones in the car. In most of the campaigns the smartphones are aligned with the perpendicular axis of the vehicle, which
does not allow the filter to observe the pitch angle. This, however, is not a problem for this project since the accuracy of the
algorithm is evaluated in the horizontal error which is not very affected by an error in the pitch estimate. Figure 1 shows an
example of a two-receiver geometry in the typical configuration that is found in the datasets. In this section, the master receiver
is always indicated by the subscript 1 and the slave receivers are indicated by a subscript from 2 to Nrx.

Figure 1: Multi-receiver geometry

The relative position of the slave receivers is then transformed from body frame to the ECEF frame. This transformation can be
understood as a two-step operation. First, a transformation is made from body frame to Local Tangent Plane (LTP), expressed
in ENU, and then a second transformation is made from LTP to ECEF. These two operations are made by the rotation matrices
CB2L and CL2E , respectively. For the 2-smartphone example, this is

bE12(θ, ψ, ϕ) = CL2ECB2L(θ, ϕ, ψ)bB12 (26)

where bE12 and b
B
12 are the baseline between master and slave smartphones expressed in ECEF and in body frame, respectively.

Section 2.4 in [9] details how to build both rotation matrices. However, the rotation matrix from body to LTP is shown next as
it will be necessary in the following section.

CB2L(θ, ϕ, ψ) =

[
cosψ − sinψ 0
sinψ cosψ 0

0 0 1

][
cosϕ 0 sinϕ

0 1 0
− sinϕ 0 cosϕ

][
1 0 0
0 cos θ − sin θ
0 sin θ cos θ

]

=

[
cosψ cosϕ cosψ sinϕ sin θ − sinψ cos θ cosψ sinϕ cos θ + sinψ sin θ
sinψ cosϕ sinψ sinϕ sin θ + cosψ cos θ sinψ sinϕ cos θ − cosψ sin θ
− sinϕ cosϕ sin θ cosϕ cos θ

] (27)

State transition model
For this multi-receiver method, the attitude angles are included as state parameters, as well as the clock drifts and SD ambiguities
of all receivers. Considering the example of two receivers, the state vector results in

x =
[
(bE1s)

T θ ϕ ψ (u̇E)T δ̇t
T

u (δ̇tIF )T (δ̇tIS)T (NSD
1s )T (NSD

2s )T
]T

(28)

whereNSD
ks is the SD ambiguity vector for the k-th smartphone.

The state transition model is built very similarly to the single-receiver RTK. The user-station baseline is prediction is performed
by integration of the velocity and the other state parameters follow a random walk model, including the three attitude angles



θn = θn−1 + wθ,n

ϕn = ϕn−1 + wϕ,n

ψn = ψn−1 + wψ,n

(29)

where
wθ,n ∼ N

(
0, σ2

θ

)
, wϕ,n ∼ N

(
0, σ2

ϕ

)
, wψ,n ∼ N

(
0, σ2

ψ

)
(30)

Then, the state transition matrix can be built very similarly to the case of the single-receiver RTK in (10). This is, an identity
matrix plus the time span δt in the off-diagonal terms that relate the velocity with the relative position. The process noise
covariance matrix is also very similar to the single-receiver case in (11) including the attitude variances in the diagonal.

Measurement model
Following the example of the two receivers, the measurement vector contains the DD measurements and the pseudorange rates
from each receiver as

zn =
[
ρDDT

1 ρDDT
2 φDDT

1 φDDT
2 ρ̇T1 ρ̇T2

]T
(31)

The measurement model is defined such that the relative position of the master receiver with respect to the station is estimated.
The measurement equation for the master receiver is defined as in the single receiver case of equations (12) and (13). Then, the
measurement equations of the slave receivers are defined considering the baseline between smartphones as

hρ2,n(x)[j:] = (es,p − es,j)T (bE1s − b
E
12)

= (es,p − es,j)T
(
b1s −CL2ECB2L(θ, ϕ, ψ)bB12

) (32)

hφ2,n(x)[j:] = (es,p − es,j)T (bE1s − b
E
12) + λNSD

p − λNSD
j

= (es,p − es,j)T
(
b1s −CL2ECB2L(θ, ϕ, ψ)bB12

)
+ λ(NSD

p −NSD
j )

(33)

Equations (32) and (33) are clearly not linear due to the rotation matrix from body to LTP. Thus, they are linearized to obtain
the measurement matrices as follows

HρDD
2 ,n[j:]

=
[
(es,p − es,j)T hθ,2 hϕ,2 hψ,2 0 . . . 0

]
(34)

HφDD
2 ,n[j:]

=
[
(es,p − es,j)T hθ,2 hϕ,2 hψ,2 0 · · · 0 λTj

]
(35)

where λj is a vector containing λ and −λ at the positions corresponding to the pivot and non-pivot satellites, respectively; and

hθ,2 = (es,p − es,j)TCL2E

(
∂

∂θ

∣∣∣
θ=θ̂
CB2L

)
bB1k

hϕ,2 = (es,p − ês,j)TCL2E

(
∂

∂ϕ

∣∣∣
ϕ=ϕ̂

CB2L

)
bB1k

hψ,2 = (es,p − es,j)TCL2E

(
∂

∂ψ

∣∣∣
ψ=ψ̂

CB2L

)
bB1k

(36)



From equation (27), the partial derivatives of the CB2L with respect to the attitude angles θ, ϕ and ψ are given by

∂

∂θ
CB2L =

[
0 cosψ sinϕ cos θ + sinψ sin θ − cosψ sinϕ sin θ + sinψ cos θ
0 sinψ sinϕ cos θ − cosψ sin θ − sinψ sinϕ sin θ − cosψ cos θ
0 cosϕ cos θ − cosϕ sin θ

]
(37)

∂

∂ϕ
CB2L =

[− cosψ sinϕ cosψ cosϕ sin θ cosψ cosϕ cos θ
− sinψ sinϕ sinψ cosϕ sin θ sinψ cosϕ cos θ
− cosϕ − sinϕ sin θ − sinϕ cos θ

]
(38)

∂

∂ψ
CB2L =

[− sinψ cosϕ − sinψ sinϕ sin θ − cosψ cos θ − sinψ sinϕ cos θ + cosψ sin θ
cosψ cosϕ cosψ sinϕ sin θ − sinψ cos θ cosψ sinϕ cos θ + sinψ sin θ

0 0 0

]
(39)

Regarding measurement model for the pseudorange rate, the attitude rate needs to be considered as the velocities may differ
between receivers due to the lever arm. If the simple example of Fig 1 is considered, the velocity of the slave receiver can be
expressed as a function of the velocity of the master receiver and the angular rates, ωz and ωy , as

u̇E2 = u̇E1 +CL2ECB2L||b12||

[
0
ωz
ωy

]
(40)

The effect of the lever arm in the velocity of the slave receiver relative to the master receiver has been studied and compared
to the noise of the Doppler measurements. To do so, two examples have been considered where two smartphones are located
as in Figure 1 with a separation of 20 and 50 centimeters, which represent a normal and an worst case scenarios. Then, the
distribution of the gyroscope measurements obtained in a urban area has been taken to compute the velocity error induced by
the lever arm as in (40). This velocity is projected onto the LOS vectors of the example campaign so it can be compared to the
Doppler measurement noise. As it can be seen in Figure 2, the error introduced by the lever arm in a worst-case scenario of 50
centimeters of separation falls inside the distribution of the Doppler noise. The error in the velocity introduced by the lever arm
can then be considered as additional measurement noise by inflating the covariances of the Doppler measurements of the slave
receivers.

(a) 20 cm lever arm. (b) 50 cm lever arm.

Figure 2: Distribution of pseudorange rate innovations (blue) and LOS velocity error induced by lever arm (red).

With this approximation, the velocities of the receivers are considered to be equal which considerably simplifies the equations
and removes the dependency on the attitude rate in equation 40. Considering this approximation, the measurement matrix for
the pseudorange rates is the same for the master and the slave receivers, which is obtained from the same model in (14) used for
the SPPV algorithm.

H ρ̇2,n[i:] =
[
01×3 01×3 (es,p − es,j)T aTi bTi 0 . . . 0

]
(41)



Finally, the measurement matrix for the example of two receivers is

Hn =


HρDD

1 ,n

HρDD
2 ,n

HφDD
1 ,n

HφDD
2 ,n

H ρ̇1,n

H ρ̇2,n

 (42)

In this method, the measurements of the different smartphones are processed by the EKF at the time they are available. This
assumes that the clocks of the smartphones are synchronized, which is plausible considering that the smartphones are connected
to the Internet and they periodically steer their clocks to match with UTC time. However, this synchronization may not be
perfect and in that case an additional error would be added to the estimates due to an inter-smartphone clock bias. In order to
solve this problem, the inter-smartphone clock bias could be added in the model as an extra state parameter.

3. Outlier rejection
One way to mitigate the impact of observation outliers, is to use the information the innovation covariance provides about the
expected distribution of innovations, to decide whether a given innovation looks like an outlier, i.e. is unlikely to be a realization
of this distribution, and in this case to exclude it from the filter update. In this project, a standard hypothesis testing applied to
the innovations is implemented [5]. This method also provides the capability of cycle-slip detection in regards of the carrier
phase measurements, since these cycle-slips generate also outliers in the carrier phase measurements. However, depending on
the state covariance, small cycle slips will probably not be detected. For this reason it would be interesting to implement some
dedicated cycle slip detection method in the future.

As an example, Figure 3 shows a comparison of the pseudorange innovations obtained with the single-receiver RTK using no
outlier rejection against the same method with the outlier rejection activated and set to a probability of false outlier rejection
equal to 0.1. When no outlier rejection is activated, the pseudorange innovations show the large amount of outliers found in the
Android GNSS measurements. These outliers actually cause the position estimates to drift so much that the estimation stops
around epoch 1495 because all the satellites are below the elevation mask with respect to the last position estimated. On the
contrary, when activating the outlier rejection, all the innovations fall within normal values and the position estimate accuracy
remains around the 10 meters.

(a) No outlier rejection (b) Probability of False Outlier Rejection = 0.1.

Figure 3: Pseudorange innovations from single-receiver RTK for trace 2021-04-28-US-SJC-1_Pixel4.

III. MEASUREMENT ANALYSIS
The organizers of the Google Smartphone Decimeter Challenge have provided the Android GNSS Raw measurements and
the INS measurements in text files called GnssLog, which follow a similar format as CSV files. These files provide GNSS
measurements taken at a constant rate of 1 Hz. As well as the Android Raw GNSS measurements, the organizers of the
competition have also provided the measurements in RINEX files. These files, however, do not contain all the information
that is included in the raw measurement files, in particular the uncertainties related to the GNSS measurements. RINEX files,
however, are simpler to use since parsers are readily available as part of existing software. In order to evaluate which source
is better to use, the GNSS observables obtained from preprocessing the raw measurements have been compared to the ones
obtained from the RINEX files. A summary of this comparison is provided in this section. Then, an analysis of the reliability
of the uncertainties provided by the GnssLog files is also given. In order to perform these analyses, a standalone SPP EKF



implementation was used to estimate the clock bias, the measurement residuals and to provide an assessment of the performance
that could be obtained from the provided data.

1. Calculation of GNSS observables
The main particularity of the Android Raw GNSS measurements is that they do not provide the pseudorange measurements
directly, instead, Android provides the necessary parameters to compute them. These parameters include the internal hardware
clock, the time of transmission of the signal and the bias of the receiver clock with respect to the reference GNSS system.
While the reception time is obtained in the GNSS system time, the transmission time is referenced to the constellation of each
measurement. Therefore, both times have to be set to the same reference before computing the time difference required to
obtain the pseudoranges. In this project, measurements from up to three different GNSS constellations are used, namely the
US-American GPS, the European Galileo and the Chinese BeiDou. Measurements from the Russian system GLONASS is
also provided in most of the measurement files. However, since GLONASS is implemented over Frequency-Division Multiple
Access, the use of Doppler measurements and the implementation of RTK becomes more complex. Therefore, this constellation
was omitted in the execution of this project.

Following the steps described in section 2.4 of GSA’s white paper [10], the calculation of the pseudoranges can be summarized
as

ρ =
tRx − tTx

109
c (43)

where tTx and tRx are the transmission and reception times, respectively. The transmission time is obtained directly from the
parameter ReceivedSvTimeNanos and it is referred to the system time of the constellation of the measurement. The reception
time is computed from the hardware clock timestamp and the bias to the true GPS time. However, it is referred to the system
time of the smartphone (generally GPS). The calculation of the reception time in GPS time can be summarized as the following
expression

tGRx = tclock − tbias (44)

Equation (44) is actually a simplification of the complete calculation which is fully detailed in [10]. The resulting time, tGRx
is then shifted so that it is referenced to the system time of the measurement, which provides the transmission time used in
equation (43).

The raw parameters include uncertainties for the receiver clock time, σtclock , the receiver clock bias , σtbias
, and the transmission

time, σtTx
. Then, the standard deviation of the pseudorange measurement can be estimated as

σρ = c
√
σ2
tclock

+ σ2
tbias

+ σ2
tTx

(45)

As per the carrier phase and the Doppler measurements, the first one can be directly obtained from the Accumulated Delta
Range (ADR) which is provided in meters, and the second one is provided as the pseudorange rate in meters per second. Both
these measurements have their associated uncertainties expressed in meters and meters per second, respectively. Therefore, they
can be directly used as an estimate of the standard deviations of the measurements.

2. Comparison of GNSS measurement sources
In order to verify the preprocessing of GNSS observables from the raw measurements and compare them to the measurements
from RINEX, the GnssAnalysis software was used. GnssAnalysis is a Desktop application developed by Android which allows
the user to analyze the GNSS measurements obtained with a smartphone. Apart from a set of plots, this application can also
provide a file with the preprocessed measurements. However, the code of this application is not accessible so it could not be used
in our project to automate the computation of GNSS observables. Nevertheless, it could be used to obtain the observables of a
single trace and compare them to the results of our preprocessing and the observables obtained from the RINEX. Figure 4 shows
an example of the differences between the measurements generated by our preprocessing step with the measurements obtained
from the RINEX files and the GnssAnalysis application. It can be seen that our calculations provide almost the same result as
the GnssAnalysis for all the measurement types, with differences of half a millimeter on the pseudoranges or one hundredth of a
cycle (less than 2 mm in L1) in the phase. However, the pseudoranges largely differ when compared to the ones obtained from
the RINEX.



Figure 4: Differences of the preprocessed measurements of a single satellite compared to the RINEX (top) and the GnssAnalysis (bottom).
From left to right: pseudorange (meters), carrier phase (cycles) and Doppler (Hz).

Figure 5 shows a comparison of the pseudorange residuals obtained from the WLS processing the RINEX and the preprocessed
raw measurements. It can be seen that the residuals from the first source follow a bi-modal distribution, which is unexpected in
the pseudorange measurements, as the noise is expected to be approximately zero-mean.

Finally, the differences between the pseudoranges obtained from the RINEX and the ones obtained by processing the GnssLog
are computed and it matches with the receiver clock bias computed with the WLS method. Figure 6 shows this comparison for
a single satellite as an example. This shows that in the generation of the RINEX files from the raw measurements, the receiver
clock bias has been corrected in the pseudorange measurements. However, it is not corrected in the carrier phase measurements,
since these measurements are almost the same between sources (Fig. 4). Although this difference could be solved by keeping
two different estimations of the clock bias, it only makes the implementation more complex and prone to errors. For this reason,
it was decided to use the GnssLog files as the source for the GNSS measurements.

Figure 5: Distributions of the pseudorange residuals obtained from the RINEX (left) and the preprocessed raw measurements (right).

Figure 6: Receiver clock bias estimated by the WLS (left) and difference of pseudorange between RINEX and GnssLog (right).



3. Reliability of the measurement uncertainties
One of the particularities of the Android GNSS raw measurements is that an uncertainty of the measurement is provided
for each GNSS observation. However, the Android documentation does not detail how these uncertainties are obtained. To
determine the reliability of the uncertainties, the standard deviation of the pseudoranges is computed from these uncertainties
as in equation (45) and it is compared to the pseudorange residuals obtained with the standalone SPP EKF. Figure 7 shows the
moving standard deviation of the pseudorange residuals plotted against the moving mean of the standard deviation calculated
from the uncertainties, which have been computed from 1700 epochs of measurements of 9 satellites. In comparison, the same
plot is shown for the standard deviation computed as follows

σ̂ρ,i =
σρ,0

sin(αi)
(46)

where σ̂ρ,i is the estimate of the pseudorange standard deviation for satellite i, σρ,0 is a default value set to 3 meters and αi is
the elevation of the i-th satellite.

Figure 7: Pseudorange residuals vs elevation-based standard deviation (left). Pseudorange residuals vs uncertainty-based standard deviation
(right).

Figure 8: CDF of horizontal error from SPP EKF using elevation-based variance (blue) vs uncertainty-based variance (red).

It can be seen that the uncertainty-based standard deviation shows a high correlation with the noise in the measurements, with a
Pearson Correlation Coefficient (PCC) close to 0.8. In contrast, the typical elevation-based estimation of the standard deviation
shows no correlation with the actual noise in the measurements. Therefore, the uncertainties provided by Android seem to
be much more reliable than the elevation-based model for estimating the measurement variance. For further evidence, Fig. 8
shows the Cumulative Distribution Functions (CDF) of the horizontal error of the standalone SPP KF estimation using the two
different pseudorange variance estimations. It can be seen that the uncertainty-based variance provides better results, with a
95% accuracy of 4.56 m versus 6.17 from the elevation-based model. Thus, the measurement covariance matrices of all the
methods used in this project are built using the uncertainties provided in the Android GnssLog files.



IV. RESULTS
In this section, the proposed multi-receiver RTK method is verified with the train dataset measurements. Results for the test
dataset are not shown because no reference is available to analyze the performances. In order to provide an analysis of the
performance of the multi-receiver RTK on individual trajectories, two measurement campaigns are chosen. The first campaign
that is used is 2020-05-29-US-MTV-1, which corresponds to an open-sky scenario which contains measurements from 3
smartphones (namely Pixel4, Pixel4XL and Pixel4XLModded) taken on a highway next to Mountain View, California. The
second campaign is 2021-04-28-US-SJC-1, which corresponds to an urban scenario with measurements from 2 smartphones
(namely Pixel4 and SamsungS20Ultra) taken in the streets of San Jose, California. Additionally, this section also provides an
overview of the results obtained on all of the measurement campaigns for both the single- and the multi-receiver RTKs.

1. Comparison between positioning methods
In the following, the performance of the three methods explained in section II is compared. Additionally, the results obtained
with the conventional SPP and SPPV EKFs are provided in order to observe the effect of using the Doppler measurements and
to show the advantage of implementing RTK for positioning with smartphones.

The trajectories estimated by these four positioning methods are shown in Figures 9a and 9b for the highway and the urban
scenarios, respectively. In order to study the accuracy of the four different methods, Figure 10 shows the CDFs and 95 percentiles
of the horizontal errors in the highway and the urban campaigns.

(a) 2020-05-29-US-MTV-1 (b) 2021-04-28-US-SJC-1

Figure 9: Estimated positions with SPP, SPPV, single-receiver RTK and multi-receiver RTK.

As it is expected, the accuracy of the positions is much better in the highway campaign, since the measurements are much
less affected by multipath and there is less signals are obstructed, which results in better satellite geometry. Also, it can be
seen that the RTK performs better than the SPP and SPPV methods thanks to the use of differential corrections. However, it is
interesting to see that the main improvement in the highway campaign comes from the inclusion of the Doppler measurements. A
hypothesis for this big improvement is that the inclusion of Doppler measurements in the EKF provide an indirect smoothing of
the pseudorange measurements, since the Doppler is less affected by noise. This is especially significant when the measurements
are taken by smartphones, since the noise is higher due to the miniaturized and low-cost hardware. On the urban scenario,
however, the main improvement comes by far with the RTK method. This is also surprising because one would expect that the
error in the urban scenario would be more driven by the multipath, which is not corrected on the differential measurements.

2. Accuracy of multi-receiver RTK
In order to study the effect of combining measurements from multiple receivers, the same two campaigns used in the previous
section are taken as an example. In both campaigns, the positions of all smartphones are computed using the single-receiver
RTK. The results are compared to the multi-receiver RTK, which combines all the measurements of that campaign. Figure 11
shows the horizontal error CDFs for the two campaigns mentioned. In both cases, the error at the 95 percentile is lower with
the multi-receiver method than using any of the single receivers. However, as it can be seen in the lower percentiles, this better
performance of the multi-receiver RTK is not consistent during all the trajectory. For these tests, the measurement covariances
of different smartphones were not weighted differently. However, a different weight could be given to the measurements of each
smartphone according to the observed accuracy in the single-receiver method or on the measurements residuals, which could
improve the performance of the multi-receiver RTK.



(a) 2020-05-29-US-MTV-1 (b) 2021-04-28-US-SJC-1

Figure 10: Horizontal error CDFs of SPP, SPPV, single-receiver RTK and multi-receiver RTK.

(a) 2020-05-29-US-MTV-1 (b) 2021-04-28-US-SJC-1

Figure 11: Comparison between single-receiver and multi-receiver.

The results obtained with the single-receiver methods described in this project (namely SPPV and RTK) have shown a largely
varying accuracy on different traces. It has been observed that the evaluation of some traces provided errors of several hundreds
of meters while other traces from the same campaign showed errors on the order of the few meters. However, these large errors
were not always associated to the same smartphone model. An analysis has been made to try to identify the causes of the worst
scores, however they have not been identified and this problem has been left for future work. In order to continue with the
analysis, the measurements that resulted in scores over 50 meters have been omitted in the the multi-receiver method.

Figure 12 shows the scores obtained using both the single- and themulti-receiver RTKmethods on all themeasurement campaigns
provided in the train dataset. The blue and the orange bars denote the single- and the multi-receiver solutions, respectively. Red
bars indicate the smartphones that have not been used in the multi-receiver solution on that campaign. It can be seen that the
multi-receiver solution generally improves the performance of the single-receiver ones. Although this improvement is only of
the order of the centimeters in some campaigns (e.g. campaign 1, 4 and 10), the score of the multi-receiver improves by around
32% with respect to the best single-receiver score in campaign 5 and by more than 25% in campaign 6. However, in three of the
campaigns (15, 17 and 20), the accuracy of the estimate is reduced with the multi-receiver method. This problem may be solved
by a proper weighting of the different smartphones and/or the estimation of an inter-smartphone clock bias and it has been left
for future work.



Figure 12: Single- and multi-receiver RTK scores for all traces in the train dataset. Blue denotes single-receiver file used in the multi-receiver
RTK and red denotes single-receiver file omitted in the multi-receiver RTK.

V. CONCLUSION
This paper presented a method to combine GNSS measurements from multiple Android smartphones with known geometry
which provides attitude estimation and enhances the performance of RTK. Additionally, the use of Doppler shift and carrier
phase measurements is studied in the context of positioning using smartphones. Results from four different techniques have been
shown in this article. The first technique is a standalone Single Point Position implemented with an EKF that is used as a base
reference. The second technique uses an Extended Kalman Filter to combine pseudorange and Doppler measurements, which
provides an estimation of the position and velocity of the receiver. It has been shown that the inclusion of Doppler measurements
notably improves the accuracy of the estimates. The third technique consists of an RTK with float ambiguity resolution, which
also includes non-differential Doppler measurements to estimate the velocity. The use of differential GNSS measurements has
shown an improvement in the performance of the estimation. However, it has been seen that the inclusion of carrier phase
measurements does not always provide the expected improvements, probably due to the lower quality of these measurements on
smartphones. We think that this problem could be tackled with a more sophisticated outlier rejection mechanism and a dedicated
cycle slip detection method. Finally, the third technique combines simultaneous measurements from different smartphones in
order to improve the performance of the RTK and also provide an estimation of the attitude. This technique assumes that
the relative positions of the smartphones in the vehicle are known. This, however, is not the case for the test dataset used for
evaluation in this competition. Thus, this paper only shows the results on the train dataset, for which the geometries have been
obtained from the ground-truth files. It is shown that the multi-receiver technique improves the accuracy of the estimates in the
majority of the situations.

We have seen that in some cases the multi-receiver estimates are worse than some of the single-receiver ones. To solve this, two
enhancements are proposed. The first and simpler one refers to the weighting of the measurements from different smartphones,
since in this article the different qualities of the measurements between smartphones is not considered. For that, it could
be interesting to research on the possibility of automatically weighting the different receivers from the data included in the
raw measurements such as the measurement uncertainties. The second enhancement refers to the synchronization between
smartphones. We have assumed that the smartphones are more or less synchronized since they are connected to the Internet and
the clock is periodically corrected. However, an inclusion of an inter-smartphone clock bias could be studied to improve the
performance of the multi-receiver RTK.

Additionally, some other matters have been left for future research due to the limited amount of time in the competition. Firstly,
it would be interesting to further research on the nature of the Android GNSS measurements, especially on the use of the carrier
phase since it has not provided the improvement in performance that can be observed in dedicated GNSS receivers. Secondly,
the implementation of an integer ambiguity resolution method, such as LAMBDA, is expected to improve the performance
of the estimation and it would complete the implementation of the RTK. Furthermore, the inclusion of a dedicated cycle slip
detection method is expected to provide even better performance when using carrier phase measurements. Thirdly, the use of a



non-diagonal measurement covariance matrix on the RTK methods should improve the performance of the estimates. Although
the workaround implemented in this project still provides acceptable accuracies, it would be more rigorous to include the
non-diagonal terms and provide a better noise model to the Kalman Filter. Also regarding the multi-receiver technique, it has
been seen that the calibration of the smartphones geometry is important to provide a good positioning accuracy. Therefore, the
implementation of a calibration step could also notably improve the performance of the multi-receiver RTK. To do so, some
estimation technique could be implemented, such as a Least Squares, which estimates the geometry of the receivers from the
GNSS measurements, considering that the geometry is constant during all the trajectory. Finally, the hybridization of the RTK
methods with INS and magnetometer measurements would reduce the covariance of the estimates because a more accurate
transition model would be used. This could also improve the accuracy of the estimates, although it would require to deal with
the problems of non synchronization and outages of the INS measurements.
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