
HAL Id: hal-02138628
https://enac.hal.science/hal-02138628

Submitted on 23 May 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Pricing schemes for air traffic services through
multi-level approaches

Rabah Guettaf, Felix Mora-Camino

To cite this version:
Rabah Guettaf, Felix Mora-Camino. Pricing schemes for air traffic services through multi-level ap-
proaches. Applied Computing and Informatics, 2018, �10.1016/j.aci.2018.07.001�. �hal-02138628�

https://enac.hal.science/hal-02138628
https://hal.archives-ouvertes.fr


Applied Computing and Informatics xxx (2018) xxx–xxx
Contents lists available at ScienceDirect

Applied Computing and Informatics

journal homepage: www.sciencedirect .com
Pricing schemes for air traffic services through multi-level approaches
https://doi.org/10.1016/j.aci.2018.07.001
2210-8327/� 2018 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

⇑ Corresponding author.
E-mail addresses: guettafr@yahoo.com (R. Guettaf), moracamino@hotmail.fr (F. Mora-Camino).

Peer review under responsibility of King Saud University.

Production and hosting by Elsevier

Please cite this article in press as: R. Guettaf, F. Mora-Camino, Applied Computing and Informatics (2018), https://doi.org/10.1016/j.aci.2018.07.0
Rabah Guettaf a, Félix Mora-Camino b,⇑
aDepartment of Mathematics, Faculty of Sciences, University Mouloud Mammeri of Tizi-Ouzou, Algeria
b Institute of Systems Science, Durban University of Technology, 79 Steeve Biko Road, 4001 Durban, South Africa

a r t i c l e i n f o a b s t r a c t
Article history:
Received 21 February 2018
Revised 1 July 2018
Accepted 2 July 2018
Available online xxxx

Keywords:
Quadratic optimization
Flows optimization in networks
Pricing
Air traffic services
This article addresses the problem of air traffic service (ATS) pricing over a domestic air transportation
system with either private or public ATS providers. In both cases, to take into account feedback effects
on the air transportation market, it is considered that the adopted pricing approaches can be formulated
through optimization problems where an imbedded optimization problem is concerned with the supply
of air transportation (offered seat capacity and tariffs for each connection). Under mild assumptions in
both situations the whole problem can be reformulated as a mathematical program with linear objective
function and quadratic constraints. A numerical application is performed to compare both pricing
schemes when different levels of taxes are applied to air carriers and passengers.
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1. Introduction

During the last decades, many studies in the field of Operations
Research have been dedicated to the air transport sector by consid-
ering problems of planning, operation and pricing. In general, these
studies consider the immediate effects of the decisions without
taking into account indirect effects such as feedbacks which can
be set up between the various actors of air transport. This has
led to strategies which on the long term revealed to be largely sub-
optimal due to the unexpected reaction of other involved economic
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Fig. 1. Two-level Decision-Making Process.
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agents [1,2]. Thus, in this study a global approach including air
traffic control, airports, airlines and passengers is developed for
the pricing of the air navigation services as well as airport services
considered as a whole as Air Traffic Services (ATS). The main ATS
charges (en-route, approach and aerodrome charges) are collected
for both air navigation and airport services. These different charges
may also include provisions to reduce nuisances in the vicinity of
airports as well as other environmental impacts. These charges
have been established in general on an empirical basis to cover
broadly ATS costs without taking into consideration the reaction
of the different actors of air transportation (Fig. 1.).

Here, two new pricing mechanisms are developed according to
some fundamental assumptions:

– the main objective of airlines when defining their air trans-
portation supply is to maximize their profit over an annual
exercise;

– the main objective of a public ATS provider is to promote air
transportation measured in flows of transported passengers
while covering their operations costs;

– the main objective of a private ATS provider is to maximize his
own profit while taking into account the profitability of the air-
line sector.

The revenue of the airlines depends directly of the price of their
air tickets rates which should cover their operating costs which
includes beyond fuel, crew and maintenance costs, their ATS
charges. These ATS charges represent today between 10% and
20% of the operational costs of airlines. Thus, the pricing of ATS ser-
vices has a global influence on ticket prices and affects the levels of
demand for air transport (transport of passengers and freight).

In this study is considered the frequent case of a domestic air
traffic area, presenting some international connections, being
under the control of a single ATC provider. In general, air cargo
and business aviation represent small shares of air transportation
with activity levels rather inelastic with respect to the variation
of ATC charges, so the focus is here on commercial flights operated
by local airlines to transport passengers through the domestic net-
work of air routes linking the different airports.

The cases where ATS operators are private or public are ana-
lyzed and particularized in this study. In both cases it seems essen-
tial to take into account the profit maximization behavior of the
airlines when dimensioning their air transportation service levels
(flights with associated frequencies and capacities) and setting
their pricing policy. In order to limit the complexity of this study,
the airlines sectors are considered as a whole without taking into
account competition among them. This leads to the formulation
of two-levels nonlinear optimization problems [3–5] which can
be treated using already well established bi-level programming
techniques [6–8].
Please cite this article in press as: R. Guettaf, F. Mora-Camino, Applied Compu
For many high traffic airspaces, ATS pricing has been considered
a potential tool to cope with saturation [9]. Recently, research
studies considering the modulation of air navigation charges to
cope with capacity and peak-loading pricing through a bi-level
approach have been published, [10–12], where short term feed-
back effects between the ATS pricing and the airlines demand for
ATS services are analyzed. Using a general bi-level pricing scheme
[13], other studies have introduced the network dimension of ATS
pricing, [14,15].

In the present study, the adopted long term analysis allows to
introduce a third decision level which takes into account the final
users (i.e. the passengers) reaction to ATS charges through their
demand function.

2. Current pricing practice for ATC/ATM

Air navigation services (ATC/ATS service providers) finance in
general their activities by charging airlines using their airspace.
OACI publishes periodically updated general guidelines for pricing,
[16]. The air navigation charges represent a significant portion of
the cost of a flight for an airline [17], which has to increase ticket
prices to cover them. These charges often represent between 10%
and 20% of the cost of a flight, [18]. The Chicago Convention of
1947 which founded ICAO, has given the basis of the current charg-
ing systems for air navigation services. A detailed formula for the
calculation of air traffic charges was not proposed at that time,
but it was recommended to the states to establish a method to cal-
culate the amount of charges to cover the costs of using specialized
manpower and equipment (computers, radars and communication
systems) to ensure the safety of air traffic. Different charges are
collected today for air navigation (route, approach and aerodrome
charges) and other airport services.

In the case of Europe, in the context of the Single European Sky
operation [19], the central office for en-route charges (CRCO) of
Eurocontrol is in charge of computing and collecting the charges
paid by airspace users and of reassigning them to member coun-
tries traffic services. The following empirical formula has been
used to compute the charges Ri received by each state from a given
flight:

Ri ¼ Ti � Di

100
�

ffiffiffiffiffiffi
M
50

r
ð1Þ

where n is the number of considered states, Ti is the unit rate
adopted by state i, Di is the distance flown in kilometers by that
flight in the airspace of the state i, and M is the maximum take-
off weight in tons of the aircraft used in that flight. This unit rate
varies in European countries from 22 (Ireland) to 90 (Belgium)
Euros.

In United States, the Federal budget covers all operations and
investment costs related with ATS/ATM since there are today no
effective fees or charges for the users of the US airspace. The air-
space and its resources are free for any plane of any size that con-
forms to the Federal Administration rules [20]. However, the air
tickets comprise a set of taxes related with this use and which
are collected by airlines. The exception is with flights that transit
the US controlled airspace without departing or landing in United
States. In that case the overflight charges consider different rates
for the en-route and oceanic components of a flight. Different rates
expressed per 100 nautical miles measured along the great circle
distance between the entry and the exit points in the US-
controlled airspace are applied. The charges are calculated with
the formula which does not consider the mass or size of the
aircraft:

Rij ¼ rE � DEij=100þ rO � ODij=100 ð2Þ
ting and Informatics (2018), https://doi.org/10.1016/j.aci.2018.07.001

https://doi.org/10.1016/j.aci.2018.07.001


R. Guettaf, F. Mora-Camino / Applied Computing and Informatics xxx (2018) xxx–xxx 3
where Rij is the total fee charged to aircraft flying between entry
point i and exit point j, DEij is the total distance flown through each
segment of en-route airspace between entry point i and exit point j,
DOii is the total distance flown through each segment of oceanic air-
space between entry point i and exit point j, rE and rO are the en-
route and oceanic rates, respectively around 60 and 25 US$. The
FAA review these rates at least once every two years and adjust
them to reflect the current cost and volume of the services
provided.

With the perspective of privatization of air navigation services
in United States, a system of charges should be implemented for
all users of the US airspace. Given the monopolistic nature of air
navigation services, its charges should be regulated in order to
avoid unfair pricing and to allow aviation users to pay the cost of
the services to the air navigation service provider.

From the above it appears that the current practice to establish
charges for air navigation services does not take into account
important factors related with the offer and the demand for air
transportation:

– the structure of the operated air traffic network as a whole or
with respect to each airline,

– the influence of air navigation charges on ticket fares and the
level and structure of demand.

To take into account these two factors, in this study it is consid-
ered that the pricing approach adopted by public ATS providers can
be formulated as an optimization problem through a bi-level opti-
mization structure. This approach allows the consideration of the
interactions between the different economic agents involved in
air transportation. Then, reactive levels for supply by the airline
companies and for demand by users as a result of the variation
of ATS charges and air tickets prices can be taken into account
when defining the air navigation charges.

3. Definitions and assumptions

Let U be the set of local connections and let E be the set of
international connections. Let pu be the mean price for a seat
on local connection u 2 U and let pe be the mean price of a seat
on an international connectione 2 E. Then the potential demands
for local connections u 2 U are supposed to be given by
du ¼ Duðp; f Þ where f u is the annual flow of aircraft on local con-
nection u. Here Du is a demand function which is supposed to be

of class C1 from ðRþÞ2jUj to Rþ where marginal variations of fre-
quency and prices parameters are such that:

for u 2 U : @Du=@pu 6 0; for v 2 U;v–u : @Du=@pv
P 0 and j@Du=@puj >> @Du=@pv ð1-aÞ

for u 2 U : @Du=@f u P 0; for v 2 U; v–u : @Du=@f v
6 0 and @Du=@f u >> j@Du=@f v jÞ ð1-bÞ

The potential demands on international connections e 2 E are sup-
posed to be given by de ¼ Deðpe; f eÞ where De is supposed to be a

C1 function from ðRþÞ2 to Rþ where:

@De=@pe 6 0 and @De=@f e P 0 ð2-aÞ
It is also supposed that the fields ðDu;u 2 UÞ and ðDe; e 2 EÞ

are invertible with respect to ðpu;u 2 UÞ and ðpe; e 2 EÞ. Let /u

be the satisfied demand for local connection u 2 U and let /e be
the satisfied demand on international connection e 2 E, they
should meet capacity and potential demand constraints given in
equation (3):
Please cite this article in press as: R. Guettaf, F. Mora-Camino, Applied Compu
/u 6 min Ku � f u;Duðp; f Þ
n o

and /e 6 min Ke � f e;Deðpe; f eÞf g
ð3Þ

where Ku is the mean seat capacity of flights on local connection u,
f e is the annual flow of aircraft and Ke is the mean seat capacity of
flights on international connection e.

Let us define here different parameters to allow the quantifica-
tion of the annual revenue of the ATS provider and the airline
sector:

– Let vu be the ATS fee applied on a flight operating the local con-
nection u 2 U and ve be the ATS fee applied on flights operating
the international connectionse 2 E.

– Let CF
ATS be the fixed cost associated with ATS in the considered

area, ru be the variable average cost associated with ATS for a
local connection u 2 U andre be the variable average cost asso-
ciated with ATS for an international connectione 2 E.

– Let kU be the tax rate applied to the users of air transport on
local connection u 2 U and let aint be the part of this tax trans-
ferred to the ATS providers.

– Let kE be the tax rate applied to the users of international flights
along e 2 E and aext be the part of this tax transferred to the ATS
providers.

The annual economic return for the ATS operators, RATS, is then
given by:

RATS ¼
X
u2U

ððvu � ruÞ f u þ aintkU /upuÞ þ
X
e2E

ððve � reÞ f e

þ aextkE/epeÞ � CF
ATS ð4Þ

Let CF
ALS be the fixed cost of the airlines sector operating U and a part

of E, let cu be the average operating cost for a flight along connection
u 2 U and ce be the average operating cost for a flight along connec-
tione 2 E. Then, the annual economic return for the airlines sector,
RALS, is given by:

RALS ¼
X
u2U

ðpuð1� kUÞ /u � ðcu þ vuÞf uÞ þ l �
X
e2E

ðpeð1� kEÞ /e

� ðce þ veÞf eÞ � CF
ALS ð5Þ

where l 2 ½0; 1� is the proportion of international traffic operated
by local airlines. Given the total fleet of aircraft, the adopted theo-
retical fleet capacity for network U, FU, is such as for any frequency
distribution ff u;u 2 Ug:X
u2U

Luf u 6 FU ð6Þ

where Lu is the block time associated to connection u 2 U.

4. ATS pricing through multi-level approach

In this study it is considered that the definition of ATS charges
must take into account the reaction of the airlines sector since
these charges constitute a noticeable part of their operational
costs. In the case of a public ATS provider, the final objective when
fixing ATS charges is supposed to be the maximization of the total
volume of passenger flows while considering the maximizing
profit behavior of the airline sector and insuring budget equilib-
rium for the ATS provider. The main objective of a private ATS pro-
vider is in general to maximize its profit while providing
acceptable conditions to the airlines sector to continue or develop
its air transport activity.Here it is supposed that international
flights f e 2 E are fixed by international agreements while pe 2 E
are fixed by the international market. Once the ATS fees
ting and Informatics (2018), https://doi.org/10.1016/j.aci.2018.07.001
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ðmu;u 2 U; me; e 2 EÞ have been fixed, the airlines sector is supposed
to fix his air transport supply to solve the following domestic prob-
lem with respect to fð/u;pu; f uÞ;u 2 Ug:

max
/u ;pu ;f u

X
u2U

ðpu/u � ððcu þ muÞf uÞ ð7Þ

with

0 6 /u 6 Ku � f u /u 6 Duðp; f Þu 2 U ð8Þ
X
u2Ui

Luf u 6 FU ð9Þ

and

pu P 0; f u P 0 u 2 U ð10Þ
Let /�ðmÞ;p�ðmÞ; f �ðmÞ be the solution of the above problem, then this
solution will be profitable for the airline sector if:X
u2U

ðp�
uð1� kUÞ /�

u � ðcu þ vuÞf �uÞ

þ l �
X
e2E

ðpeð1� kEÞ /e � ðce þ veÞf eÞ � CF
ALS P 0 ð11Þ

In the case of a public ATS provider, the problem of optimization
of the pricing of ATS can be formulated in the following way:

max
vu ;u2U

X
u2U

/uðmÞ þ
X
e2E

/e ð12Þ

with:

RATSð/�ðmÞ; f �ðmÞ;vÞ P Rmin
ATS ð13Þ

RALSðp�ðmÞ; f �ðmÞ;/�ðmÞ; mÞ P Rmin
ALS ð14Þ

and

mu P 0 u 2 U ð15Þ

where Rmin
ATS is the minimum acceptable economic return for the ATS

operator and Rmin
ALS is the minimum acceptable economic result for

the airlines sector.
In this study, constraints on the economic result of the interna-

tional airline companies are not considered. It is also supposed that
ATS/ATM costs remain lower than a certain percentage of the rev-
enue on an international connection:

ve f e 6 ge/epe with 0 < ge < 1 e 2 E ð16Þ
In the case of a private ATS provider, the problem of optimiza-

tion of the pricing of ATS can be formulated in the following way:

max
vu ;u2U

RATSð/�ðmÞ; f �ðmÞ;vÞ ð17Þ

with:

RALSðp�ðmÞ; f �ðmÞ;/�ðmÞ; mÞ P Rmin
ALS ð18Þ

and

mu P 0 u 2 U ð19Þ

where Rmin
ALS is the minimum acceptable economic result for the air-

lines sector. In this case, ve; e 2 E are such as:

ve f e ¼ ge/epe with 0 < ge < 1 e 2 E ð20Þ
In both cases, the ATS pricing problem configure a bi-level opti-

mization problem, where the leader is the ATS supplier and the fol-
lower is the airlines sector. This leads to the two-level scheme:
Please cite this article in press as: R. Guettaf, F. Mora-Camino, Applied Compu
5. Air transport supply optimization by the airlines sector

If it is supposed that on each link supply is not chosen superior
to potential demand, conditions (8) can be rewritten as:

/u ¼ Ku � f and Ku � f u 6 Duðp; f Þ u 2 U ð21Þ
since any overcapacity over a link will be an additional cost for the
airlines and then the effective transported flow along link u will be
equal to the offered capacity on that link. Then the airlines sector
problem (7)–(10) can be rewritten as:

max
pu ;f u

X
u2U

ðpu Ku � ðcu þ muÞÞf u ð22Þ

under constraints (9), (10) and (21).
It appears that for any given feasible frequency distribution,

maximizing the profit of the airlines sector will lead to increase
pu on each link. According to properties (1 � a) and (1 � b) of the
demand functions, this will lead to a diminution of demand which
will end when:

Ku � f u ¼ Duðp; f Þ u 2 U ð23Þ
Then, here it is considered that an efficient behavior for airlines

will be to provide a supply no greater than the expected demand
while all expected profitable demand should be satisfied. This
leads to the equilibrium conditions:

/u ¼ Ku � f u ¼ Duðp; f Þ 8u 2 U ð24Þ
Considering the invertibility property of ðDu;u 2 UÞ with respect
toðpu;u 2 UÞ, from (24), a bijective mapping F from p 2 RjUj to
f 2 RjUj can be defined, so that:

f ¼ FðpÞ and / ¼ K � FðpÞ ð25Þ
where K ¼ diagfK1; � � � ;K jUjg.

Then problem (7)–(10) is replaced by:

max
pu ;u2U

X
u2U

ðpu � Ku � ðcu þ muÞ�ÞFuðpÞ ð26Þ

underX
u2U

Lu � FuðpÞ 6 FU ð27Þ

and

pu P 0 u 2 U ð28Þ
In this study we consider particularly the case in which F is an affine
function with respect to p such as:

FðpÞ ¼ f 0 �U � p ð29Þ
where U is a square matrix of dimensions jUj.

Then we get for the airlines sector the following linear quadratic
optimization problem:

min
pu ;u2U

ptQ pþ Ptpþ R with Stp P Tandp 2 ðRþÞjUj ð30Þ

where

Q ¼ KU; P ¼ �ðUtðc þ mÞ þ K f 0Þ;
R ¼ ðc þ mÞtf 0; S ¼ UL and T ¼ LtUp ð31Þ

Problem (30) is a linear quadratic problemwhich can be numer-
ically solved easily by using algorithms such as [22,23]. However,
adopting some rather credible assumptions, the solution of this
problem can be turned analytic. For instance, taking into account
relations (1 � a):

Uuu >0 8u2U; Uuv 60 and jUuv j<<Uuu 8u;v 2U;u–v ð32Þ
ting and Informatics (2018), https://doi.org/10.1016/j.aci.2018.07.001
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and considering that K is a diagonal matrix, it is expected that
matrix Qs given by Qs ¼ ðQ þ QtÞ=2 will be a definite positive sym-
metric matrix. Here it is also useful to assume that:

UuuLu >
X
v–u

UuvLv 8u 2 U ð33Þ

so that S is a positive vector and that:

FU P Ltf 0 ð34Þ

Then S is a positive vector and T is a positive scalar see (27),
(29), so that the capacity constraint vanishes and the solution of
problem (30) is given by:

p� ¼ �1
2
ðQsÞ�1P ð35Þ

or

p� ¼ 1
2
ðQsÞ�1ðUtðc þ vÞ þ K f 0Þ ð36Þ
6. Optimal mean ticket rates by the airlines sector

Now assuming that the whole airlines sector adopts as refer-
ence price a mean ticket rate per flown hour p, so ticket rates are
defined such as:

pu ¼ Lu p u 2 U ð37Þ
problem (26)–(28) can be rewritten as a scalar optimization
problem:

max
p2Rþ

gðm; pÞ under hðpÞ 6 FU ð38Þ

where:

gðm; pÞ ¼ p � LtK � FðL � pÞ and hðpÞ ¼ Lt � FðL � pÞ ð39Þ
In the case in which F is an affine function, see relation (29), and

that U is such as (32) then the optimization criteria of problem
(38) becomes:

max
p2Rþ

ap2 þ bpþ c; p P d ð40Þ

with

a ¼ �LtKUL; b ¼ �ðLtK f o þ ðc þ mÞtULÞ ð41Þ
and

c ¼ �ðc þ mÞt :f 0; d ¼ ðLtf 0 � FUÞ=ðLtULÞ ð42Þ
Since a is expected to have a negative value, the general solu-

tion of this problem is given by:

p� ¼ max d;
�b
2a

� �
ð43Þ

Or

p� ¼ max
ðLtf 0 � FuÞ

LtUL
;
ðLtKf 0 þ ðc þ mÞtULÞ

2LtKUL

( )
ð44Þ

Then, the ATS fees will have an influence on the transportation
fares chosen by the airlines sector if the maximum of (44) is given
by the second term, this can be written:

mtUL P e ð45Þ
with

e ¼ Lt 2
LtKUL
LtUL

� K
� �

f 0 � 2
LtKUL
LtUL

FU � ctUL ð46Þ
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The optimal ticket rate p⁄ is given in that case by:

p� ¼ p0 þ qt � m ð47Þ

with

p0 ¼ Lt

2LtKUL
ðKf 0 þUtcÞ and q ¼ ðULÞt

2LtKUL
ð48Þ

and the optimal frequencies and expected demand are given by:

f �ðmÞ ¼ g�
0 � Gm � m and /�ðmÞ ¼ K f �ðmÞ ð49Þ

with

g�
0 ¼ f 0 � p0UL and Gm ¼ ULqt ð50Þ
The optimal frequency and expected demand are such as:

f � ¼ 1�ULLt

LtUL

� �
f 0 þ

UL
LtUL

FU and /� ¼ K f � ð51Þ
7. Pricing of ATS with a public supplier

Here it is supposed that the market conditions for international
connections are already established so that their economic return
for the airlines sector and the ATS provider are already known.
According to relations (12)–(15), when considering that condition
(45) holds, the problem of optimization solved by the public ATS
provider to choose a level for the ATS fees such as demand is pro-
moted can be rewritten under the form:

min
v

KtGm m ð52Þ

with the constraints:

v t NT v þMT v þ zT P 0 ð53Þ

v t NA v þMA v þ zA P 0 ð54Þ

mu P 0 8u 2 U ð55Þ
where

NT ¼ �Gm þ aintkUG
t
vK Lqt ;

MT ¼ ð1� aminkUqLtKÞg�
0 þ Gt

vðrþ aint kUK Lp0Þ ð56Þ

zT ¼
X
e2E

ððve �reÞf e þaextkE/epeÞ�CF
ATS �aintkULtKg�

0 �rtg�
0 �Rmin

ATS

ð57Þ

NA ¼ ð1� ð1� kUÞqtLtKÞGm;

MA ¼ ð1� kUÞLtKðg�
0q

t � p0KGmÞ þ ctGm � g�t
0 ð58Þ

zA ¼ ðð1� kUÞp0L
tK � ctÞ � g�

0 þ l �
X
e2E

ðpeð1� kEÞ /e

� ðce þ veÞf eÞ � CF
ALS � Rmin

ALS ð59Þ
In general, NT is definite negative, whereas NA is definite nega-

tive. Solution methods can be found in [21,22].
Fig. 2 illustrates the two-dimensional case (two air links oper-

ated in a single sector of air traffic control) (Fig. 3.):
The feasible region is represented by the area which is the inter-

section of the profitability areas of the airlines sector (ALS) and of
the ATS (ATC). Here the demand level lines are straight lines paral-
lel to D, whereas the optimal solution is at point A.

In the case in which the solution of (52)–(55) does not satisfy
condition (45), the volume of demand is fixed and given by (51).
ting and Informatics (2018), https://doi.org/10.1016/j.aci.2018.07.001
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Fig. 2. Solution for public ATS supplier (bi-dimensional case).

Fig. 3. Solution for private ATS supplier (bi-dimensional case).

6 R. Guettaf, F. Mora-Camino / Applied Computing and Informatics xxx (2018) xxx–xxx
Then the optimum problem reduces to finding a feasible solution
to the linear set of constraints with respect to m given by:

f �t �mþ aintkU
X
u2U

/�
up

�
u�rt � f � þ

X
e2E

ððve �reÞf e þaextkE
X
e2E

/epeÞ�CF
ATS �Rmin

ATS

 !
P 0

ð60Þ

f �t :vþ
X
u2U

p�Luð1�kUÞ �/�
u � ct � f � þl �

X
e2E

ðpeð1�kEÞ/e�ðce þveÞf eÞ�CF
ALS �Rmin

ALS

 !
P0

ð61Þ

mtUL 6 e ð62Þ
with (55) where p� is given by (44), f � and /� are given by (51).

Now considering that ATS fees are established on a flown time
basis, an ATS rate per flown hour v can be introduced such as:

mu ¼ Lu vu 2 U ð63Þ
which is solution when (45) is satisfied of the scalar optimization
problem:

min
v2Rþ

KtGm L v ð64Þ

under the constraints:

ðLt NT LÞv2 þ ðMT LÞv þ zT P 0 ð65Þ

ðLt NA LÞv2 þ ðMA LÞv þ zA P 0 ð66Þ

ðLtULÞv P e ð67Þ
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If the feasible set associated to constraints (65)–(67) is empty,
the ATS supplier can adopt the solution of the scalar optimization
problem:

max
v2Rþ

f �t � m ð68Þ

under the constraint

v tUL 6 e ð69Þ
with (44) where p� is given by (51), f � and /� are given by (51).

8. Pricing of ATS with a private supplier

According to relations (17)–(19), considering that condition
(35) holds, the problem of optimization solved by the public ATS
provider can be rewritten under the form:

max
v2ðRþÞjUj

v t NT v þMT v þ zT ð70Þ

under the constraints:

v t NA v þMA v þ zA P 0 ð71Þ

ðLtULÞv P e ð72Þ
Here also, solution methods can be found in [21,22].
The feasible region is represented by the area which is the inter-

section of the profitability areas of the airlines sector (ALS) and of
the ATS (ATC). Here the demand level lines are not represented, the
profit level lines are parameterized by the profit level, whereas the
optimal solution is at point B.If the feasible set associated to con-
straints (57) and (58) is empty, the ATS supplier can adopt the
solution of the scalar optimization problem (68), (69) with (55)
where p� is given by (44) while f � and /� are given by (51).

Here also, if we are interested in the ATS rate per flown hour v,
the problem of optimization solved by the public ATS provider can
be rewritten under the scalar form:

max
v2ðRþÞjUj

ðLt NT LÞv2 þ ðMT LÞv þ zT ð73Þ

under the constraints:

ðLtNA LÞv2 þ ðMA LÞv þ zA P 0 ð74Þ

ðLtULÞv P e ð75Þ
9. General solution algorithm

The problem considered in section 5 with a linear criterion and
quadratic constraints can be considered to be a special case of a
non convex linear program with LMI constraints [23] such as:

min ctzunderM1ðzÞ P 0 and; M2ðzÞ P 0 ð76Þ
where c 2 Rm is given and where:

MjðzÞ ¼ Mj
0 þ

Xm
i¼1

ziM
j
i j ¼ 1;2 ð77Þ

Mj
i j; i ¼ 0 to m; j ¼ 1;2 are symmetric matrices.
Observe also that problem (70)–(72) can be rewritten in this

formalism by replacing (70) by:

max wwith v t NT v þMt
T v þ zT �w P 0 ð78Þ

where w is the level of the objective function.
General non convex problem (76) and (77) can be solved

through an ellipsoid algorithm which has been developed in the
field of LMI’s [24]. At start it is supposed that an ellipsoid E0 in
ting and Informatics (2018), https://doi.org/10.1016/j.aci.2018.07.001
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Table 1
Adopted values for air links delays, capacity and costs.

Link u 1 2 3 4 5 6 7

Lu (hours) 2 1 1 2 1 1 2
Ku (seats) 100 100 100 100 100 100 200
cu (Euros) 8000 4000 4000 8000 4000 4000 16000

Fig. 4. The considered air traffic network.

R. Guettaf, F. Mora-Camino / Applied Computing and Informatics xxx (2018) xxx–xxx 7
Rm contains the feasible set and hence the optimal solution. A cut-
ting plane crossing the center zcð0Þ of this ellipsoid is chosen so
that the optimal solution lies in one of the half spaces of Rm given
by:

fz 2 Rm : mð0Þtðz� zcð0ÞÞ 6 0g ð79Þ
where mð0Þ is a non zero vector of Rm. Then an ellipsoid E1 with min-
imum generalized volume and containing the half ellipsoid given
by:

E0 \ fz 2 Rm : mð0Þtðz� zcð0ÞÞg ð80Þ
is constructed. The size of this ellipsoid is smaller than the one of
the previous ellipsoid and contains the solution. This process can
be repeated until a required accuracy is achieved.

Given an ellipsoid Ek given by:

fz 2 Rm : ðz� zcðkÞÞtA�1
k ðz� zcðkÞÞ 6 1g ð81Þ

where Ak is a symmetric definite positive matrix, the minimum vol-
ume ellipsoid Ekþ1 containing the half ellipsoid:

E0 \ fz 2 Rm : mðkÞtðz� zcðkÞÞ 6 0g ð82Þ
is given by

fz 2 Rm : ðz� zcðkþ 1ÞÞtA�1
k ðz� zcðkþ 1ÞÞ 6 1g ð83Þ

where:

zcðkþ 1Þ ¼ zcðkÞ � 1
mþ 1

Akwk ð84Þ

wk ¼ vk=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mtkAkvk

q
ð85Þ

and

Akþ1 ¼ m2

m2 � 1
Ak � 2

mþ 1
Akwkwt

kAk

� �
ð86Þ

Then considering at step k a point mk in Rm, two cases can be
considered:
– either M1ðykÞ P 0 and M2ðykÞ 6 0, in that case one takes mk ¼ c
and the half space:

fz 2 Rm : mtkðz� ykÞ > 0g ð87Þ

can be deleted since there ctz ¼ ctyk and points z cannot be solution
of the optimization problem.
– or M1ðykÞ < 0 or M2ðykÞ > 0, there exists a non zero vector u of
Rn such that according to the case:

utðM1
0 þ

Xm
i¼1

ziM
1
i Þ < 0 or utðM2

0 þ
Xm
i¼1

ziM
j
i Þ > 0 ð88Þ

then choosing:

mki ¼ �utM j
i u; i ¼ 1 to m ð89Þ

we have for every z 2 Rm such that mtkðz� ykÞ P 0:

utM1ðzÞu ¼ utM1ðykÞu� mtkðz� ykÞ < 0 or utM2ðzÞu
¼ utM2ðykÞu� mtkðz� ykÞ > 0 ð90Þ

The feasible set will be in the half space:

fz 2 Rm : mtkðz� ykð0ÞÞ < 0g ð91Þ

and mk allows to define the cutting plane at point mk. Then the whole
process is repeated until the size of the ellipsoid becomes suffi-
ciently small to insure accuracy of the solution. It can be shown
[5] that convergence is exponential.
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10. Numerical application

To illustrate the proposed approach, we consider the case of the
air traffic area represented in Fig. 4.

Table 1 provide the adopted values for the main parameters of
the considered air traffic network:

Here demand is supposed to depend only on the average price
of tickets. Relation (92) display the average daily demand for each
link.

D ;ð Þ¼

100
80
60
100
40
70
120

2
666666666664

3
777777777775
�

0:010 0:000 0:000 0:000 0:000 0:000 0:0000
0:000 0:010 0:000 0:000 0:000 0:000 0:000
0:000 0:000 0:013 0:000 0:000 0:000 0:000
0:000 0:000 0:000 0:012 0:000 0:000 0:000
0:000 0:000 0:000 0:000 0:0012 0:000 0:000
0:000 0:000 0:000 0:000 0:000 0:010 0:000
0:000 0:000 0:000 0:000 0:000 0:000 0:007

2
666666666664

3
777777777775

p1

p2

p3

p4

p5

p6

p7

2
666666666664

3
777777777775

ð92Þ

CF
ATS ¼ 85000, Rmin

ATS ¼ 130000, CF
ALS ¼ 1020000, Rmin

ALS ¼ 1550000
Minimum returns for the ATS and the ALS have been taken

equal to 1550 000 Euros and 130 000 Euros respectively while
fixed costs for ATS and ALS have been taken equal to 85 000 Euros
and 1 020 000 Euros respectively.

Tables 2 and 3 displays the obtained results for different values
of r0 and k given in %, unit for the ATS service rate v is Euros per
flight hour, units for mean tickets prices pi are Euros.Decreases of
fuel costs and other expenses which are included in CF

ALS and CF
ATS

have been considered allowing to introduce higher levels for

Rmin
ALS and Rmin

ATS . With the following values, CF
ATS ¼ 82000 Euros,

Rmin
ATS ¼ 132000 Euros, CF

ALS ¼ 1000000 Euros, Rmin
ALS ¼ 1560000

Euros, the resulting pricings are given in Table 4 and 5.

11. Discussion of the results

In all the considered numerical cases, the adopted solution
algorithm (section 9) produced the optimal solution in a reduced
number of iterations. This has allowed to consider large range of
variations for the average ATS costs (r) and for airlines tax rate
(k) while sensitivity analysis with respect to other relevant
ting and Informatics (2018), https://doi.org/10.1016/j.aci.2018.07.001
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Table 2
Pricing results for the public ATS case.

r0 k m p1 p2 p3 p4 p5 p6 p7

20 0.10 108.06 216.12 108.06 108.06 216.12 108.06 108.06 216.12
0.15 105.14 210.28 105.14 105.14 210.28 105.14 105.14 210.28
0.20 102.22 204.44 102.22 102.22 204.44 102.22 102.22 204.44
0.25 99.3 198.6 99.3 99.3 198.6 99.3 99.3 198.6

30 0.10 118 236 118 118 236 118 118 236
0.15 115 230 115 115 230 115 115 230
0.20 112 224 112 112 224 112 112 224
0.25 109 218 109 109 218 109 109 218

40 0.10 128 256 128 128 256 128 128 256
0.15 125 250 125 125 250 125 125 250
0.20 122 244 122 122 244 122 122 244
0.25 119 238 119 119 238 119 119 238

50 0.10 138 276 138 138 276 138 138 276
0.15 135 270 135 135 270 135 135 270
0.20 132 264 132 132 264 132 132 264
0.25 129 258 129 129 258 129 129 258

Table 4
Pricing results for the public ATS case.

r0 k m p1 p2 p3 p4 p5 p6 p7

20 0.10 107 214 107 107 214 107 107 214
0.15 104 208 104 104 208 104 104 208
0.20 102 204 102 102 204 102 102 204
0.25 99 198 99 99 198 99 99 198

30 0.10 117 234 117 117 234 117 117 234
0.15 114 228 114 114 228 114 114 228
0.20 112 224 112 112 224 112 112 224
0.25 109 218 109 109 218 109 109 218

40 0.10 127 254 127 127 254 127 127 254
0.15 124 248 124 124 248 124 124 248
0.20 122 244 122 122 244 122 122 244
0.25 119 238 119 119 238 119 119 238

50 0.10 137 274 137 137 274 137 137 274
0.15 134 268 134 134 268 134 134 268
0.20 132 264 132 132 264 132 132 264
0.25 129 258 129 129 258 129 129 258

Table 3
Pricing results for the private ATS case in Europe.

r0 k m p1 p2 p3 p4 p5 p6 p7

20 0.10 136.5 273 136.5 136.5 273 136.5 136.5 273
0.15 142 284 142 142 284 142 142 284
0.20 149 298 149 149 298 149 149 298
0.25 155 310 155 155 310 155 155 310

30 0.10 136.5 273 136.5 136.5 273 136.5 136.5 273
0.15 142 284 142 142 284 142 142 284
0.20 149 298 149 149 298 149 149 298
0.25 155 310 155 155 310 155 155 310

40 0.10 136.5 273 136.5 136.5 273 136.5 136.5 273
0.15 142 284 142 142 284 142 142 284
0.20 149 298 149 149 298 149 149 298
0.25 155 310 155 155 310 155 155 310

50 0.10 136.5 273 136.5 136.5 273 136.5 136.5 273
0.15 142 284 142 142 284 142 142 284
0.20 149 298 149 149 298 149 149 298
0.25 155 310 155 155 310 155 155 310

Table 5
Pricing results for the private ATS case in Europe.

r0 k m p1 p2 p3 p4 p5 p6 p7

20 0.10 121 242 121 121 242 121 121 242
0.15 127 254 127 127 254 127 127 254
0.20 134 268 134 134 268 134 134 268
0.25 140 280 140 140 280 140 140 280

30 0.10 121 242 121 121 242 121 121 242
0.15 127 254 127 127 254 127 127 254
0.20 134 268 134 134 268 134 134 268
0.25 140 280 140 140 280 140 140 280

40 0.10 121 242 121 121 242 121 121 242
0.15 127 254 127 127 254 127 127 254
0.20 134 268 134 134 268 134 134 268
0.25 140 280 140 140 280 140 140 280

50 0.10 121 242 121 121 242 121 121 242
0.15 127 254 127 127 254 127 127 254
0.20 134 268 134 134 268 134 134 268
0.25 140 280 140 140 280 140 140 280
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parameters could be performed. A global view of prices at the
network level is obtained which is of interest for both the ATS
and the airlines sector. In the considered demand structure
(relation 92) no competition has been introduced between desti-
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nations but this situation could have been tackled easily by the
proposed approach. In the considered numerical case developed
in this section, public ATS provides in general better results for
travellers (lower ticket fares) than private ATS, airlines results
remain stable (lower fares compensated by higher demand) while
ATS results are lower in the public case. According to tax levels,
fares can be modified (+ or �) up to 15% and demand can be
modified (+ or �) up to 10%. However, adopting different values
for the parameters as well as considering different network struc-
tures, could lead to different conclusions.

12. Conclusion

In this article we addressed the complex problem of ATS pricing
at network level by integrating within a new multilevel framework
the behavior of the different involved economic agents. Then, it has
been possible to take into account the reactivity of supply by the
airline companies and of demand by users as a result of the varia-
tion of ATS charges and air tickets prices.

The proposed framework allows in particular to tackle the issue
of having either a public or a private ATS provider by introducing
differentiated objectives depending of the nature of the ATS provi-
der and leading to different optimization problems. This has resulted
in the formulation of two different multilevel programming
ting and Informatics (2018), https://doi.org/10.1016/j.aci.2018.07.001
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problems with a common lower level problem associated with the
profit maximization behavior of the airline sector. This lower prob-
lem has been tackled on a multidimensional basis. It has been
shown that when mean spatial rates are considered, it is possible
under mild assumptions to solve analytically this problem.

The higher problems associated to the behavior of a private or a
public ATS provider, result in quadratic constrained optimization
problems which can be easily solved numerically using a special-
ized version of the ellipsoid algorithm.

The proposed approach allows for different sets of cost and
demand parameters, the extensive comparison of the optimal solu-
tions in terms of expected aircraft/passengers flows for the whole
network and in terms of economic returns for the ATS provider
and the airline sector.

The complexity of the considered issue has been tackled by
designing a multilevel solution approach which produces, through
the successive resolution of reduced numerical problems, a sound
basis for decision by public authorities to pursue efficiency and
fairness at network level for ATS pricing.
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