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A reduced-order model to estimate the aerodynamic forces and moments of a propeller at
incidence angle from 0◦ to 90◦ was presented. The objective was to provide an inexpensive and
effective approach to analyse propeller performance of a vertical/short take-off and landing
aerial vehicle during transition flight. The model was based on blade element theory and
was coupled with an extended momentum theory or Pitt & Peters inflow model to include the
asymmetrical flow condition. The aerofoil aerodynamic data was provided by an empirical
model that extended lift and drag polar to a broad angle-of-attack range suitable in transition
flight. Furthermore a rotational stall delay model and a radial flow correction model have
been incorporated to include primary 3-dimensional effects. The result has been presented and
compared with past experiment and unsteady Reynolds-averaged Navier-Stokes solution under
similar conditions.

I. Introduction
In recent years, interest on Vertical Take-Off and Landing (VTOL) aerial vehicles has increased significantly. One

promising configuration is the tilt-body/rotor aircraft. They orient their propellers in the vertical direction during
take-off and landing like a conventional helicopter. The aircraft then enter a transition phase, where their body or rotors
are rotated to align with a near horizontal flight direction for efficient wing-borne cruise.

(a) ISAE MAVION [1] (b) Boeing-Bell V-22 Osprey [2]

Fig. 1 VTOL aircraft concepts

Concepts in different scales have been investigated in past studies from micro aerial vehicles like the tilt-body
MAVION [3] developed at ISAE-SUPAERO (Fig. 1a), to full-scale aircraft such as the tilt-rotor V-22 Osprey (Fig. 1b).
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During the transition from near-hover to horizontal cruise condition, flight parameters such as angle of attack, airspeed
vary drastically[1] compared to a conventional aeroplane, and the airflow can no longer be assumed axisymmetric at the
propeller disk.

A. Background
Previous studies have shown that a propeller at non-zero incidence angle 𝛼𝑝 , which is measured between the rotation

axis and free stream direction, is subjected to asymmetrical forces and moments in the propeller plane.[4–6] Arrangement
of flight control surfaces and transition flight control law design need to take into account these aerodynamic efforts.
Those decisions affect aircraft configuration, and thus must be considered during preliminary design phase. For such a
purpose, a reduced-order model is desired to predict propeller performance at high incidence angle with affordable cost
and reasonable accuracy.

Ribner studied the non-axial flight condition on aeroplane propellers [5]. He modelled the propeller as a vertical fin
that deflects the momentum to produce asymmetric load. Charts and formulae were presented to predict the thrust
and moment gradient at small incidence angle taking into account the propeller geometry. Those results were later
simplified and extended towards moderate incidence angle by de Young [6].

Ribner’s model assumes uniform load distribution across the propeller blade, and thus it can’t produce load
distribution and its accuracy decreases at high incidence or low blade number.

Meanwhile Blade Element Momentum Theory (BEMT) has proven to be an effective tool for propeller and wind
turbine analysis. There is several work done to extend BEMT for non-axial flight. Crigler [7] proposed such a BEMT
model for aircraft propellers. The local flow condition at each blade section has been assumed to be uniform across the
annular ring during the solution process of the respective blade section. The method calculates radial varying blade
loading and shows non-uniform loads on the propeller disk. However, the validity of extending local flow condition to
full annulus is not justified.

Based on the previous work in modelling non-axial flight using BEMT, Smith [8] has presented a non-uniform
BEMT method by dividing a propeller annulus into segments, each segment corresponds to a different propeller
blade. Flow condition is only assumed to be uniform within one annulus segment. The segmented BEMT, although
produces velocity discontinuities at annulus edge, better captures the azimuthally dependent load variation. A radial
flow correction was included in the formulation of normal force, and comparison with experimental data [9] proved it to
be essential for accurate normal force estimation. But his implementation still suffers numerical stability issue and may
be improved to include the stall delay phenomenon at low advance ratio.

However the validity of BEMT at high incidence angle hasn’t been justified. Bramwell [10] pointed out that the
differential form of momentum equation is a special case in axial flight. When at incidence, or forward flight condition
for helicopter rotor, the pressure field satisfies Laplace equation under small perturbation assumption, and thus the
velocity field at propeller disk must be obtained as integral of pressure gradient instead of merely from local blade
section load. The theory leads to the development of various inflow model [11, 12]. The pressure distribution along the
disk is represented by a series expansion of Legendre polynomials, and induced velocity field is calculated through its
integral form. These models have been widely applied in predicting helicopter performance at forward flight [13, 14]
and wind turbines in yaw [15].

In the scope of a reduced-order model for preliminary rotor analysis, both BEMT and inflow methods show promising
aspects but also have their drawbacks. Although BEMT is good at capturing radial induced velocity distribution, it is
unable to predict the longitudinal induced velocity variation due to incorrectly assuming local association between
induced velocity and blade load. Thus BEMT is not able to predict a pitch moment originated from the upwash at rotor
disk leading edge. On the other hand, inflow model doesn’t hold such an assumption, but its lower-order implementation
assumes that induced velocity to be small compared to free stream in order to linearise the Euler’s equations, and thus is
slow to converge at low advance ratio.

B. Present work
The current study aims at creating a rapid analysis tool to predict propeller forces and moments at incidence angle

range between 0◦ and 90◦, from hover to horizontal flight. The program was written in MATLAB and was extended to
allow azimuthal blade load variation. For high advance ratios, inflow method was used instead of BEM to better predict
in-plane forces and moments. Furthermore, aerodynamic effects for propeller at high incidence have been identified and
modelled through comparison with experimental data.

Experimental data has been extracted from full-scale wind tunnel test conducted by Yaggy et al [9]. The 12-foot-
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diameter propeller was mounted in the Ames 40- by 80-foot wind tunnel and could be rotated from 0◦ to 85◦ incidence
angle. The blade pitch angle could be changed but the current study focuses on the comparison with 35◦ pitch angle
case, measured at 75% radius.

The paper is organised as follows. In Section II, the theoretical basis of the reduced-order model is introduced. The
extended BEMT method and Pitt & Peters inflow model are presented, along with two additional aerodynamic models
to correct 2D lift and drag coefficients for the 3D effects on propeller blade introduced by the free stream component
along the blade radial direction. This flow is associated with delayed stall on blade sections and additional drag in
radial direction, and thus has to be modelled for accurate aerodynamic forces and moments predictions. In Section III
theoretical result is validated by experimental data and solution from Unsteady Reynolds-Averaged Navier-Stokes
(URANS) equations.

II. Model Description
The aerodynamic loads on the propeller is calculated through Blade Element Theory (BET) coupled with either

momentum theory or inflow model. In BET, to determine the angle of attack on the blade element, the induced
velocity must be known. For small advance ratio, its value is determined by an extended momentum method based
on the implementation of Winarto [16]. This approach is presented in Section II.C, it reduces the equations into a
single-variable root finding problem such that numerical stability is improved [17]. For higher advance ratio (𝐽 ≥ 0.3),
Pitt and Peters inflow model [11] is used to calculate induced velocity distribution across rotor disk. The method is well
documented, and thus will only be briefly discussed in Section II.D.

A. Definition of Propeller Coordinate
To properly describe propeller loads, a coordinate system is defined according to the relative position between the

propeller and free stream. In this study the isolated rotor is subjected to a free stream velocity 𝑈∞ not aligned with its
axis of rotation 𝑍𝑝 , as shown in figure 2. The angle between axis of rotation and free stream velocity is defined as the
incidence angle 𝛼𝑝 . It is limited between 0◦ and 90◦ in current model, beyond which empirical models should be used
to solve induced velocity and blade loading [10].

The propeller coordinate system is centred at the rotor disk centre, and is defined by the rotor orientation relative to
free stream velocity. 𝑍𝑝 axis is perpendicular to the propeller disk and points forward. 𝑌𝑝 axis is defined in the propeller
plane, and points in the opposite direction as the in-plane component of free stream velocity 𝑈𝑌 = 𝑈∞ sin𝛼𝑝 . And 𝑋𝑝

axis is defined by right-hand law. A standard propeller rotates with angular velocity Ω in the positive 𝑍𝑝 direction.

Fig. 2 Definition of propeller coordinates

Current study focuses on two forces and two moments acting on the propeller: thrust 𝑇 , torque 𝑄, normal force 𝑁

and yaw moment 𝑛, which are also shown in Fig. 2. Thrust 𝑇 is defined to be the force component in the positive 𝑍𝑝

direction. Torque 𝑄 is the moment component in the 𝑍𝑝 axis and is positive when acting against rotation. Normal force
𝑁 is in the same direction as 𝑈𝑌 , and yaw moment 𝑛 is in positive 𝑌𝑝 direction.

Those forces and moments are not steady but changes when propeller rotates. The azimuthal position of the blade
is described by the angle 𝜓, where a superscript 𝑗 may be added to indicate a specific blade number. The angle 𝜓 is
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defined to be zero when the blade radius lies on positive 𝑌𝑝 axis. 𝜓 increases for a rotation in 𝑍𝑝 direction. Following
the conventions, propeller blades at azimuthal position 0 < 𝜓 < 𝜋 “advance” into the free stream flow, and thus this
side of propeller disk is referred to as the “advancing side”. Similarly, the side where 𝜋 < 𝜓 < 2𝜋 is referred to as the
“retreating” side, as blades “retreat” away from the free stream wind.

B. Blade Element Analysis
The blade element analysis is similar to conventional BET, but needs to take into account in-plane component from

free stream velocity. As illustrated in Fig. 2, a free stream component 𝑈𝑌 = 𝑈∞ sin𝛼𝑝 is in the propeller coordinate 𝑌𝑝

direction. This component appears because the free stream comes at incidence angle 𝛼𝑝 , and its existence makes the
flow condition no longer axisymmetric but change with azimuthal position 𝜓.

Fig. 3 Decomposition of in-plane velocity 𝑈𝑌

Seen from the front, at an arbitrary azimuthal position 𝜓, the in-plane component 𝑈𝑌 can be further decomposed at
the propeller blade into two components: 𝑈𝑇 in the tangential direction and 𝑈𝑅 in the radial direction. According to
Fig. 3, the two components are decomposed as follows.

𝑈𝑇 = 𝑈𝑌 sin𝜓 = 𝑈∞ sin𝛼𝑝 sin𝜓 (1)
𝑈𝑅 = 𝑈𝑌 cos𝜓 = 𝑈∞ sin𝛼𝑝 cos𝜓 (2)

The radial component 𝑈𝑅 is important in drag estimation along the blade span-wise direction, hence the normal
force prediction. It doesn’t directly affect axial and tangential forces, and thus will be ignored in the derivation of BET
method. The correction on normal force prediction is presented in Section II.E. The tangential component 𝑈𝑇 is in the
blade section plane, and consequently its contribution is included in blade element analysis.

The flow velocities for an advancing side blade section are schematically shown in Fig. 4.

Fig. 4 Velocity diagram for advancing blade section
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The relative wind velocity 𝑊 is composed of three different parts: 1. rotational velocity Ω𝑟; 2. free stream velocity
in the blade section 𝑈

𝜓
∞; and 3. induced velocity 𝑉𝜓. The superscript 𝜓 means variables are dependent on azimuthal

position 𝜓. The projection of free stream velocity in blade section plane 𝑈𝜓
∞ contains the in-plane velocity in the blade

tangential direction, and therefore changes the relative wind magnitude 𝑊 and its angle of attack 𝛼.
Note that, in the diagram, induced velocity contains both axial and tangential components: 𝑉𝜓

𝐴
is the axial induced

velocity and 𝑉
𝜓

𝑇
is tangential swirl velocity. They are determined by either momentum method or inflow model

introduced later.
The sectional lift and drag is given by 2D aerofoil aerodynamics.

𝑑𝐿 =
1
2
𝜌𝑊2𝐶𝐿𝑐𝑑𝑟 (3)

𝑑𝐷 =
1
2
𝜌𝑊2𝐶𝐷𝑐𝑑𝑟 (4)

where 𝐶𝐿 and 𝐶𝐷 are 2D lift and drag coefficients as functions of sectional Reynolds number 𝑅𝑒, Mach number 𝑀 and
angle of attack 𝛼. 𝑐 is the local chord length, and 𝑑𝑟 is differential radius.

Angle of attack 𝛼 can be found as the difference between blade pitch angle 𝛽 and inflow angle 𝜙 of the relative wind
velocity.

𝛼 = 𝛽 − 𝜙 (5)

For propeller at incidence, the angle-of-attack range can be broad, and thus it requires special models to generate
post-stall aerofoil behaviour. As such treatment is not the focus of current study, readers are kindly refered to an
empirical model developed by Bianchini et al [18]. The model is slightly modified to suit the data format of current
study, and thereafter the functional relations of 𝐶𝐿 and 𝐶𝐷 are assumed to be known.

The resultant sectional lift and drag are converted into differential thrust and tangential force through rotation by
angle 𝜙. The usual small angle approximation of 𝜙 is not employed due to possible large variation at high incident angle.

𝑑𝑇 =
1
2
𝜌𝑊2𝑐 (𝐶𝐿 cos 𝜙 − 𝐶𝐷 sin 𝜙) 𝑑𝑟 (6)

𝑑𝑄/𝑟 = 1
2
𝜌𝑊2𝑐 (𝐶𝐿 sin 𝜙 + 𝐶𝐷 cos 𝜙) 𝑑𝑟 (7)

To obtain overall forces and moments, the sectional thrust and torque need to be integrated along the blade and then
averaged in one period. Averaging is necessary since the propeller loading is dependent on azimuthal position, and
aircraft dynamic concerns mostly averaged performance [4].

𝑇 =
1

2𝜋

∫ 2𝜋

0

∫ 𝑅

0

(
𝑑𝑇

𝑑𝑟

)
𝑑𝑟𝑑𝜓

𝑄 =
1

2𝜋

∫ 2𝜋

0

∫ 𝑅

0

(
𝑑𝑄/𝑟
𝑑𝑟

𝑟

)
𝑑𝑟𝑑𝜓

𝑁 =
1

2𝜋

∫ 2𝜋

0

∫ 𝑅

0

(
𝑑𝑄/𝑟
𝑑𝑟

sin𝜓
)
𝑑𝑟𝑑𝜓

𝑛 = − 1
2𝜋

∫ 2𝜋

0

∫ 𝑅

0

(
𝑑𝑇

𝑑𝑟
𝑟 sin𝜓

)
𝑑𝑟𝑑𝜓

(8)

Though the flow is not axisymmetric, the propeller loading is nevertheless periodic [19]. Therefore it is not necessary
to average the propeller through a complete rotation. The forces and moments only need to be averaged for one loading
period, which equals to 2𝜋

𝐵Ω
(𝐵 is blade number), and then the components from all propeller blades are summed up .

𝑇 =

𝐵∑︁
𝑗=1

𝐵

2𝜋

∫ 𝑗 2𝜋
𝐵

( 𝑗−1) 2𝜋
𝐵

∫ 𝑅

0

(
𝑑𝑇

𝑑𝑟

)
𝑑𝑟𝑑𝜓

𝑄 =

𝐵∑︁
𝑗=1

𝐵

2𝜋

∫ 𝑗 2𝜋
𝐵

( 𝑗−1) 2𝜋
𝐵

∫ 𝑅

0

(
𝑑𝑄/𝑟
𝑑𝑟

𝑟

)
𝑑𝑟𝑑𝜓

𝑁 =

𝐵∑︁
𝑗=1

𝐵

2𝜋

∫ 𝑗 2𝜋
𝐵

( 𝑗−1) 2𝜋
𝐵

∫ 𝑅

0

(
𝑑𝑄/𝑟
𝑑𝑟

sin𝜓
)
𝑑𝑟𝑑𝜓

𝑛 = −
𝐵∑︁
𝑗=1

𝐵

2𝜋

∫ 𝑗 2𝜋
𝐵

( 𝑗−1) 2𝜋
𝐵

∫ 𝑅

0

(
𝑑𝑇

𝑑𝑟
𝑟 sin𝜓

)
𝑑𝑟𝑑𝜓

(9)
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C. Momentum Theory
Previous paragraphs detailed a method to resolve blade section force from local flow condition and aerofoil

aerodynamic data. This requires the induced velocity 𝑉𝜓 to be known. In part II.C.1 the equations that associate
induced velocity with sectional loading will be established using momentum balance. Those equations generally don’t
have closed-form solutions, and the solution technique will be presented in part II.C.2.

1. Momentum equations
In conventional BEM theory, the momentum analysis is performed upon a stream tube that passes an annulus at

given radius 𝑟 and has a differential width 𝑑𝑟, as illustrated in Fig. 5a and 5b.

(a) Upstream and downstream development (b) Front view of annulus

Fig. 5 Stream tube passing through propeller disk

The fluid far upstream in this stream tube is assumed to be at ambient condition. The flow is incompressible.
Across the rotor disk, the flow velocity stays continuous and a uniform static pressure jump is added to simulate

the propeller loading. Through momentum conservation, the fluid accelerates as it approaches the rotor disk, and
will continue accelerating to a finite velocity far downstream, resulting in a contracting stream tube seen in Fig. 5a.
Theoretical derivation shows that the induced velocity at the rotor disk is a half of the ultimate velocity increase [20].

To admit non-uniform flow condition over the annulus, each of them is further divided into equally distributed arc
segments by the number of blade [8]. For example, the annulus for a 2-blade propeller is separated into 2 arc segments
of 180◦ as shown in Fig. 6, with only axial induced velocity shown for clarity. The associated propeller blade and
annular flux are coloured the same. Superscripts indicate different blades.

Fig. 6 Segments for rotor disk annulus of a 2-blade propeller

Each blade section is associated with the arc segment that contains it. When performing blade element analysis, the
induced velocity will be taken as the average value over the associated arc. Each segment will be analysed independently.

Consider arc segment at position 𝑟 and the associated blade 𝑗 , the incremental thrust across the arc segment can be
found

𝑑𝑇 𝑗 =

∫ 2𝜋/𝐵

𝜓0 𝑗

2𝜌
(
𝑈𝐴 +𝑉 𝑗

𝐴

)
𝑉

𝑗

𝐴
𝑟𝑑𝜓𝑑𝑟 (10)
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Recall that induced velocity is considered as an average value across arc segment, and thus the integrand in 𝜓 is a
constant function.

𝑑𝑇 𝑗 =
4𝜋
𝐵

𝜌

(
𝑈𝐴 +𝑉 𝑗

𝐴

)
𝑉

𝑗

𝐴
𝑟𝑑𝑟 (11)

which is the incremental thrust generated by induced momentum flux over this arc segment.
Similar analysis yields the tangential force expressed as angular momentum change due to swirl velocity.

𝑑𝑄 𝑗/𝑟 = 4𝜋𝑟
𝐵

𝜌

(
𝑈𝐴 +𝑉 𝑗

𝐴

)
𝑉

𝑗

𝑇
𝑟𝑑𝑟 (12)

The thrust and torque obtained should be the same as found in blade element analysis in Section II.B. Thus when
the left-hand-side terms in Eq. (11) and (12) are substituted using their counterparts in BET, the association between
induced velocity and blade loading can be established in the form of BEMT.

2. Inflow angle equation
To solve both components of induced velocity 𝑉𝜓 and hence ultimately blade loading, the momentum flux is

balanced by the blade sectional force. From Eq. (6)

𝑑𝑇 𝑗 =
1
2
𝜌𝑊 𝑗2

𝑐

(
𝐶

𝑗

𝐿
cos 𝜙 𝑗 − 𝐶

𝑗

𝐷
sin 𝜙 𝑗

)
𝑑𝑟 (13)

Substitute into Eq. (11)

4𝜋
𝐵

𝜌

(
𝑈𝐴 +𝑉 𝑗

𝐴

)
𝑉

𝑗

𝐴
𝑟𝑑𝑟 =

1
2
𝜌𝑊 𝑗2

𝑐

(
𝐶

𝑗

𝐿
cos 𝜙 𝑗 − 𝐶

𝑗

𝐷
sin 𝜙 𝑗

)
𝑑𝑟

𝑊 𝑗𝑉
𝑗

𝐴
sin 𝜙 𝑗 =

𝜎

4
𝑊 𝑗2

(
𝐶

𝑗

𝐿
cos 𝜙 𝑗 − 𝐶

𝑗

𝐷
sin 𝜙 𝑗

)
𝑉

𝑗

𝐴

𝑊 𝑗
=

𝜎

4

(
𝐶

𝑗

𝐿
cos 𝜙 𝑗 − 𝐶

𝑗

𝐷
sin 𝜙 𝑗

)
csc 𝜙 𝑗 (14)

Notice that the right-hand-side terms is a function explicitly only in 𝜙 𝑗 and 𝜎 = 𝐵𝑐
2𝜋𝑟 is local solidity. Aerodynamic

coefficients are functions of angle of attack, Reynolds number and Mach number. The latter two are also functions of
relative wind 𝑊 , but, in most cases, a weaker function. To include the influence of 𝑊 , it is convenient to construct an
inner iteration on 𝜓 and an outer loop on 𝑊 .

Similarly the tangential swirl velocity ratio can be expressed as another function in 𝜙 𝑗 .

𝑉
𝑗

𝑇

𝑊 𝑗
=

𝜎

4

(
𝐶

𝑗

𝐿
sin 𝜙 𝑗 + 𝐶

𝑗

𝐷
cos 𝜙 𝑗

)
csc 𝜙 𝑗 (15)

In order to solve the induced velocity, equation 14 and 15 should be coupled. Recall from the vector summation of
relative wind velocity 𝑊 𝑗 .

𝑈𝐴 = 𝑊 𝑗 sin 𝜙 𝑗 −𝑉
𝑗

𝐴

𝑈𝐴

𝑊 𝑗
= sin 𝜙 𝑗 −

𝑉
𝑗

𝐴

𝑊 𝑗

𝑈𝐴

𝑊 𝑗
= sin 𝜙 𝑗 − 𝜎

4

(
𝐶

𝑗

𝐿
cos 𝜙 𝑗 − 𝐶

𝑗

𝐷
sin 𝜙 𝑗

)
csc 𝜙 𝑗 = 𝐺

(
𝜙 𝑗

)
(16)

Similarly,
Ω𝑟 +𝑈𝑇

𝑊 𝑗
= cos 𝜙 𝑗 + 𝜎

4

(
𝐶

𝑗

𝐿
sin 𝜙 𝑗 + 𝐶

𝑗

𝐷
cos 𝜙 𝑗

)
csc 𝜙 𝑗 = 𝐻

(
𝜙 𝑗

)
(17)

For simplicity, let 𝑈 ′
𝑇
= Ω𝑟 +𝑈𝑇 . Apparently, relative wind velocity 𝑊 𝑗 should be identical in both equation, and

thus

𝑈 ′
𝑇𝐺

(
𝜙 𝑗

)
−𝑈𝐴𝐻

(
𝜙 𝑗

)
= 0 (18)
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To eliminate the singularity at 𝜙 𝑗 = 0, we multiply both sides by sin 𝜙 𝑗 and the result gives a root-finding problem
only in inflow angle 𝜙 𝑗 . [

𝑈 ′
𝑇𝐺

(
𝜙 𝑗

)
−𝑉𝑋𝐻

(
𝜙 𝑗

) ]
sin 𝜙 𝑗 = 𝐼

(
𝜙 𝑗

)
= 0 (19)

The inflow angle Eq. (19) can be solved by various root-finding methods. Bisecting method is used in the current
study for stability concern. Once inflow angle 𝜙 𝑗 is found, the induced velocity can be recovered from Eq. (14) and (15),
hence the aerodynamic load on 𝑗-th blade element. The algorithm to solve one propeller section is schematically
described in Fig. 7. The maximum number of iterations 𝐼𝑡𝑟𝑚𝑎𝑥 is determined so that the bracketing interval becomes
sufficiently small. In current study, 𝐼𝑡𝑟𝑚𝑎𝑥 = 15.

Fig. 7 Flow chart for solving blade element forces

It is worth noticing that the segmentation in momentum analysis allows for independent solution at different propeller
blades, and thus it better describes the variation in blade loading when subjected to non-uniform flow condition. However
the assumption that flow is accelerating in well-defined annulus is difficult to justify, especially when the wake is highly
skewed. In these conditions, The induced velocity distribution is solved using inflow model presented in the following
section.

D. Pitt & Peters Inflow model
In 1974, Bramwell [21] showed that by assuming small perturbation, the Euler’s equation can be linearised. This

leads to two conclusions: 1. pressure distribution over the flow field satisfies Laplace equation, 2. induced velocity
can be obtained in an integral form of pressure gradient. Further developing the theory, Pitt & Peters have presented a
state-space dynamic inflow model which obtains bi-linear induce velocity distribution on the rotor disk plane with thrust,
pitch and yaw moment. The model is well documented in various articles [11, 22, 23], and is subsequently expanded to
include higher harmonics [13, 24], or to induced velocity off disk plane [25]. For performance analysis, the original
Pitt & Peters inflow model is sufficient, and will be briefly introduced following largely the derivation by Peters and
HaQuang [11].

The induced flow distribution is described as a three-states bi-linear function over rotor disk.

𝜈(𝑟, 𝜓) = 𝜈0 + 𝜈𝑠𝑟 sin𝜓 + 𝜈𝑐𝑟 cos𝜓 (20)

where 𝜈 =
𝑉𝐴

Ω𝑅
is the non-dimensional axial induced velocity, 𝜈0, 𝜈𝑠 and 𝜈𝑐 are uniform, lateral and longitudinal

variations, which are the three states defining its distribution. The induced velocity field is sketched in Fig. 8.
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Fig. 8 Bi-linear distribution of induced velocity

A state-space dynamic inflow model is obtained by solving for the pressure terms as Legendre polynomials that
satisfy Laplace equation. Only first-harmonic terms are kept to give bi-linear distribution. As a result, the induced
velocity states are related directly with thrust, yaw and pitch moment.

[𝑀]

¤𝜈0

¤𝜈𝑠
¤𝜈𝑐

 + [�̃�] [L ]−1


𝜈0

𝜈𝑠

𝜈𝑐

 =

𝐶𝑇

𝐶𝑛

𝐶𝑝

 (21)

where the first term on the left-hand side is the apparent mass term that represents wake transient, and is ignored since
only steady wake state is desired in current study. The second term is non-linear inflow gain matrix. [�̃�] is mass-flow
parameter matrix which gives weighted downstream velocities for thrust, pitch and yaw moments.

�̃� =


𝜆𝑇 0 0
0 𝜆 0
0 0 𝜆

 (22)

where 𝜆𝑇 =

√︃
(𝑈𝐴+𝑉𝐴𝑚 )2+𝑈2

𝑌

Ω𝑅
is the total inflow ratio. 𝑉𝐴𝑚

is the disk-averaged axial induced velocity obtained
from momentum theory. 𝜆 is the mass-flow parameter that considers cyclic disturbances, and is given by 𝜆 =
𝑈2
𝑌
+(2𝑉𝐴𝑚−𝑈𝐴) (𝑉𝐴𝑚−𝑈𝐴)√︃

(𝑈𝐴+𝑉𝐴𝑚 )2+𝑈2
𝑌

.

Matrix [L ] contains the influence from skewed wake. The terms in gain matrix are functions of the wake skew
angle 𝜒 = tan−1 𝑈𝐴+𝑉𝐴𝑚

𝑈𝑌
, depicted in Fig. 9.

The gain matrix [L ] is given below [11].

L =


1
2 0 − 15𝜋

64

√︃
1−sin 𝜒

1+sin𝑐 ℎ𝑖

0 4
1+sin 𝜒

0
15𝜋
64

√︃
1−sin 𝜒

1+sin 𝜒
0 4 sin 𝜒

1+sin 𝜒

 (23)

To solve the non-linear system, an iterative method is used. Induced velocity field is initialised with a BEMT solution
in axial condition, using 𝑈𝐴 as the axial velocity. Thrust, pitch and yaw moments are then obtained by BET taking 𝑈𝑌

into consideration. The non-dimensional coefficients are then fed into the state-space model Eq. (21) to update state
variable 𝜈0, 𝜈𝑠 and 𝜈𝑐. The new values are compared with the previous iteration until the maximum difference reduces
below a threshold.
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Fig. 9 Wake skew angle

E. Blade Sectional Force
This section presents two sub-models to correct for 3D effects on blade section aerodynamics specific to high

incidence condition. The methods mentioned previously calculates blade loading using BET, and thus only 2D aerofoil
polar is used to compute sectional loads.

However the presence of radial flow component has proven important to estimate rotor performance at high incidence
angle [19].

Local radial flow induced by the centrifugal force from rotation acts to delay stall onset compared to translating
2D airfoil, and failure to include such effect results in under-prediction of thrust at low advance ratio [26, 27] or high
incidence angle [8]. The rotational stall delay model is described in the first part of this section.

The free stream component projected in the blade radial direction creates additional drag that contributes to propeller
normal force 𝑁 . This effect is well studied in helicopter literature to estimate profile power during forward flight [19, 20].
The correction is presented in the second part of this section, and generally follows the analysis by Johnson [19].

1. Rotational stall delay
The delayed stall at the inner sections of propeller blade is first documented by Himmelskamp [26] during experiment.

While working in axial flow condition, the problem is most prominent when the advance ratio is small. For propeller at
high incidence angle, the axial component of free stream velocity is reduced, and thus the propeller performance largely
resembles those at lower advance ratio. It is for this reason that rotational stall delay is important for the current study.

Snel et al [28] studied this problem by performing an order-of-magnitude analysis on boundary layer equations in
rotating frame. The study revealed that tip-wise flow component acts as a favourable pressure gradient through Coriolis’
effect. Du et al [29] followed a similar approach and solved the equations for the trailing edge separation point by
assuming a linear edge velocity distribution, their finding confirmed that the trailing edge separation was indeed delayed.
Various studies on flapping wings [30] and rotary wings [31] also suggest that the mass transportation of tip-wise radial
flow provides a stabilization mechanism for leading edge vortex, which enhances lift generation. Unfortunately studies
on rotational stall delay effect for propeller at high incidence angle is scarce.

Following the analysis by Snel et al, different models were proposed. Breton et al [32] compared 6 of them against
wind tunnel data from NREL’s phase VI experiment. The result suggested that Snel’s model provides a good balance
between complexity and accuracy, and is suitable for implementation in a BET program. Therefore the current study
adopts Snel’s model for axial wind tunnel analysis.

Snel’s model corrects aerofoil lift and drag coefficients for rotational effects using the following formulae:

𝐶𝐿,3𝐷 = 𝐶𝐿,2𝐷 + 𝑓𝐿Δ𝐶𝐿 (24)
𝐶𝐷,3𝐷 = 𝐶𝐷,2𝐷 + 𝑓𝐷Δ𝐶𝐷 (25)
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where 𝐶𝐿,3𝐷 and 𝐶𝐷,3𝐷 are the corrected lift and drag coefficient; 𝐶𝐿,2𝐷 and 𝐶𝐷,2𝐷 are the unaltered lift and drag
coefficient obtained from 2D polar. Δ𝐶𝐿 = 𝐶𝐿𝛼

(𝛼 − 𝛼0) − 𝐶𝐿,2𝐷 and Δ𝐶𝐷 = 𝐶𝐷,2𝐷 − 𝐶𝐷0 , which are the differences
in lift and drag coefficients if the flow had not separated. Therefore Snel’s correction is a weighted average between
ideal linear lift and the viscous effect.

The original weighting function proposed by Snel are:

𝑓𝐿 = tanh 3 (𝑐/𝑟)2

𝑓𝐷 = 0

where the ratio 𝑐/𝑟 is the reciprocal of Rossby number 𝑅𝑜 for a rotating flow field, such as propeller or helicopter
rotor [30].

Although the original Snel’s model appeared to provide reasonable corrections, further modifications were suggested
for better agreement with experimental observations in Breton et al [32]: 1. the model should be switched off for blade
section situated outside of 80% radius; 2. a fading model is added so that the effect reduces linearly to zero at 50◦ angle
of attack.

Application of this model results in under-prediction of propeller torque and yaw moment. To correct the torque
estimation, an increase in drag coefficient is added. This modification during rotational stall delay was suggested by
Breton et al. The correction functions used in the current study are given below.

𝑓𝐿 = tanh 3 (𝑐/𝑟)2

𝑓𝐷 = 𝑓𝐿/2

The underestimation of yaw moment is attributed to the absence of non-uniform flow condition in Rossby number
calculation, as previous studies all focused on propeller working in axial flow condition. A further study [30] on the
scaling of Navier-Stokes equation in a rotating flow field suggests that Rossby number should be generalized to include
variation on local flow condition.

𝑅𝑜 =
1

1 + 𝐽𝜙
2
𝑟

𝑐
(26)

where 𝐽𝜙 =
2𝜋𝑈𝐴

Ω𝐷+2𝜋𝑈𝑇
is the local advance ratio, which includes the influence of in-plane free stream component.

2. Free stream radial flow correction
In section II.B, the blade analysis ignores radial flow component from free stream flow. The effect is usually

negligible for thrust and torque analysis, but not true for normal force 𝑁 [19]. As the propeller blade aligns with free
stream direction, the viscous drag created by this radial component makes contribution to normal force that is not
negligible. This effect is usually modelled in helicopter rotor analysis by drawing an analogy with swept wing [19].
Smith [8] first included the correction of radial flow in propeller analysis and successfully addressed the underestimation
of normal force. This correction can be easily integrated in BET using 2D aerofoil polar.

Fig. 10 Top view of blade section with radial free stream component
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Consider the top view of blade section in Fig. 10, the tangential velocity 𝑊𝑇 is perpendicular to the leading edge,
while the radial component 𝑊𝑅 points toward the blade root. Airflow thus meets the leading edge at a yaw angle
Λ = tan−1 𝑊𝑅

𝑊𝑇
. The aerofoil profile can be taken in two different sections: 1. the unyawed blade section (I); 2. the yawed

blade section (II). To include the influence of free stream radial component, the yawed blade section (II) should be
considered, sectional lift and drag force can be obtained using flow condition in the yawed section. Thrust, tangential
force as well as radial force can be converted from these lift and drag in the following manner.

𝑑𝑇 = 𝑑𝐿𝑦 cos 𝜙𝑦 − 𝑑𝐷𝑦 sin 𝜙𝑦 (27)
𝑑𝑄/𝑟 =

(
𝑑𝐿𝑦 sin 𝜙𝑦 + 𝑑𝐷𝑦 cos 𝜙𝑦

)
cosΛ (28)

𝑑𝐹𝑅 =
(
𝑑𝐿𝑦 sin 𝜙𝑦 + 𝑑𝐷𝑦 cos 𝜙𝑦

)
sinΛ = tanΛ𝑑𝑄/𝑟 (29)

where subscript 𝑦 denotes quantities in the yawed section.
The yawed section profile, however, is usually not known and difficult to determine. Therefore the sectional lift and

drag coefficients are usually determined through the unyawed section profile (I), and converted into forces in the yawed
section by some assumptions.

The first assumption states that lift remains the same in yawed and unyawed section. Indeed for incompressible, 2D
dominant flow, the blade subjected to a radial velocity should produce the same amount of lift when there isn’t a radial
flow but the observer is moving along the radial direction with the same velocity. Therefore

𝑑𝐿𝑦 = 𝑑𝐿 =
1
2
𝜌𝑊2

𝑇𝑐𝐶𝐿 (𝛼) 𝑑𝑟 (30)

Secondly, the yaw angle is assumed to be small, and therefore the drag polar can be approximated by the drag polar
of unyawed section.

𝐶𝐷𝑦
(𝛼) = 𝐶𝐷 (𝛼) (31)

During calculation, the angle of attack in yawed section 𝛼𝑦 should be applied along with respective wind velocity
𝑊𝑦 , chord length 𝑐𝑦 and differential radius 𝑑𝑟𝑦 .

The yawed angle of attack is related to that of unyawed section by the following relationship.

𝛼𝑦 = 𝛼 cosΛ (32)

And thus the drag force can be obtained.

𝑑𝐷𝑦 =
1
2
𝜌𝑊2

𝑦𝑐𝑦𝐶𝐷𝑦

(
𝛼𝑦

)
𝑑𝑟𝑦

=
1
2
𝜌𝑊2

𝑦𝑐𝐶𝐷

(
𝛼𝑦

)
𝑑𝑟 (33)

where 𝑊2
𝑦 = 𝑊2

𝐴
+𝑊2

𝑇
+𝑊2

𝑅
, and the elongation of chord length 𝑐𝑦 is cancelled by the reduction in differential radius

𝑑𝑟𝑦 .
Thus the sectional thrust, tangential and radial forces can be obtained through Eq. (32), (30), (33), and (27)-(29).

III. Results
To validate the reduced-order model, non-dimensional coefficients are obtained from calculation with an azimuthal

incremental step-size of 1◦. The reduced-order model switches from BEM theory to Pitt & Peters inflow model at
advance ratio 𝐽 = 0.3. The values are presented in non-dimensional forms as thrust, power, normal force and yaw
moment coefficients, defined respectively below.

𝐶𝑇 =
𝑇

𝜌 (Ω/2𝜋)2 𝐷4

𝐶𝑃 =
𝑃

𝜌 (Ω/2𝜋)3 𝐷5

𝐶𝑁 =
𝑁

𝜌 (Ω/2𝜋)2 𝐷4

𝐶𝑛 =
𝑛

𝜌 (Ω/2𝜋)2 𝐷5

(34)
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Propeller Curtiss C6348-C500

Diameter 3.66 m (12 ft)
Blade Number 3
Aerofoil sections NACA 16 series
Pitch angle at 0.75R 35◦

Table 1 Physical characteristics of propeller in experiment

where 𝑃 is mechanical power to sustain propeller rotation against aerodynamic torque 𝑃 = 𝑄Ω.
The results are compared to an experiment conducted by Yaggy et al [9] in NASA Ames 40- by 80-foot wind tunnel.

General characteristics of the full-scale propeller are presented in table 1. The set-up allowed incidence angle to change
from 0◦ to 85◦.

To further validate the engineering method, a CFD calculation is presented for the same propeller operating at
advance ratios up to 1.0. The effect of incidence angle is simulated by gliding mesh technique and the flow field is
analysed by solving URANS equations. Detailed set-up of the calculation can be found in the appendix.

A. Overall Comparison
The results are presented for two incidence angles, 𝛼𝑝 = 0◦ and 45◦. The data for each incidence angle are plotted

against various effective advance ratio calculated from free stream axial component 𝐽 ′ = 𝜋
𝑈𝐴

Ω𝑅
= 𝜋

𝑈∞ cos 𝛼
Ω𝑅

.

1. Propeller at incidence angle 𝛼𝑝 = 0◦ (axial flow)
The axial case is used to validate the engineering method and URANS. In Fig. 11, thrust coefficient is plotted in

solid line, and power coefficient is in dash line.

Fig. 11 Thrust and power coefficients at 𝛼𝑝 = 0◦

Asterisks mark the experimental data found in Yaggy et al [9]. Both thrust and power coefficients show a non-linear
reduction as advance ratio increases. From the velocity diagram 4, the axial free stream component acts to decrease
blade angle of attack, hence the reduction in lift and drag coefficients at high speed.

The results from reduced-order model and URANS calculation are presented and marked respectively by square
and circle markers. Both methods correctly predicts the reduction in thrust and power coefficients. The gray area
represents error estimated in Yaggy et al [9]. The reduced-order model prediction lie closely within the tolerance. At
small advance ratio, there appears to be a noticeable dip in thrust and power coefficients. This is explained by the
premature stall at certain blade sections, and suggests further improvements on stall delay prediction.

The thrust calculation from URANS agrees with experimental data well, however the power coefficients are
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underestimated. This suggests that the viscous effects computed from RANS model may be different from the flow
condition on the propeller blade. This causes discrepancies in drag predictions resulting in lower power consumption
than measured.

2. Propeller at incidence angle 𝛼𝑝 = 45◦
The results at 45◦ incidence angle are plotted in the same fashion in Fig. 12. Compared to the experimental

measurement in Fig. 11, thrust and coefficients at the lowest advance ration 𝐽 ′ = 0.2 remain almost the same, since the
influence of free stream is small compared to rotational speed.

Fig. 12 Thrust and power coefficients at 𝛼𝑝 = 45◦

As advance ratio increases, the coefficients decrease but to is much more gentle compared to axial case. The
thrust coefficient at 𝐽 ′ = 1.25 is about 1.4 times to its value at axial condition. This trend can be explained by
advancing-retreating blade effect. At the advancing side, the tangential component from free stream increases both
relative wind speed 𝑊 and effective angle of attack 𝛼. The opposite is true for retreating blade, but as the dynamic
pressure scales with the square of relative wind speed, the effect is more prominent for advancing blade. Therefore, the
net effect on the rotor disk is an increase of thrust and torque.

Both numerical models gives a more gentle reduction compared to the results in Fig. 11. The reduced-order model
captures this variation well with a gradual decrease consistent with experimental data. The premature stall is still
noticeable, but to a lessor degree.

The URANS calculation however, gives a steeper reduction in thrust, but still within tolerance. Power coefficient is
again underestimated. The degradation in URANS calculation is attributed to increased separation region at higher
incidence angle. This may indicate that, although suitable for design point analysis, RANS model still needs more
adjustments to accurately capture flow features specific to propeller operating at high incidence.

Non-axisymmetric forces and moments are also plotted for 𝛼𝑝 = 45◦ in Fig. 13. Three curves are given with solid
line representing normal force coefficient 𝐶𝑁 and dotted line for yaw moment coefficient 𝐶𝑛.

Normal force coefficient exhibits a quasi-linear trend. Following the notion in Fig. 2, the force increases in the
downstream direction on rotor disk plane. This is because advancing blades produce larger tangential force pointing
towards downstream direction than that from retreating blades. The net effect between two sides of rotor disk is a
force component directing downstream. As advance ratio increases, this asymmetric effect intensifies and renders the
quasi-linear trend in normal force coefficient 𝐶𝑁 .

The reduced-order model gives slightly higher values than the measurements, for most advance ratios, the curve is
displaced by a constant value of 0.01 from experimental data. The force gradient is in good agreement. Results from
URANS gives smaller value, which is consistent with the underestimation in power coefficient. Since the normal force
is more closely related to drag produced on the blades, a reduction in power should result in a similar under prediction
in normal force. The force gradient also appears shallower than the other two sets of data.

Yaw moment coefficient 𝐶𝑛 also increases quasi-linearly with advance ratio, and the moment rotates always about
negative 𝑌𝑝 axis, from advancing side towards retreating side according to Fig. 2. At high incidence angle, as discussed
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Fig. 13 Normal force and yaw moment coefficients at 𝛼𝑝 = 45◦

before, additional thrust is concentrated by advancing blades, and thus thrust centre shifts from propeller hub to
advancing side. The shift of thrust centre creates yaw moment.

The two numerical models all give consistent prediction on yaw moment as shown by the close relation of three
curves. This can be partly explained by the favourable trend in thrust calculation, since yaw moment is more closely
associated with thrust generation. In addition, the moment also depends on thrust distribution over rotor disk, and thus
supports the calculation methods on non-uniform loading propeller.

B. Effect of Stall Delay
The stall delay model is introduced to compensate the rotational effect that delays stall onset on blade sections at

lower advance ratio. Its effect on thrust and power coefficients can be seen in Fig. 14a.

(a) Thrust and power coefficients (b) Normal force and yaw Moment Coefficients

Fig. 14 Stall delay effect on propeller performance at 𝛼𝑝 = 45◦

In the figure, an additional curve marked by circle symbol is added to the previous data from experiment and
reduced-order model. It can be seen that the rotational effect is great at 45◦. For high advance ratio, the curves without
stall delay fall below the previous calculation while exhibiting a similar gentle reduction in thrust and power coefficients.
When the advance ratio decreases, the thrust curve neglecting stall delay effect lowers sharply at advance ratio around
0.6, showing a distinctive sign of blade stall. The thrust and power coefficient thus falls well below experimental data,
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while the prediction including stall delay effect is able to follow the measurement down to 𝐽 ′ = 0.2.
The stall delay also affects normal force and yaw moment calculation, as shown in Fig. 14b.
Without stall delay effect, the normal force and yaw moment are underestimated. The affected normal force

coefficient is still quasi-linear, but at a lower value. The impact of stall delay effect is more prominent in yaw moment
calculation such that the curve is no longer quasi-linear at low advance ratio. As a consequence of thrust reduction, yaw
moment calculated at advance ratio lower than 𝐽 ′ = 0.6 is much weaker, and thus the trend is non-linear at low speed
regime. At advance ration 𝐽 ′ = 0.5, the yaw moment coefficient is about half of the experimental data, and thus showing
the necessity in including stall delay correction.

C. Effect of Radial Flow Correction
The radial flow correction calculates blade sectional load in the yawed section by considering all three components

of free stream flow. The additional blade span-wise drag computed in this method contributes to normal force. This
effect is discussed in this section and shown in Fig. 15.

Fig. 15 Radial flow correction on normal force coefficient at 𝛼𝑝 = 45◦

In the plot, an additional curve calculated without radial flow correction is marked by circle symbol, and compared
against normal force and yaw moment coefficient from experimental data and normal calculation. This curve still
increases quasi-linearly with advance ratio, but shows an underestimation of normal force for the plotted advance ratio
range. At 45◦, this correction is already noticeable, and its effect is expected to increase at higher incidence angle. The
difference shows a normal force contribution due to the span-wise drag is required for propeller performance at high
incidence.

Unlike in Fig. 14b, only normal force coefficient is underestimated when radial flow correction is disabled, and yaw
moment coefficient is unaffected. This is expected since the correction mainly adds span-wise drag in normal force
calculation, sectional lift and drag characteristics are not significantly altered.

IV. Conclusion
The current study presented an effective reduced-order model to estimate propeller forces and moments at an

incidence angle ranging from 0◦ to 90◦ as typical during VTOL transition flight. The model was focused on rapid
preliminary design, and is based on BEM theory and Pitt & Peters inflow model. To fully simulate the influence of
non-axisymmetric flow condition, stall delay effect and radial flow corrections were added.

Results were compared with similar experiment and URANS calculation. It was found that the thrust and power
fall-off at high advance ratio is reduced at high incidence angle, and a quasi-linear increase with advance ratio in normal
force and yaw moment should be expected. These propeller behaviours could give valuable insights in the study of
VTOL transition flight.

Compared with both experimental data and URANS calculations, the reduced-order model has computed very
consistent results in both axial flight and high incidence conditions. Contrasting with URANS calculation, the method
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can capture important global variations in propeller thrust, power, normal force and yaw moment at a greatly reduced
computational cost. This was further confirmed by studying the effects of additional sub-models individually, which
showed improvements of prediction when each sub-model had been included. The model could be further improved by
including more harmonics and radial functions in Pitt & Peters inflow model to allow more detailed induced velocity
estimation, although its current state with only first-harmonics was already sufficient for preliminary performance
analysis.
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Appendix URANS Numerrical Setup
The three-dimensional Unsteady Reynolds-Averaged Navier-Stokes equations (URANS) are numerically solved

under their incompressible form using StarCCM+ commercial code. The computational domain was divided into an
outer cylindrical domain A sliding mesh approach is used where the rotor is enclosed within a spherical domainwith
radius and length equal to 10 and 50 rotor radii, respectively, and a spherical domain with radius equal to 2 rotor radii,
as shown in Fig. 16a.

(a) Computational domains (b) Sliding mesh configuration

Fig. 16 Numerical set-up
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The rotor was contained in the inner domain. Using sliding mesh technique, the entire inner domain can be tilted at
an angle of incidence 𝛼𝑝 with respect to the free stream velocity and can rotate at a given rotation speed relative to the
stationary outer domain - see Fig. 16b.

The unstructured mesh consists of 10 million hexahedral cells, with approximately 100 cells per blade chord.
The boundary conditions upstream and downstream of the rotor are implemented as velocity and pressure Dirichlet
conditions, respectively. The periphery of cylindrical domain is defined using a slip-wall condition and the blades are
modelled as non-slip surfaces. Time marching is achieved with a time step corresponding to 1/360𝑡ℎ of the rotor rotation
period. Both spatial and temporal discretisations are achieved using second-order schemes. Finally, the Spalart-Allmaras
model is employed for URANS turbulence closure with maximum 𝑦+ values on the order of 1.

Mean aerodynamic forces and moments are obtained by averaging instantaneous signals over one rotation period
after initial transients have sufficiently decayed (which requires at least five rotations of the rotor). Additional tests for a
rotor operating in axial flight condition with advance ratio close to 1 showed that increasing the spatial resolution by
a factor of two (approximately 200 cells per chord) resulted in changes less than 0.5% and 1% on thrust and torque,
respectively.

Simulations were run on HP Xeon E5-2670 v3 processors with a typical computational cost of approximately 300
CPU hours per rotor rotation (parallel on 72 processors).
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