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Abstract Aircraft conflict avoidance is a critical issue in Air Traffic Management, which can be addressed,
among others, by means of Mixed Integer Non-Linear Programming (MINLP) techniques.

In this work we introduce a new approach to address, via velocity regulation, the problem of
avoiding conflict for a set of aircraft flying in an air sector at cruise flight. Speed variations for all
aircraft are to be minimized so that, at any time instant, the horizontal distance between each pair
of aircraft is above a threshold security value. The problem can be expressed as a MINLP, solvable
with standard MINLP solvers for a small number of aircraft, but intractable for instances of more
realistic size. This motivates us the design of a cluster-based procedure.

In our approach, aircraft are clustered into groups, so that within each cluster the aircraft are
conflicting, while conflicts do not exist (or they are at least less severe) between aircraft in different
clusters. Then a MINLP solver is used sequentially on each cluster to minimally modify the aircraft
speeds so that conflicts within the cluster are solved, not creating new conflicts with aircraft in other
clusters.

Theoretical convergence of the procedure and preliminary numerical results will be discussed in
the talk.
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1. Introduction

One of the main and most crucial tasks of air traffic control services is continuously monitor-
ing aircraft trajectories, detecting potential conflicts, i.e., potential loss of separation between
trajectories, and issuing appropriate conflict resolution maneuvers. The increasing air traffic
on the world-scale has an immediate impact on air traffic controllers’ workload, making it
more and more difficult to handle aircraft conflicts. Hence, a higher level of automation in Air
Traffic Management and Control urgently needs to be introduced, so that automatic aircraft
conflict avoidance procedures have in particular received a growing attention over the past
few years.

Mathematical optimization naturally arises in this context, as one usually aims at separating
conflicting aircraft while optimizing a selected criterion (e.g., stay as close as possible to the
original trajectory, or minimizing delays induced by separation maneuvers). Mixed-Integer
Nonlinear Programming is attracting a growing attention for the considered real-world ap-
plication, as it enables to model the complex nonlinear (nonconvex) aircraft separation con-
straints while considering mixed variables (continuous variables typically used for aircraft
speeds, heading angles, etc., and integer ones typically used for logical choices). First ap-
proaches based on mixed-integer optimization date back to 2002 ([5, 8]), and more recently,
were proposed in [1, 2, 3, 6, 7].

One can observe that the complexity of the problem under consideration is specially related
to the nonlinear nonconvex separation constraints, that are indexed on all pairs of aircraft, and
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whose number increases quadratically with the number of aircraft. Hence, exact solution al-
gorithms easily turn to be computational demanding, specially when the number of aircraft
considered simultaneously is large. On the other hand, in realistic situations, the airspace sec-
tion under consideration is a quite large portion of the airspace where generally only small
groups of aircraft with close trajectories may potentially be in conflict. This suggest to decom-
pose the problem into smaller subproblems (clusters) of conflicting aircraft. Such an approach
was introduced in [3], where however a procedure to create subgroups of aircraft was not
proposed.

In the present work, we propose to decompose the overall problem into subproblems in-
volving only a small number of aircraft and to perform conflict avoidance exactly on these
subproblems, then combining all the obtained solutions. Subproblems are described through
mixed-integer nonlinear programs, and are constructed by clustering aircraft using a suitable
dissimilarity measure. Each cluster is solved to optimality, then clusters are modified if con-
flicts are still present, and the process is repeated until no conflicts occurr anymore.

2. Problem modeling

Let us consider a set A of n aircraft flying during their cruise flight in a given air sector, all at
the same flight level. The horizontal separation only has to be satisfied. This means that, at
any time instant t ≥ 0, the distance between any pair of aircraft i, j should not be smaller than
the horizontal separation standard d. Assuming that uniform motion laws apply, the position
xi(t) of aircraft i at time t is given by

xi(t) = xi(0) + tvi, (1)

where both the initial position xi(0) and velocity vi are assumed to be known, and the distance
‖xi(t)− xj(t)‖ between i and j satisfies

‖xi(t)− xj(t)‖2= t2‖vi − vj‖2+2t (vi − vj) · xr0ij + ‖xr0ij ‖2, (2)

where ‖·‖ is the Euclidean norm in the two-dimensional space and xr0ij = xi(0)−xj(0) denotes
the relative position at time t = 0 of aircraft i with respect to j.

Since, keeping the original trajectories, equation ‖xi(t)− xj(t)‖≥ d may not be fulfilled i.e.,
aircraft may be in conflict, suitable separation maneuvers, corresponding to trajectory devia-
tions, have to be carried out. We consider aircraft speed deviations, following the concept of
subliminal speed control, that was introduced as a promising method to improve traffic con-
gestion while maintaining a low impact on controller’s workload [4]. In this framework, we
allow each aircraft i to (slightly) modify its speed from vi to qivi, where the speed variations
qi are bounded in the interval [−6%vi,+3%vi].

Speed variations qi for all i, represent the main decision variables of our nonlinear opti-
mization problem, that is formulated as follows:

min
∑

i∈A(qi − 1)2

s.t. dij(qi, qj) ≥ d ∀i, j ∈ A, i < j

qmin ≤ qi ≤ qmax ∀i ∈ A
(3)

where qmin and qmax are lower and upper bounds on qi, and dij(qi, qj) represents the distance
between aircraft i and j. It is a nonlinear nonconvex expression, as detailed below.

3. Aircraft clustering-based algorithm

For speed variations qi, i ∈ A, the second-degree polynomial function in equation (2) attains
its minimum in [0,∞) at time instant

max
{

0, tmij (qi, qj)
}
, (4)



A Clustering-Based Algorithm for Aircraft Conflict Avoidance 147

with

tmij (qi, qj) =
− (qivi − qjvj) · xr0ij
‖qivi − qjvj‖2

. (5)

Hence, by substituting in (2), we have that the separation between aircraft i and j is

dij(qi, qj) =


√
‖xr0ij ‖2‖qivi − qjvj‖2−

(
xr0ij · (qivi − qjvj)

)2

‖qivi − qjvj‖
, if tmij (qi, qj) ≥ 0

‖xr0ij ‖, else

(6)

Equation (6) gives nonlinear nonconvex constraints for problem (3). Furthermore, the condi-
tion “if tmij (qi, qj) ≥ 0” leads us to introduce for each i, j ∈ A, i < j, the binary variables yij
as

yij =

{
1, if tmij ≥ 0

0, else,
(7)

or, equivalently, as

yij =

{
1, if (qivi − qjvj) · xr0ij ≤ 0

0, else,
(8)

i.e., the constraint (
(qivi − qjvj) · xr0ij

)
(2yij − 1) ≥ 0. (9)

We decompose the overall problem into subproblems involving only a small number of air-
craft and perform aircraft conflict resolution exactly on these subproblems, then combining
all the obtained results. To do so, clustering is performed to make groups of aircraft. As a dis-
similarity measure, we consider the pairwise critical distance for aircraft separation dij(qi, qj)
as defined in (6). The smaller the value of dij(qi, qj), the more critical the conflict is between
aircraft i and j, i.e., the more similar i and j are. We propose a hierarchical agglomerative
clustering procedure using single linkage (closest distance) to merge groups, and imposing an
upper bound σ on each cluster size in order to avoid clusters to be unbalanced in size.

Given aircraft with speeds (qivi)i∈A , the above clustering procedure yields a list of clusters
A1, . . . , Am. Such a list is sequentially inspected, and, for each cluster Ac, c = 1, 2 . . . ,m, an
optimization problem is solved, in which the speeds of all aircraft j outside Ac is considered
to be fixed to qjvj . More precisely, we seek the values (qi)i∈Ac as close as possible to 1 so that

1. inside Ac, all conflicts are solved, i.e., dij(qi, qj) ≥ d for all i, j ∈ Ac, i 6= j,

2. for a given set of aircraft pairs Bc ⊂
{

(i, j) : i ∈ Ac, j 6∈ Ac, dij(qi, qj) ≥ d
}
, no conflict

appears, i.e., dij(qi, qj) ≥ d.
Formally, the subproblem to be addressed for cluster Ac can be stated as

min
∑

i∈Ac (qi − 1)2 (10)
s.t. dij(qi, qj) ≥ d ∀(i, j) ∈ Ac, i < j (11)

dij(qi, qj) ≥ d ∀(i, j) ∈ Bc (12)
qmin ≤ qi ≤ qmax ∀i ∈ Ac. (13)

Convergence issues and empirical performance on test instances will be presented.
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