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Abstract— The use of the orbital angular momentum (OAM) 
may be of interest in the radio-frequency spectrum notably to 
multiple the number of communication channels. Another way to 
use this property is to transmit data through the OAM state (Q-
bit) of the transmitted wave. In a noiseless environment, the local 
estimation of the OAM order can be realized by means of a 
vector antenna that measures the 6 components of the 
electromagnetic field. In this article, we study the sensitivity to 
noise of this estimation. The OAM wave is generated via 
Laguerre-Gauss beams. For several mode orders, signal-to-noise 
ratio and distances to the transmitter, we perform a statistical 
analysis from which we obtain a probability of error in the order 
estimation. We demonstrate that the local estimation of the OAM 
order is very sensitive to noise, especially in the far-field zone. 

Index Terms—OAM, orbital angular momentum, Gauss-
Laguerre, noise study, vector antenna, local estimation, local 
detection, rotation phase fronts. 

I.  INTRODUCTION 
From electromagnetic literature, it is well-known that a wave 
carries energy and momentum. The momentum may have 
linear and angular components [1]. The angular momentum 
can be decomposed into a spin angular momentum (SAM) 
and an orbital angular momentum (OAM). 
In optics, the SAM has been observed since the thirties [2]. 
Conversely, it is only in 1992 [3] that a practical use of the 
OAM has been realized. The SAM corresponds to 
polarization. Thus, it only has two independent states, while, 
theoretically, there exists an infinite number of states for the 
OAM.  
In 2007 [4], the first radio OAM simulations were performed 
and 5 years later [5] the first radio OAM transmission was 
experimented.  In recent papers, the use of the different OAM 
states for increasing the capacity of wireless communications 
has been controversially discussed, notably via a MIMO 
analysis [6]. The purpose of this paper is not to answer this 
question but to determine whether the OAM order of a wave 
can be measured locally. 
As demonstrated in [7], it is possible to estimate 
unambiguously and locally the OAM order of an 
electromagnetic wave, knowing the beam axis and the 6 
components of the electromagnetic fields. However, this 
result has been presented in the absence of noise, which is not 
realistic for any practical application. 
In this article, we study locally the estimation of the OAM 
order in presence of noise using a single or an array of vector 

antennas (VA). This antenna measures at one or several points 
the 6 components of the electromagnetic fields, with complete 
amplitude and phase information. 

II. ORBITAL ANGULAR MOMENTUM 

A. Definition and quantification 

In the frequency domain, the angular momentum density 
associated with an electromagnetic field can be written as 

dV,)(ε= ∫ ×× HErJ Re0  (1) 
with r the position vector, E and H the electric and magnetic 
fields, respectively. As explained in [8], the angular 
momentum can be decomposed into two components. The 
intrinsic component, called the Spin Angular Momentum 
(SAM), corresponds to the polarization of the wave, and is 
independent of the coordinate system. On the contrary, the 
extrinsic component depends on the coordinate system, and is 
referred to as the Orbital Angular Momentum (OAM).  
With the previous decomposition, the angular momentum 
order j is the sum of the SAM and OAM orders denoted s and 
l, respectively. We obtain 
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In this paper, we only use linearly polarized waves for which  
s = 0, thus j=l. Besides, we only consider pure OAM modes, 
for which l is an integer. 
 

B. Receiver topology for a local estimation of the OAM 
order 

The system considered in this article is presented in Fig. 2. It 
consists of an OAM transmitter and a local receiver capable of 
estimating the OAM order. From (3), to estimate l we need to 
know x and y, i.e. the position of the receiver with respect to 
the transmitter z-axis. We also need to measure the 6 
components of the electromagnetic fields, with complete 
amplitude and phase information. Thus, an ideal receiver 
would be a vector antenna (VA) consisting of 6 co-located 
elements: three short electric dipoles and three short magnetic 



dipoles [9]. In the following, the vector antenna is assumed to 
be ideal: composed of ideal electric and magnetic dipoles 
without coupling. In this article, we consider different 
topologies of VA arrays that comprise between 1 and 9 
elements, and are of size from 0.1λ to λ, where λ is the 
wavelength as shown in Fig. 1. 

 
Fig. 1. Topologies of receivers with c=0.1λ or c=λ. 

 

 
Fig.  2. OAM transmitting and receiving simulation system. 

 

III. ANALYTIC FORMULATION OF A WAVE CARRYING AN 
OAM 

From optics literature [3], we know that paraxial Laguerre-
Gauss beams carry a pure OAM order. Furthermore, their 
analytic expressions are known and the azimuthal phase 
dependence is explicit. This makes the Laguerre-Gauss modes 
very useful and simple for modelling and studying an OAM 
carrying wave. 
 

A. Laguerre-Gauss beams 
The Laguerre-Gauss beams are solutions of the paraxial 
propagation equation. In cylindrical coordinates (ρ, φ, z), their 
amplitude is given by 
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where k is the wave number, | |l
nL are the Laguerre polynomials, 

and (l,n) are integers that define the orbital and radial mode 
orders, respectively. The expressions of W(z)  and R(z)  are 
given by 
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with W0 the beam waist size and 0z the Rayleigh distance. As 
presented in Fig. 3, W(z) represents the radius of the beam 
envelope, at which the Gaussian function has dropped of 1/e 
from its axial value. Furthermore, R(z) describes  the 
curvature radius of the wavefront on the z axis. 
Note the azimuthal phase dependency, exp(ilφ), in the analytic 
expression of the Laguerre-Gauss complex amplitude. 
The Laguerre-Gauss beams depend on the paraxial 
approximation, which assumes that the field is weakly 
diverging with propagation. This approximation is known to 
be valid when the field is confined in a cone of axis z and of 
angle 22°. This corresponds to W0>0,7λ. 

 
Fig.  3 (a) Shape of a Gaussian beam in the plane (xOz). (b) Radius of 
curvature of the wave front on the z-axis. 
 
In the following, only pure orbital modes, defined by n=0, are 
used. From the scalar solution (4), one can derive a vectorial 
formulation for the Laguerre-Gauss beams [10]. This yields 
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where Z0 is the free space wave impedance.  
 

B. Illustrations and validations 
In [7], a system study has been presented for OAM modes 
generated by a circular array antenna. It has been found that 
from the 6 components of the electromagnetic fields, with 
complete phase information, it is possible to estimate the 
OAM order by local measurements at a single point, assuming 
noiseless conditions and a known beam axis. We here perform 
a similar analysis but with the Laguerre-Gauss formulation. 
In Fig. 4, we observe the spiral phase variations in a 
transverse plane for two different values of l. This result is 
one of the main properties of a wave with a non-zero OAM 
order. Besides, it is consistent with [7]. This result also shows 
that the phase variation gets faster when |l| is higher. 



 
Fig.  4 Phase obtained in the plane z=25λ with the Laguerre-Gauss 

formulation for W0=2λ, and for either l=1 (a) or l=2 (b). 
 

In Table I, we compare the influence of the transmitter 
dimension, characterized by W0, on the maximum gain value 
and position. As in [7], when the antenna size becomes 
smaller, the angle of the maximum gain increases while the 
gain decreases. 

TABLE I.  INFLUENCE OF THE TRANSMITTER SIZE ON THE MAXIMUM 
GAIN VALUE AND POSITION FOR L=1 

W0(λ) Θ(°) Gmax(dB) 
1.0 13.4 15.0 
1.5 9.1 18.0 
2.0 7.3 19.8 

 
The previous simulations have shown the properties (phase 
and radiation pattern) of a Gauss-Laguerre beam with a non-
zero OAM order. We now estimate whether an array of vector 
antennas can be used to locally measure the OAM order. In 
Fig. 5, in the plane z=25λ, we estimate l with (2) for a beam 
such that W0=2λ and l=2 as a function of the distance to the z 
axis. The results show that all receivers achieve to estimate 
locally the OAM order except in the null beam axis. 
Moreover, with only one element, we obtain the best 
estimation. With 4 elements, the local estimation improves as 
the size of the receiver decreases.  

 

 
Fig.  5 Estimation of the OAM order for W0=2λ and l=2 in the plane z=25λ 
with 8 receiver topologies: 1 VA and arrays of 4 VA with c from 0.1 λ to λ. 

 
In Table II, we place the receiver at the greatest beam 
intensity, which location, (z)ρmax can be analytically calculated 
from the derivation of (4)  

 
| | 2/max lW(z)=(z)ρ . (9) 

 

TABLE II.  DEVIATION 2
estimated 10−− ll OF THE LOCALLY ESTIMATED 

OAM ORDER FOR .50,2 λ== zl . 

NXY
2 W0=λ W0=2λ 

1² 4.03 4.03 2.57 2.52
2² 5.32 5.32 2.63 2.52
10² 4.56 4.56 2.58 2.52

 
Even if the error is higher than the one obtained with a 
circular array [7], this result confirms that the OAM order can 
be estimated locally in a noiseless configuration. 

IV. LOCAL ESTIMATION OF THE OAM WITH NOISE 
To estimate the interest of OAM in RF transmissions, we 
propose to test the estimation of the OAM order with vector-
antennas in presence of noise.  
 

A. Noise definition 
To test the sensitivity of the OAM order local estimation to 
noise, we add independent Gaussian noises to the real and 
imaginary parts of the 6 components of the electromagnetic 
field (Ex, Ey, Ez, Hx, Hy, Hz), which are generated from 
Laguerre-Gauss modes. Then, we estimate the OAM order 
using (2). The total electromagnetic fields are given by 
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where ELG, HLG are the ideal fields coming from Laguerre-
Gauss formulations, as defined in (7) and (8), and EN, HN  are 
the noise vectors. Finally, the noise components can be 
expressed as  
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where { } { }zy,x,iHi
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 are independent zero-mean 

normal distributions with standard deviations σE and σH, for 
the electric and magnetic fields, respectively. The noise 
standard deviations have to be determined. We choose them 
from a signal-to-noise ratio (SNR) defined by 
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where |Emax(z)| is the maximum value of the field for a fixed 
value of z. Therefore, by setting a value to the SNR, we 
deduce the noise power for any value of z  

SNR
(z

=(z)σE

2
max2 )E

, (13) 

For the magnetic field, we choose 0/ Zσ=σ EH . In 
simulations, the noise power will be chosen from realistic 
values of the SNR in telecommunications, i.e. between 10 dB 
and 30 dB. 
 



B. Results in the far-field zone 
From the developed tool, the OAM order is estimated locally 
in the far-field zone at z=10z0 for W0 = 2λ, l=2,and a SNR of 
30 dB. At each point of the simulation, one sample of the field 
noise EN, HN is considered. The locally estimated OAM order 
as a function of the distance to the z axis is shown in Fig. 6. 
Regardless of the receiver topology, the estimation is very 
sensitive to noise even around the highest radiation intensity. 

 
Fig.  6. Locally estimated OAM order with noise for various receiver 
topologies with W0=2λ, l=2, z=10z0, SNR=30dB. 

 
It appears that we cannot deduce directly the OAM order as in 
the noiseless case, even around the highest radiation intensity. 
Besides, the accuracy of the estimation decreases when the 
distance to the beam axis increases.  

C. Results at shorter distances 
To analyse the sensitivity to noise at shorter distances, we 
keep the same parameters except the distance z, which here is 
half of the Rayleigh distance 0.5 z0. In Fig. 7, we observe that 
the OAM order can be estimated, especially around the 
highest beam intensity, between 0.86λ and 2.8λ from the beam 
axis. 
 

 
Fig.  7. Locally estimated OAM order with noise for 5 receiver topologies 
with W0=2 λ, l=2, Dz=0.5z0, SNR=30dB. 

V. STATISTICAL ANALYSIS 
As noted earlier, the local estimation of the OAM order is 
very sensitive to noise, especially in far-field zone. For one 
random sample of the noise, this order does not appear to be 
measurable directly, but increasing the number of elements in 
the VA array improves the results. That leads to consider a 
statistical approach for studying the local estimation of the 
OAM order with noise. 

 

A. Principle 
The noise is stochastic. Therefore, only a statistical analysis 
can fully determine its influence on the estimation. 
We perform Monte-Carlo simulations to obtain the statistical 
parameters associated with the local estimation of the OAM 
order. We use 5 different topologies of receiver, placed at the 
location of the greatest field intensity. With the Monte-Carlo 
simulations, we compute the mean, the standard deviation and 
the error rate of the order estimation. 
Let N be the total number of noise samples, lq the locally 
estimated OAM order at the q-th sample. The estimated mean 
is 

∑
N=q

=q
qmean l

N
=l

1

1 . (14) 

.         (13) 
Similarly the estimated standard deviation can be written as 
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We consider that an error arises in the estimation of the OAM 
order when the absolute value of the difference between the 
locally estimated and the actual OAM order is greater than 0.5 
because this value corresponds to half of the difference 
between two consecutive orders.  

N
N

= error
lProbaError , (16) 

where Nerror is the number of samples such that |lq-l|>0.5. In 
this analysis, the error rate is the key result, since it is the 
equivalent to the BER (Bit Error Rate) in telecommunications. 
In this section, we display in Fig. 8 the evolution of the 
estimated error rate with the number of samples. One can see 
that mostly after 500 noise samples, the error rate of the local 
OAM order estimation has stabilized. So we set N to 1000 for 
the next simulations. 

 
Fig. 8. Error rate for N noise samples of the OAM order locally estimated. W0 
= 2λ, l=2, Dz=10z0 and SNR = 30dB. 

B. Results 
From the reference configuration, we study the influence of 
changes in one parameter (z, l or SNR). First and foremost, we 
study the sensitivity when the distance z varies from 0 to 100 
z0. The error rate, in Fig. 5, confirms our previous 
observations. Indeed, the local estimation of l seems to be 
impossible in the far-field zone. Increasing the number of 



elements in the VA array improves the OAM order local 
estimation. 

 
Fig.  9. Influence of z on the error rate for 1000 noise samples with W0 = 2λ, 
l=2, and SNR = 30dB. 

 

 
Fig.  10. Influence of l on the error ratio in 1000 noise samples. W0 = 2λ, 
z=10z0, and SNR = 30dB. 

 
Fig. 10 represents the error rate when modifying the OAM 
order l. The lower |l| is, the better the estimation is. This is 
true regardless of the array topology. Note also that when the 
number of elements in the array increases, the error rate 
decreases. 
The impact of the SNR on the OAM order estimation is given 
in Table. 3. As expected, the error grows rapidly when the 
SNR decreases.  

TABLE III.  INFLUENCE OF THE SNR ON THE ERROR RATE FOR 1000 
NOISE SAMPLES WITH .2,2,10 00 === lWzz λ   

SNR(dB) 10 30 
1 VA 0.99 0.85 
4 VA 0.97 0.70 
9 VA 0.95 0.60 

VI. CONCLUSION 
In this paper, we have investigated the sensitivity to noise 

of the local estimation of the OAM order. Several topologies 
of receivers have been considered consisting in either a single 
or an array of vector antennas that measure the 6 components 
of the electromagnetic fields. 

The local estimation of the OAM order has been found to 
be very sensitive to noise. In the far-field zone and for realistic 
values of SNR, we have obtained error rates that are not 
acceptable in the context of wireless transmissions. This 
questions whether OAM can be directly used in this context, 

i.e. without dedicated signal processing algorithm. However, at 
shorter distances, the error rate decreases, which may lead to 
practical applications. 
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