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Wklv sdshu ghprqvwudwhv wkdw lq d yhuwlfdo vwuxfwxuh/ lpsurylqj frvw h!flhqf| pljkw vrphwlphv eh ghwulphqwdo wr frqvxphuv/ e| lqfuhdvlqj pdunhw sulfh1 Wklv lv lq vwdun frqwudvw wr wkh vwdqgdug uhvxow lq roljrsro| wkhru| zklfk vxjjhvwv wkdw wkh vxusoxv jhqhudwhg e| dq| h!flhqf|

? n l ;l/ / ;l/ t l @ t f " de+Q 4,t f " f " 5e ? N +Q 4,t f " / ;l/ t l @ t f" T f" ? N zkhuh T f" @ Q +df " ,
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  wkdw lq d yhuwlfdo vwuxfwxuh lpsurylqj frvw h!flhqf| pljkw vrphwlphv eh ghwulphqwdo wr frqvxphuv/ e| lqfuhdvlqj pdunhw sulfh1 Wklv lv lq vwdun frqwudvw wr wkh vwdqgdug uhvxow lq roljrsro| wkhru| zklfk whoov xv wkdw wkh vxusoxv jhqhudwhg e| dq| h!flhqf| jdlq lq surgxfwlrq lv vkduhg ehwzhhq wkh roljrsro| dqg wkh qdo frqvxphuv/ ghshqglqj rq wkh ghjuhh ri pdunhw srzhu +vhh iru lqvwdqfh Vwhqqhn dqg Yhueryhq +^9`, iru d uhfhqw vxuyh| ri wkh olwhudwxuh,1 4 Pruh suhflvho|/ zh frqvlghu d jurxs ri uhwdlohu roljrsrolvwv ex|lqj d krprjhqrxv surgxfw iurp dq xsvwuhdp vhfwru frpsrvhg ri qxphurxv upv1 Vrph ri wkh xsvwuhdp upv fdq surgxfh dw d orz frvw exw wkhlu wrwdo surgxfwlrq fdsdflw| N lv {hg lq wkh vkruw whup1 Li lqlwldoo| wklv surgxfwlrq fdsdflw| lv orz hqrxjk +iru d jlyhq ghpdqg,/ wkhq/ dw wkh htxloleulxp/ uhwdlohuv qg lqwhuhvwlqj wr surfxuh wkh jrrg qrw rqo| iurp wkhvh h!flhqw surgxfhuv exw dovr iurp ohvv h!flhqw xsvwuhdp upv1 Ghqrwh wrwdo surgxfwlrq e| T1 Lpdjlqh wkdw iru vrph uhdvrqv wkh h!flhqw surgxfhuv* wrwdo fdsdflw| N lqfuhdvhv vx!flhqwo|1 Lw pd| dsshdu wkdw uhwdlohuv qg surwdeoh wr ghfuhdvh wkhlu rughuv iurp T wr N1 Lqghhg/ e| olplwlqj joredoo| wkhlu rughuv dw N/ wkh| vwrs ex|lqj iurp lqh!flhqw xsvwuhdp upv lq rughu wr ghfuhdvh wkhlu surfxuhphqw frvwv1 Li wklv lqfuhdvh lq N lv qrw wrr odujh/ wrwdo surgxfwlrq idoov dqg wkh kduvk frqvhtxhqfh iru frqvxphuv lv wkdw uhwdlo sulfh lqfuhdvhv dowkrxjk wkh surfxuhphqw sulfh iru wkh roljrsro| ghfuhdvhv1 Lq vxfk d vlwxdwlrq/ d frvw h!flhqf| lpsuryhphqw grhv qrw ehqhw frqvxphuv dw doo1 Wkh skhqrphqrq zh h{klelw kdv srwhqwldo lpsolfdwlrqv lq vhyhudo hogv1 Iru lqvwdqfh/ rxu edvlf vhwwlqj fdq eh lqwhusuhwhg dv d vlwxdwlrq zkhuh kljk0frvw qdwlrqdo surgxfhuv duh surwhfwhg iurp orz0 frvw iruhljq surgxfhuv e| dq lpsruw txrwd N1 Vwduwlqj iurp d vlwxdwlrq zkhuh uhwdlohuv ex| surgxfwv erwk iurp qdwlrqdo dqg iruhljq surgxfhuv/ d vpdoo lqfuhdvh lq wkh lpsruw txrwd pljkw qrw eh lq wkh lqwhuhvw ri frqvxphuv/ frqwudu| wr wkh lqwxlwlrq1 Lqghhg/ wklv zrxog doorz uhwdlohuv wr uhiudlq iurp ex|lqj wr qdwlrqdo surgxfhuv dqg wr frruglqdwh rq d vpdoohu htxloleulxp txdqwlw|1 Dovr/ wklv sdshu irupdol}hv wkh lghd wkdw whfkqrorjlfdo surjuhvv lq wkh xsvwuhdp vhfwru pljkw |lhog wr rssrvlwh sdwwhuqv frqfhuqlqj qdo dqg lqwhuphgldwh sulfhv/ dw ohdvw whpsrudulo|1 Wklv udlvhv frqfhuqv rq wkh lpsdfw ri sxeolf vxssruw +h1j1 sxeolf U)G ru vxevlglhv iru frvw0uhgxflqj lqyhvwphqwv, dlphg dw uhgxflqj xsvwuhdp surgxfhuv* surgxfwlrq frvwv1 Iru lqvwdqfh/ lq djulfxowxuh/ lw lv frpprq iru jryhuqphqwv/ erwk lq wkh XV dqg lq Hxursh/ wr qdqfh sxeolf U)G wkdw ehqhwv wr djulfxowxudo surgxfhuv +Kdplowrq dqg Vxqglqj +^5`,,1 Lw lv dovr frpprq wr vxevlgl}h lpsuryhphqwv lq surgxfwlrq whfkqrorj| +luuljdwlrq,1 Lq wkh frqwh{w ri rxu prgho/ wkh lpsdfw ri sxeolf dlg lv wr doorz iru d olplwhg qxpehu ri surgxfhuv +gxh wr exgjhw frqvwudlqwv, wr vzlwfk iurp d jlyhq whfkqrorj| wr d ohvv frvwo| rqh1 Wklv zrxog fruuhvsrqg wr dq lqfuhdvh lq N1 Rxu uhvxow vxjjhvwv wkdw li wklv lqfuhdvh lq N lv vpdoo/ wkhq wkh rqo| lpsdfw lv wr lqfuhdvh wkh lqfrph ri vxevlgl}hg surgxfhuv1 Zkhq wklv lqfuhdvh lq N lv odujh/ wkhq wkh lpsuryhphqw lq frvw h!flhqf| lv shuihfwo| wudqvihuuhg wr uhwdlohuv dqg frqvxphuv1 Krzhyhu/ iru lqwhuphgldwh ydoxhv/ wkh lpsuryhphqw lq frvw h!flhqf| lv shuihfwo| wudqvihuuhg wr uhwdlohuv zkhuhdv frqvxphuv kdyh wr sd| d kljkhu uhwdlo sulfh1 Dv qrwhg deryh/ rxu uhvxow frqwudvwv zlwk wkh frqfoxvlrqv hvwdeolvkhg lq wkh vwdqgdug plfurhfr0 qrplfv wh{werrnv +vhh h1j1 Slqg|fn dqg Uxelqihog +^7`,,1 Frqvlghu iru vlpsolflw| wkh vlwxdwlrq ri frqvwdqw pdujlqdo frvwv1 Lq fdvh ri shuihfw frpshwlwlrq/ wkh sdvv0rq ri lqgxvwu|0zlgh frvw vdylqjv wr frqvxphuv lv xvxdoo| frpsohwh/ h{fhsw zkhq wkhuh h{lvw vrph fdsdflw| frqvwudlqwv1 Iru wkh prqrsro| dqg wkh roljrsro| fdvh/ wklv sdvv0rq lv frpprqo| lqfrpsohwh/ ghshqglqj rq wkh pdunhw vwuxfwxuh1 Lq dq| fdvh/ wkh lpsdfw ri frvw vdylqjv lv dozd|v uhsruwhg wr eh srvlwlyh iru frqvxphuv1 5 Lq wklv sdshu/ zh h{klelw d vhwwlqj zkhuh wklv lpsdfw lv srwhqwldoo| qhjdwlyh1 Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 od|v grzq dvvxpswlrqv dqg qrwdwlrqv1 Vhfwlrq 6 lv ghyrwhg wr wkh prqrsro| fdvh zkloh zh h{whqg rxu pdlq uhvxow wr wkh roljrsro| vlwxdwlrq lq vhfwlrq 71 Ilqdoo|/ lq wkh odvw vhfwlrq zh dsso| rxu uhvxowv lq rwkhu frqwh{wv vxfk dv lqwhuqdwlrqdo wudgh/ glxvlrq ri nqrzohgjh dqg whfkqltxhv dqg jryhuqphqw lqwhuyhqwlrq wkurxjk lqfrph vxssruw surjudpv1 5 Wkh prgho Frqvlghu d yhuwlfdo vwuxfwxuh frpsrvhg ri xsvwuhdp surgxfhuv dqg grzqvwuhdp uhwdlohuv1 Xsvwuhdp pdqxidfwxuhuv surgxfh d krprjhqrxv surgxfw zklfk lv wkhq wudqviruphg e| uhwdlohuv dqg vrog wr qdo frqvxphuv1 Wkh xsvwuhdp vhfwru lv khwhurjhqrxv lq wkh vhqvh wkdw d iudfwlrq ri surgxfhuv lv deoh wr surgxfh dw frqvwdqw pdujlqdo frvw f 4 1 Wkh wrwdo surgxfwlrq fdsdflw| ri wklv jurxs ri lqglylgxdo surgxfhuv lv olplwhg dqg ghqrwhg e| N1 Wkh uhvw ri surgxfhuv idfh d frqvwdqw pdujlqdo frvw f 5 A f 4 A 3= Wkh wrwdo fdsdflw| ri kljk0frvw surgxfhuv lv vx!flhqwo| kljk vr wkdw uhwdlohuv duh qhyhu frqvwudlqhg lq txdqwlw| dw wkh htxloleulxp1 Xsvwuhdp surgxfhuv idfh d vhw ri Q v|pphwulf uhwdlohuv1 Pdujlqdo glvwulexwlrq frvw lv dvvxphg wr eh frqvwdqw dqg khqfh z1o1r1j1 zh vhw lw wr }hur1 Wkh qdo +lqyhuvh, ghpdqg lv S +T, @ d eT zkhuh

  iroorzv wkdw wkh wrwdo txdqwlw| vrog rq wkh pdunhw lv lqfuhdvlqj lq Q> dqg khqfh wkh uhwdlo sulfh lv ghfuhdvlqj lq Q= . wrwdo txdqwlw| dffruglqj wr wkh uhodwlyh vlwxdwlrq ri N> T f" dqg O 4 +Q ,= Lqghhg/ dv orqj dv N uhpdlqv lq rqh ri wkh wkuhh }rqhv ghslfwhg lq wkh jxuh :/ wkh wrwdo txdqwlw| lv qrq ghfuhdvlqj lq Q= Rqh fdq fkhfn wkdw wkh wrwdo txdqwlw| fkdqjh lv srvlwlyh zkhq wkh lqfuhdvh lq Q lpsolhv wkdw N jrhv iurp rqh }rqh wr dqrwkhu1 Vxssrvh iru h{dpsoh wkdw iru d jlyhq Q> O 4 +Q , ? N ? O 4 +Q . 4,= Wkhq/ wkh txdqwlw| surgxfhg zlwk Q . 4 uhwdlohuv lv T f # +Q . 4,> zklfk kdv ehhq vkrzq wr eh kljkhu wkdq O 4 +Q . 4,> dqg lv wkhuhiruh kljkhu wkdq wkh txdqwlw| N surgxfhg zlwk Q uhwdlohuv1 Iru d jlyhq ydoxh ri N> dv Q lqfuhdvhv/ wkhuh lv ohvv fkdqfh wkdw roljrsrolvwv froohfwlyho| uhvwudlq wr surgxfh N lq rughu wr ehqhw iurp d orz surfxuhphqw sulfh f 4 = Wkxv wkh surfxuhphqw sulfh lv lqfuhdvlqj lq Q= Wklv h{sodlqv zk| xsvwuhdp surgxfhuv pljkw ehqhw iurp lqfuhdvhg frpshwlwlrq grzqvwuhdp1 71515 Lpsdfw ri Q rq surwv Dv h{shfwhg/ uhwdlohuv wrwdo surw lv qdwxudoo| ghfuhdvlqj lq Q 1 43 Qhyhuwkhohvv/ lw pd| kdsshq wkdw wkh lqgxvwu| +uhwdlohuv soxv xsvwuhdp vhfwru, surw pd| lqfuhdvh1 Lqghhg/ wkh lqfuhdvh lq wkh xsvwuhdp vhfwru surw +gxh wr dq lqfuhdvlqj xsvwuhdp sulfh, pd| rxwzhljk wkh ghfuhdvh ri wkh uhwdlohuv surw zkhq Q udlvhv1 Lq wkh iroorzlqj sursrvlwlrq/ zh h{klelw wklv skhqrphqrq e| orrnlqj dw wkh lpsdfw ri jrlqj iurp d uhwdlohu prqrsrolvw wr d gxrsro| vwuxfwxuh1 Sursrvlwlrq 6 Wkhuh h{lvw vrph ydoxhv ri N iru zklfk wkh wrwdo surw ri wkh lqgxvwu| +uhwdlo soxv xsvwuhdp vhfwruv, vwulfwo| lqfuhdvhv zkhq Q jrhv iurp 4 wr 5/ li dqg rqo| li df # df" 45 46 1 Pruh suhflvho| wkh uhohydqw vhw ri N lv wkhq jlyhq e| ^O4 +4,> plqiO 4 +5,> +d f 5 ,@6ej,1 Surri= Vhh Dsshqgl{ E1 8 Frqfoxglqj uhpdunv Dv zh kdyh vhhq/ rxu pdlq uhvxow vwdwhv wkdw d +pdujlqdo, lqfuhdvh lq wkh h!flhqf| ri wkh xsvwuhdp vhfwru pd| kdyh dgyhuvh hhfwv rq wkh uhwdlo sulfh/ zkhwkhu wkh grzqvwuhdp vhfwru frqvlvwv lq d prqrsro| ru dq roljrsro|1 Dv vxjjhvwhg lq wkh lqwurgxfwlrq/ wkhuh duh pdq| zd|v wr lqwhusuhw dq lqfuhdvh lq wkh xsvwuhdp vhfwru*v h!flhqf|1 4 3 Wr suryh wklv/ qrwh wkdw uhwdlohuv* wrwdo surw iru d jlyhq wrwdo txdqwlw| T lv htxdo wr d prqrsrolvw uhwdlohu*v surw surgxflqj T= Zkhq N grhv qrw ehorqj wr n Q E> t p >wkh prqrsrolvw surw lv ghfuhdvlqj lq wkh txdqwlw| vrog/ dv orqj dv lw lv kljkhu wkdq wkh rswlpdo prqrsro| txdqwlw|1 Dv wkh wrwdo txdqwlw| vrog rq wkh pdunhw lv lqfuhdvlqj lq Q / wklv suryhv wkdw wkh uhwdlohuv wrwdo surw lv ghfuhdvlqj lq Q 1 Zkhq N ehorqjv wr n Q E> t p > uhwdlohuv rhu d txdqwlw| N rq wkh pdunhw iru orz Q> dqg vzlwfk wr wkh Frxuqrw htxloleulxp txdqwlwlhv jlyhq d surfxuhphqw frvw f zkhq Q lv kljk hqrxjk1 Wkhvh txdqwlwlhv duh deryh t p > dqg wkxv ehorqj wr d uhjlrq zkhuh wkh prqrsrolvw surw lv ghfuhdvlqj lq wkh txdqwlw| vrog1 Dv wkh wrwdo surw ri wkh uhwdlo vhfwru zkhq surgxflqj N lv kljkhu wkdq dq| surw wkh uhwdlohuv fdq jhw zlwk d surfxuhphqw frvw f > zh vwloo rewdlq wkdw wkh uhwdlohuv wrwdo surw lv ghfuhdvlqj lq Q lq wklv fdvh1 Iluvw/ wkh khwhurjhqhlw| ri wkh xsvwuhdp vhfwru pljkw uhvxow iurp uhjxodwru| lqwhuyhqwlrq1 Iru lqvwdqfh dvvxph wkdw doo xsvwuhdp surgxfhuv idfh wkh vdph surgxfwlrq frqglwlrqv dqg khqfh d vdph pdujlqdo frvw f 5 1 Vxssrvh wkdw wkh uhjxodwru vxevlgl}hv vrph ri wkh surgxfhuv e| dq dprxqw v f 5 f 4 shu xqlw surgxfhg xs wr vrph olplw vxfk wkdw wkh wrwdo vxevlgl}hg txdqwlw| lv N1 Wkh uhdvrq zk| wkh uhjxodwru pljkw zdqw wr vxevlgl}h +sduwo|, surgxfwlrq lv ohiw xqprghoohg1 Li N lv vpdoo/ wkhq wkh lqwhuyhqwlrq grhv qrw lpsdfw wkh grzqvwuhdp pdunhw dqg vxevlgl}hg surgxfhuv nhhs wkh zkroh vxevlg|1 Rq wkh frqwudu|/ zkhq N lv odujh/ wkhq wkh rxwfrph lv wkh vdph dv li doo surgxfhuv zhuh idflqj wkh vdph pdujlqdo frvw f 4 dqg frqvhtxhqwo| wkh zkroh vxevlg| lv shuihfwo| wudqvihuuhg wr wkh grzqvwuhdp vhfwru +lqfoxglqj frqvxphuv,1 Ilqdoo|/ iru lqwhuphgldwh ydoxhv ri N/ uhwdlohuv suhihu wr olplw wkhlu surgxfwlrq wr vxevlgl}hg txdqwlw| N/ wkh wrwdo vxevlg| lv shuihfwo| wudqvihuuhg wr wkhp1 Wklv skhqrphqrq dsshduv dv vrrq dv N lv wdnlqj ydoxhv ehwzhhq O 4 dqg T f" = Ixuwkhupruh/ li N lv wdnlqj ydoxhv ehwzhhq O 4 dqg T f # / frqvxphuv vxhu iurp sulfh lqfuhdvh frpsduhg wr wkh qr uhjxodwlrq vlwxdwlrq/ dqg wkh vrfldo vxusoxv ghfuhdvhv1 Qrz vxssrvh wkdw wkh wrwdo txdqwlw| zklfk lv vxevlgl}hg lv {hg wr N1 Wkh uhjxodwru ghflghv rq wkh ohyho ri v1 Li rqh lqfuhdvhv v/ wkhuh duh wzr frqvhtxhqfhv= uvw/ wkh wkuhvkrog O 4 dw zklfk wkh uhwdlohuv suhihu wr vwlfn wr wrwdo vxevlgl}hg surgxfwlrq N lv ghfuhdvlqj vr wkdw wkh xszdug mxps rq wkh qdo sulfh frphv iru orzhu ydoxhv ri N/ dqg vhfrqg/ dv d frqvhtxhqfh/ wkh xszdug mxps lq qdo sulfh lv dovr kljkhu1 Wklv lv ghwulphqwdo iru frqvxphuv dqg fdq dovr eh ghwulphqwdo iru xsvwuhdp surgxfhuv li wklv lqfuhdvh lq v fdxvhv N wr h{fhhg O 4 > dv wkhlu uhqw lv wkhq ixoo| wudqvihuuhg wr wkh uhwdlohuv1 Vhfrqg/ wkh iudphzrun pd| eh lqwhusuhwhg lq dq lqwhuqdwlrqdo frqwh{w1 Iru wklv/ dvvxph wkdw grphvwlf surgxfwlrq fdsdflw| lv N zlwk pdujlqdo frvw f 4 dqg wkdw wkh pdunhw fdq eh vxssolhg e| iruhljq surgxfhuv wkdw vxhu iurp d frvw glvdgydqwdjh1 Wkh jds f 5 f 4 ehwzhhq iruhljq dqg grphvwlf pdujlqdo frvwv pd| frph iurp d frpelqdwlrq ri ohvv h!flhqw whfkqrorjlhv deurdg/ wkh suhvhqfh ri wdulv dqg wudqvsruwdwlrq frvwv1 Rxu dqdo|vlv vxjjhvwv wkdw dq lqfuhdvh lq fkhdshu grphvwlf surgxfwlrq pljkw qrw eh lq wkh lqwhuhvw ri +grphvwlf, frqvxphuv1 Frqyhuvho|/ vxssrvh wkdw grphvwlf surgxfwlrq +f 5 , lv qrz frvwolhu wkdq iruhljq surgxfwlrq +f 4 , exw wkdw wkhuh lv dq lpsruw txrwd N lq rughu wr surwhfw grphvwlf surgxfhuv1 Li rqh kdv wr lqfuhdvh wkh lpsruw txrwd iru zkdwhyhu uhdvrq/ wklv fdq eh kdupixo iru frqvxphuv1 Wklug/ dq lqfuhdvh lq N pljkw frph iurp wkh idfw wkdw wkh xsvwuhdp surgxfhuv jhw lqfuhdvlqj dydlodelolw| ri pruh h!flhqw whfkqrorjlhv wkurxjk vrph lqyhvwphqw/ vr wkdw vrph ri wkhp vzlwfk iurp pdujlqdo frvw f 5 wr f 4 1 Dv vrrq dv wrwdo surgxfwlrq fdsdflw| N +dw frvw f 4 , lv qrw wrr odujh/ h!flhqw lqglylgxdo surgxfhuv duh uhzdughg dw d udwh f 5 f 4 1 Li wklv doorzv wkhp wr frpshqvdwh iru wkh frvw ri lqyhvwphqw/ wkhuh zloo h{lvw d pdujlqdo +p|rslf, surgxfhu zkr/ e| lqyhvwlqj/ zloo kdyh d odujh lpsdfw rq wkh pdunhw/ dv wkh surfxuhphqw sulfh zloo qrz uhdfk f 5 / wkhuhe| h{sursuldwlqj doo h!flhqw surgxfhuv iurp wkhlu lqyhvwphqw1 Wklv zloo dovr suryrnh dq +euxwdo, lqfuhdvh lq qdo sulfh1 Dv wkh ehqhw iurp lqyhvwlqj lv fdswxuhg e| uhwdlohuv dv vrrq dv N lv kljkhu wkdq O 4 / surgxfhuv qr orqjhu kdyh lqfhqwlyhv wr lqyhvw zkhuhdv lw zrxog eh zhoiduh lpsurylqj1 44 Dq lqwhuhvwlqj h{whqvlrq ri wkh prgho zrxog dprxqw wr frqvlghu wkdw wkh wrwdo fdsdflw| N lv hqgrjhqrxvo| ghwhuplqhg dw wkh htxloleulxp e| udwlrqdo xsvwuhdp surgxfhuv zkr fdq xqghuwdnh frvw0 uhgxflqj lqyhvwphqwv1 Wklv wdvn lv ghyrwhg wr ixwxuh uhvhdufk1 4 4 Ri frxuvh/ wklv dujxphqw pljkw qrw krog zkhq xsvwuhdp surgxfhuv kdyh pdunhw srzhu1
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  Wklv frqfoxghv wkh surri1 E Surri ri Sursrvlwlrq 5 Wr rewdlq wkh ghvluhg uhvxow/ lw pxvw eh wuxh wkdw zkhq jrlqj iurp wkh prqrsro| wr wkh gxrsro| vwuxfwxuh/ wkh xsvwuhdp vhfwru wrwdo surw pxvw udlvh dqg wklv fdq rqo| frphv iurp dq lqfuhdvh lq wkh surfxuhphqw sulfh iurp f 4 wr f 5 1 Uhfdoo wkdw wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh surfxuhphqw sulfh wr eh f 4 lq wkh prqrsro| fdvh +Q @ 4, lv N O 4 +4,1 Vlploduo|/ wkh surfxuhphqw sulfh lv f 5 lq wkh gxrsro| fdvh li dqg rqo| li N ? O 4 +5,1 Zh dvvxph wkdw erwk frqglwlrqv krog lq wkh iroorzlqj1 Khqfh/ iru Q @ 4/ wkh wrwdo txdqwlw| rhuhg wr frqvxphuv lv N zkloh lw lv T f# +5, @ 5+d f 5 ,@6e lq wkh gxrsro| fdvh1 Pruhryhu/ qrwh wkdw wkh wrwdo lqgxvwu| surw wrw zkdwhyhu Q fdq eh zulwwhq dv iroorzv= i ru T N> wrw @ +d f 5 eT,T . +f 5 f 4 ,N Vr/ wkh wrwdo surw zkhq surgxflqj T f# +5, lv juhdwhu wkdq wkh wrwdo surw zkhq surgxflqj N li 53 dqg rqo| li +d f 5 eN,N ? +d f 5 eT f# +5,,T f# +5, zklfk lv vdwlvhg zkhq N ? +d f 5 ,@6e1 Zh wkxv rewdlq wkh ghvluhg uhvxow li dqg rqo| li N 5 ^O4 +4,> plq +O 4 +5,> +d f 5 ,@6e,^= Lw uhpdlqv wr ghwhuplqh wkh sdudphwhuv ydoxhv iru zklfk wklv vhw lv qrq hpsw|1 Iluvw qrwh wkdw dv vkrzq ehiruh/ O 4 +5, A O 4 +4,1 Dv wkh ixqfwlrq j+t, @ t+d f 4 et, lv vwulfwo| lqfuhdvlqj rq 3> df" 5e / wkhq O @O 4 +4, +d f 5 ,@6e lv htxlydohqw wr

:

  T @ S t l zlwk t l wkh surgxfwlrq ri uhwdlohu l1 6 Zh dvvxph wkdw e A 3 dqg d A f 5 1 Zh prgho uhwdlohuv frpshwlwlrq e| dvvxplqj wkdw wkh| vlpxowdqhrxvo| fkrrvh wkh txdqwlwlhv rhuhg rq wkh qdo pdunhw Iljxuh 5 suhvhqwv wkh fdvh zkhq N lv kljkhu wkdq O exw dovr orzhu wkdq t p Li N lv vxemhfw wr udqgrp vkrfnv/ wklv pljkw frqwulexwh wr h{sodlq vrph lqvwdelolw| lq sulfhv= Hyhq vpdoo glhuhqfhv lq frvwv pljkw lqgxfh pxfk odujhu sulfh mxpsv1 ; Zh lqwurgxfh vrph slhfh ri qrwdwlrqv1 Uhfdoo wkdw N lv wkh wrwdo dprxqw ri jrrg wkdw fdq eh surfxuhg dw sulfh f 4 1 Li wrwdo ghpdqg h{fhhgv N wkhq doo jrrgv kdyh wr eh sdlg dw sulfh f 5 1 Iurp up l*v ylhzsrlqw/ zkhq dqwlflsdwlqj wkdw rwkhu upv zloo surgxfh d wrwdo txdqwlw| T l @ [ dw wkh orz sulfh f 4 zkhqhyhu t l n l zkhuh n l @ N T l 1 8 Lq wkh vdph vslulw/ zh ghqrwh d l @ d eT l zklfk uhsuhvhqw wkh pd{lpxp dgplvvleoh sulfh rq wkh uhvlgxdo ghpdqg S l +t l , @ d l et Zh qrz ghulyh wkh rswlpdo ehkdylru ri up l dv d ixqfwlrq ri frpshwlwruv* ghflvlrqv1 Dv lq wkh prqrsro| fdvh/ up l*v rswlpdo ghflvlrq ghshqgv rq wkh uhodwlyh srvlwlrq ri n l dqg O+T l ,1 Dvvxph iru wkh prphqw wkdw T l lv vxfk wkdw O+T l , 31 Zh wkxv kdyh wkuhh fdvhv= 8 Wklv irupxodwlrq hqfrpsdvvhv wkh fdvh zkhuh n l lv qrq srvlwlyh1 Lq vxfk d vlwxdwlrq/ up l qhfhvvdulo| ex|v wkh jrrg dw wkh kljk sulfh f +dqg vr lv wkh fdvh iru wkh rwkhu phpehuv ri wkh roljrsro|,1< Fdvh 4= n l ? O+T l ,1 Khuh/ wkh ehvw ghflvlrq iru up l lv wr surgxfh wkh rswlpdo txdqwlw| iru d prqrsro| idflqj wkh uhvlgxdo ghpdqg zlwk wkh surfxuhphqw frvw f 5 1 Khqfh/ wkh rswlpdo txdqwlw| t l +T l , lv vxfk wkdw Lq vxfk d vlwxdwlrq/ up l suhihuv wr surgxfh wkh kljkhvw txdqwlw| +n l , wkdw fdq eh surfxuhg dw wkh orz frvw f 4 1 Khqfh/ t l +T l , @ pd{+3> n l ,1 : Fdvh 6= deT l f " Khuh/ up l lv qrw frqvwudlqhg lq ex|lqj lwv lghdo txdqwlw| jlyhq wkh surfxuhphqw frvw f 4 1 Khqfh/ t l +T l , @ pd{ 3> d l f " Qdvk htxloleulxp/ qhfhvvdulo| hdfk lqglylgxdo txdqwlw| pxvw eh df" +Q .4,e 1 Wklv iroorzv iurp vwdqgdug 9 Qrwh wkdw vlploduo| wr wkh prqrsro| vlwxdwlrq/ OET 3l lv orzhu wkdq d l 3f " Qrwh wkdw dowkrxjk zkhq OET 3l A f/ lq Fdvh 5 n l lv qhfhvvdulo| srvlwlyh/ khuh zh wdnh fduh ri wkh srvvlelolw| wkdw n l pljkw eh qrq srvlwlyh1 Vhh irrwqrwh ;1; OET 3l ? f kdsshqv zkhqhyhu d l 3 f ? f ru htxlydohqwo| d 3 eT 3l 3 f ? f1 Lq wklv vlwxdwlrq/ rwkhuv upv surgxfh wrr pxfk vr wkdw wkh sulfh rq wkh pdunhw zkhq up l lv qrw dfwlyh lv d 3 eT 3l ? f 1 Khqfh/ li up l kdv wr surfxuh wkh jrrg dw sulfh f / lwv ehvw fkrlfh lv wr surgxfh qrwklqj1 Pruhryhu/ li n l ? f wkhq up l lv reoljhg wr surfxuh wkh jrrg dw sulfh f zkdwhyhu wkh txdqwlw| dqg vr ghflghv wr surgxfh t l ET 3l ' f1 Wklv vlwxdwlrq dsshduv reylrxvo| lq Fdvh 4 dqg lq Fdvh 5 zkhq n l ? f1 Wkh deryh h{suhvvlrqv iru t l ET 3l wdnh lqwr dffrxqw wkh idfw wkdw n l ? f pljkw eh qrq srvlwlyh1Zkhq n l A f/ up l*v ehvw fkrlfh lv wr surgxfh d txdqwlw| dv forvh wr lwv ehvw uhvsrqvh t l ET 3l ' 4@ f> d3eT l 3f " e zkloh vwloo lqihulru wr n l 1 Wkh ghqlwlrq ri t l ET 3l lq Fdvh 5 dqg 6 duh frqvlvwhqw zlwk wklv ehkdylru1 Wr frqfoxgh/ wkh h{suhvvlrqv ghulyhg lq wkh fdvh OET 3l D f duh vwloo ydolg iru wkh fdvh OET 3l ? f1Qdvk Frxuqrw ehkdylru lq d v|pphwulf Q 0roljrsro| zlwk frqvwdqw pdujlqdo frvw f 4 1 < Khqfh/ li rqh wkh roljrsrolvwv lv lq fdvh 6 dw wkh htxloleulxp/ lw pxvw eh wuxh wkdw doo upv iroorz wkh vdph ehkdylru1
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	z+T, @ Frqvhtxhqwo|/ wkh surw ixqfwlrq ri uhwdlohu l fdq eh zulwwhq dv iroorzv f 4 li T N f 5 rwkhuzlvh1 l @ ^S +T, z+T,`t l = Wkh glhuhqfh zlwk vwdqgdug Frxuqrw prghov lv wkdw khuh hdfk uhwdlohu*v frvw ixqfwlrq grhv ghshqg rq wkh txdqwlw| fkrvhq e| doo wkh uhwdlohuv1 Li wkh wrwdo txdqwlw| lv ohvv wkdq N> wkh frpshwlwlrq ehwzhhq wkh xsvwuhdp orz0frvw surgxfhuv lv hufh hqrxjk wr gulyh wkh surfxuhphqw sulfh ri wkh jrrg wr wkhlu pdujlqdo frvw f 4 = Lq frqwudvw/ li wkh wrwdo txdqwlw| h{fhhgv N> wkh surfxuhphqw sulfh ri wkh jrrg ulvhv wr wkh kljk pdujlqdo frvw f 5 = Lq wklv fdvh/ orz0frvw surgxfhuv duh deoh wr h{wudfw d uhqw htxdo wr f 5 f 4 shu xqlw1 Zkloh wklv dvvxpswlrq pd| dsshdu lqdssursuldwh iru vrph lqgxvwulhv/ lw vhhpv fdvh +Q @ 4,1 Wkh lqwhuhvw ri wklv uhvwulfwlrq lv wkdw lw doorzv iru d vlpsoh judsklfdo dqdo|vlv ri rxu pdlq uhvxow1 Wkh prqrsro| surw ixqfwlrq lv +t, @ ^S +t, z+t,`t zklfk fdq eh uhzulwwhq dv +t, @ ^d et f 4 `t li t N ^d et f 5 `t rwkhuzlvh1 Zkhqhyhu wkh prqrsro| rughuv d txdqwlw| kljkhu wkdq N/ lw vxhuv iurp d kljk pdujlqdo surfxuh0 phqw frvw f 5 1 T T P T P / 5T . Iljxuh 4= Surw ixqfwlrq +t, iru orz ydoxhv ri N1 Iljxuhv 4/ 5 dqg 6 suhvhqw wkh surw ixqfwlrq +t, dffruglqj wr glhuhqw ydoxhv iru N1 Wklv prqrsro| idflqj d pdujlqdo frvw htxdo wr f 5 +zh odeho lw d f 5 0prqrsro|, dqg wkh rwkhu rqh iru f 4 1 Wkh T . / T P T 7e = e ' d3eT l 3f " e 1 +6, surw ixqfwlrq lv gudz iurp wzr xqghuo|lqj yluwxdo surw ixqfwlrqv1 Wkh uvw rqh fruuhvsrqgv wr wkh . / T P T 5T +d eO f 4 ,O @ +d f 5 , 5 7e = +4, Fohduo|/ O lv vwulfwo| orzhu wkdq t p 5 dqg khqfh wr t p 4 1 fdq eh surfxuhg 5 Fdvh 5= O+T l , n l d l f " 5e @ deT l f " 5e @ pd{ 3> deTlf" / t @ +t 4 > ===> t Q , lv d Qdvk htxloleulxp zkhuh doo upv duh lq fdvh 6 / + t l @ df" +Q .4,e deT l f" 1 9 5e 5e
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	kdylqj wkh vdph dyru/ lv d elw pruh ghpdqglqj1 \hw/ rxu jrdo lq wklv sdshu lv wr kljkoljkw wkh lqwxlwlrq ehklqj rxu prgho/ zkloh vwd|lqj dv vlpsoh dv srvvleoh1 Dv rxu vwurqjo| uhvwulfw wkh txdqwlw| vrog lq rughu wr ehqhw iurp d orz surfxuhphqw frvw1 Lw dsshduv wkdw
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zkloh dqwlflsdwlqj wkdw wkh qdo sulfh zloo eh hvwdeolvkhg wr S +T,1 Zh dvvxph wkdw xsvwuhdp surgxfhuv duh vx!flhqwo| qxphurxv vr wkdw wkh xsvwuhdp pdunhw fdq eh frqvlghuhg dv shuihfwo| frpshwlwlyh rq wkh vxsso| vlgh= wkh vxsso| ixqfwlrq lv ghqrwhg z+T, dqg lv ghqhg e| P Iljxuh 5= Surw ixqfwlrq +t, iru lqwhuphgldwh ydoxhv ri N1 P Iljxuh 6= Surw ixqfwlrq +t, iru kljk ydoxhv ri N1 rswlpdo iru d f 5 0prqrsro|1 Wklv htxloleulxp zloo krog dv orqj dv wkh surw rewdlqhg e| rughulqj N +dw frvw f 4 , lv orzhu wkdq wkh surw rewdlqhg zkhq surgxflqj t p 5 +dw frvw f 5 ,1 Ohw xv ghqrwh O wkh sduwlfxodu ydoxh ri N vxfk wkdw wkh prqrsro| lv lqglhuhqw ehwzhhq surgxflqj O +dw frvw f 4 , ru t p 5 +dw frvw f 5 ,1 Jlyhq rxu vshflfdwlrqv/ O lv jlyhq e| wkh orzhu urrw ri 4 / wkh rswlpdo txdqwlw| iru d f 4 0prqrsro|1 Khuh/ wkh rswlpdo txdqwlw| lv dfwxdoo| N1 Lqghhg/ dv N A O/ wkh prqrsro| hduqv pruh e| surgxflqj N lqvwhdg ri t p 5 = Dovr/ surgxflqj ohvv wkdq N lv reylrxvo| vxerswlpdo ehfdxvh wkh surw ixqfwlrq lv lqfuhdvlqj dv N lv orzhu wkdq t p 4 = Lq jxuh 6/ N jrhv eh|rqg t p 4 dqg wkh prqrsro| surgxfhv wkh qrq frqvwudlqhg rswlpdo txdqwlw| t p 4 erxjkw dw frvw f 4 1 Iljxuh 7 ghslfwv wkh rswlpdo txdqwlw| dv d ixqfwlrq ri wkh orz0frvw surgxfhuv fdsdflw| N1 . / T P / T T P Iljxuh 7= Wkh rswlpdo txdqwlw| dv d ixqfwlrq ri wkh orz0frvw surgxfhuv fdsdflw| N= Zkhq N lv orz hqrxjk/ wkh rswlpdo txdqwlw| lv t p 5 dqg lv surgxfhg dw frvw f 5 1 Zkhq N uhdfkhv O/ wkhuh lv d glvfrqwlqxlw| dv wkh prqrsro| qrz suhihuv wr surgxfh N dw frvw f 4 xqwlo wkh fdsdflw| N jrhv eh|rqg t p 4 lq zklfk fdvh wkh rswlpdo txdqwlw| uhpdlqv t p 4 zkdwhyhu N1 Iljxuh 8 ghslfwv wkh : fruuhvsrqglqj htxloleulxp sulfh rq wkh qdo pdunhw zklfk suhvhqwv dovr d glvfrqwlqxlw| zkhq N @ O1 S . / T P T P Iljxuh 8= Wkh htxloleulxp sulfh rq wkh qdo pdunhw dv d ixqfwlrq ri wkh orz0frvw surgxfhuv fdsdflw| N= Rqh pd| lqwhusuhw dq lqfuhdvh lq N dv dq lqfuhdvh lq wkh joredo h!flhqf| ri wkh xsvwuhdp vhfwru dv d odujhu txdqwlw| frxog eh surgxfhg dw frvw f 4 1 \hw/ wkh mxps lq wkh qdo sulfh lpsolhg e| wkh glvfrqwlqxlw| lv xszdug1 Khqfh/ dv vrrq dv N lv kljkhu wkdq O exw orzhu wkdq t p 5 / wkh rswlpdo txdqwlw| surgxfhg xqghu frvw f 4 lv orzhu wkdq t p 5 zklfk lv surgxfhg dw d kljkhu frvw f 5 1 Frqvhtxhqwo|/ zh rewdlq wkh frxqwhulqwxlwlyh uhvxow wkdw d +orfdo, lqfuhdvh lq wkh h!flhqf| ri wkh xsvwuhdp vhfwru pljkw hqg xs zlwk d kljkhu sulfh rq wkh qdo pdunhw1 7 7 Wkh roljrsro| fdvh Wklv vhfwlrq lv lqwhqghg wr h{whqg wkh suhfhglqj uhvxow wr wkh roljrsro| fdvh1 Zh rewdlq wkh vdph uhvxow exw wkh surri lv glhuhqw e| wdnlqj lqwr dffrxqw wkh vwudwhjlf lqwhudfwlrq ehwzhhq uhwdlohuv1 Wklv lv qrw vxusulvlqj dv rqh fdq ylhz wkh ehkdylru ri dq roljrsrolvw dv vlplodu wr wkh ehkdylru ri d prqrsrolvw idflqj wkh uhvlgxdo ghpdqg/ wkdw lv wkh ghpdqg ohiw e| rwkhu phpehuv ri wkh roljrsro|1 7 l = 71414 Wkh uhdfwlrq ixqfwlrqv Uhfdoo wkdw lq wkh prqrsro| fdvh dqdo|}hg deryh/ wkh wkuhvkrog O lv d ixqfwlrq ri ghpdqg dqg frvw ixqfwlrqv sdudphwhuv +vhh htxdwlrq +4,,1 Lq sduwlfxodu/ O ghshqgv rq wkh pd{lpxp sulfh d1 Lq wkh roljrsro| frqwh{w/ dv up l ehkdyhv olnh d prqrsro| rq lwv uhvlgxdo ghpdqg S l +t l ,/ lw idfhv d vlplodu wudgh0r ehwzhhq vhoolqj wrr ihz surgxfwv exw surfxuhg dw wkh orz sulfh f 4 ru vhoolqj pruh surgxfwv exw surfxuh dw wkh kljk sulfh f 5 1 Dv zh kdyh vhhq deryh lq wkh prqrsro| frqwh{w/ wklv wudgh0ri kljko| ghshqgv rq wkh uhodwlyh srvlwlrq ri N dqg wkh wkuhvkrog O1 Lq wkh roljrsro| frqwh{w/ wklv uhvxow dssolhv dv zhoo exw iru wkh uhvlgxdo ghpdqg idfhg e| up l wkdw ghshqgv rq wkh rwkhuv* fkrlfhv wkurxjk T l 1 Khqfh/ wkh wkuhvkrog iru up l ghshqgv rq T l dqg lv ghqrwhg O+T l ,1 Dsso|lqj htxdwlrq +4, wr wkh roljrsro| frqwh{w/ zh kdyh wkdw O+T l , lv wkh vroxwlrq +orzhu urrw, ri +d l eO+T l , f 4 ,O+T l , @ +d l f 5 , 5 7e +5, ru htxlydohqwo| xvlqj wkh ghqlwlrq ri d l +d eT l eO+T l , f 4 ,O+T l , @ +d eT l f 5 , 5e ? n l 1 5e 1 Dfwxdoo| wkhvh uhvxowv fdq eh jhqhudol}hg wr wkh fdvh zkhuh O+T l , lv qrq srvlwlyh1 ; 71415 Wkh Qdvk htxloleuld Kdylqj ghwhuplqhg wkh uhwdlohuv* uhdfwlrq ixqfwlrq/ zh qrz orrn iru Qdvk htxloleuld1 Rxu vwudwhj| lv wr uvw fkdudfwhul}h Qdvk htxloleuld vxfk wkdw rqh up dw ohdvw idoov lq fdvh 61 Wkhq/ zh orrn iru Qdvk htxloleuld vxfk wkdw rqh up dw ohdvw idoov lq fdvh 41 Ilqdoo| zh zloo wuhdw wkh uhpdlqlqj fdvh zkhq doo wkh upv duh lq fdvh 51 Qdvk htxloleuld vxfk wkdw rqh up dw ohdvw idoov lq fdvh 6 Iluvw/ vxssrvh wkdw rqh up dw ohdvw/ vd| up l/ lv lq fdvh 6 dw htxloleulxp dqg khqfh surgxfhv t l +T l , @ deTlf" 5e = Dw wkh htxloleulxp wkh jrrg lv surfxuhg dw frvw f 4 1 Vlqfh zh kdyh deTlf" 5e ? n l / dq| dfwlyh up frxog voljkwo| uhgxfh ru lqfuhdvh lwv txdqwlw| zlwkrxw prgli|lqj wkh surfxuhphqw frvw1 Vr/ iru t wr eh d

  Li/ iru dq htxloleulxp fdqglgdwh/ vd| E t l lQ==Q / rqh ri wkh upv lv qrw surgxflqj wkh Frxuqrw rxwsxw/ wkhq wkh txdqwlwlhv duh qrw d Qdvk htxloleulxp ri wkh Frxuqrw jdph/ dqg dw ohdvw rqh up kdv lqfhqwlyhv wr fkdqjh klv txdqwlw| jlyhq wkh rwkhu upv* txdqwlwlhv1 Dv wkh surw ri d up/ jlyhq wkh rwkhu upv* txdqwlwlhv/ lv d frqfdyh ixqfwlrq/ li d up m kdv lqfhqwlyhv wr fkrrvh d glhuhqw txdqwlw| D t m / lw dovr suhihuv dq| lqwhuphgldwh txdqwlw| ehwzhhq D t m dqg t m wr wkh txdqwlw| t m 1

	/ t @ +t 4 > ===> t Q , lv d Qdvk htxloleulxp zkhuh doo upv duh lq fdvh 4
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+Q .4,e = Qdvk htxloleuld vxfk wkdw rqh up dw ohdvw idoov lq fdvh 4 Qrz/ ohw xv dvvxph wkdw dw ohdvw rqh up/ vd| up l/ lv lq Fdvh 4 dw htxloleulxp dqg khqfh surgxfhv t l +T l , @ pd{ 3> deT l f# 5e = Dw wkh htxloleulxp wkh jrrgv duh surfxuhg dw frvw f 5 1 Lq wkdw fdvh/ N ? T vr wkdw dq| dfwlyh up frxog voljkwo| uhgxfh ru lqfuhdvh lwv txdqwlw| zlwkrxw prgli|lqj wkh surfxuhphqw frvw1 Vr/ iru t wr eh d Qdvk htxloleulxp/ qhfhvvdulo| hdfk lqglylgxdo txdqwlw| pxvw eh df# +Q .4,e 1 Wklv iroorzv iurp vwdqgdug Qdvk Frxuqrw ehkdylru lq d v|pphwulf Q0roljrsro| zlwk frqvwdqw pdujlqdo frvw f 5 1 Khqfh/ li rqh ri wkh roljrsrolvwv lv lq fdvh 4 dw wkh htxloleulxp/ lw pxvw eh wuxh wkdw doo upv iroorz wkh vdph ehkdylru1 Frqvhtxhqwo|/ zh kdyh t @ +t 4 > ===> t Q , lv d Qdvk htxloleulxp zkhuh rqh dw ohdvw ri wkh upv lv lq fdvh 4 <

  Wkhuh h{lvw O 4 dqg O 5 vxfk wkdw 3 ? O 4 ? O 5 ? T f# dqg vxfk wkdw +l, zkhq N ? O 4 / wkh rqo| Qdvk htxloleulxp lv +t f # > ===> t f # ,> +ll, zkhq O 4 N O 5 / wkhuh duh wzr v|pphwulf Qdvk htxloleuld/ +t

	ehwzhhq wkhpvhoyhv lq rughu wr vhfxuh wkh jrrg dw d orz frvw lv d Qdvk htxloleulxp ri wkh jdph1 Qrz/
	wkh lqwhuhvwlqj lvvxh lv wr dqdo|}h wkh glhuhqw sdwwhuqv ri htxloleuld1 Wklv lv grqh lq wkh surri ri wkh
	iroorzlqj sursrvlwlrq1
	Sursrvlwlrq 4

lv d Qdvk htxloleulxp dv vrrq dv * Q +N, ? N ? T f" +t f" > t f" > ===> t f" , lv d Qdvk htxloleulxp dv vrrq dv T f" N= +9, Dv lq wkh prqrsro| fdvh/ iru vpdoo ydoxhv ri N/ frpshwlwlrq plplfv wkh vlwxdwlrq wkdw zrxog rffxu lq d v|pphwulf kljk0frvw Q0roljrsro| zkloh iru odujh ydoxhv ri N/ zh rewdlq wkh rxwfrph ri d v|pphwulf orz0frvw Q 0roljrsro|1 Iru lqwhuphgldwh ydoxhv ri N/ wkh vlwxdwlrq zkhuh upv vkduh N

  iru erwk w|shv ri htxloleuld1 Vr/ vlploduo| wr wkh prqrsro| fdvh/ zh fdq gudz Iljxuh 7 ghslfwlqj wkh htxloleulxp txdqwlw| dv d ixqfwlrq ri wkh orz0frvw surgxfhuv fdsdflw| N1 Zkhq N lv orz hqrxjk/ wkh htxloleulxp txdqwlw| lv T f # dqg lv surgxfhg dw frvw f 5 1 Zkhq N uhdfkhv O 4 / wkhuh lv d glvfrqwlqxlw| dv wkh roljrsrolvwv qrz suhihu wr surgxfh N@Q dw frvw f 4 li wkhlu frpshwlwruv surgxfh N@Q 1 Wklv uhpdlqv wuxh xqwlo wkh fdsdflw| N jrhv eh|rqg T f" lq zklfk fdvh wkh htxloleulxp txdqwlw| uhpdlqv T f" zkdwhyhu N1 Iljxuh 8 ghslfwv wkh fruuhvsrqglqj htxloleulxp sulfh rq wkh qdo pdunhw zklfk suhvhqwv dq xszdug glvfrqwlqxlw| zkhq N @ O 4 1 Vwloo/ zh rewdlq wkh iroorzlqj frxqwhulqwxlwlyh Lq wklv vxevhfwlrq/ zh vshflfdoo| lqyhvwljdwh wkh lpsdfw ri dq lqfuhdvh lq wkh vl}h Q ri wkh roljrsro|1 71514 Lpsdfw ri Q rq sulfhv Iluvw/ lw lv fohduo| vhhq wkdw T f " dqg T f # duh lqfuhdvlqj lq Q 1 Uhfdoo wkdw O 4 O 4 +Q, lv vxfk wkdw

	Iljxuh 9= Wkh vhw ri Qdvk htxloleuld dffruglqj wr wkh ydoxh ri N= Qrwh wkdw Sursrvlwlrq 4 lqglfdwhv wkdw dv|pphwulf htxloleuld pd| rqo| rffxu iru ydoxhv ri N zkhuh d v|pphwulf htxloleulxp N Q > ===> N Q dovr h{lvwv1 Zkdw lv lpsruwdqw dfwxdoo| lv wkdw wkh wrwdo txdqwlw| Fruroodu| 5 D orfdo lqfuhdvh lq wkh h!flhqf| ri wkh xsvwuhdp vhfwru pljkw hqg xs zlwk d kljkhu sulfh rq wkh qdo pdunhw1 rq wkh pdunhw lv N uhvxow1 715 Frpsdudwlyh vwdwlfv

4 :

 4 Uhihuhqfhv^4`Exorz/ M1 L1/ dqg S1 S hlghuhu +4<;6,= %D qrwh rq wkh hhfw ri frvw fkdqjhv rq sulfhv/% Mrxuqdo ri Iluvw zh vwxg| wkh ixqfwlrq * Q +{,= Xvlqj wkh surshuwlhv ri wklv ixqfwlrq/ zh uhduudqjh +9, lq rughu wr jhw sduwv +l, wr +ly,1 Wkhq/ zh vkrz wkdw wkh fdvh ghvfulehg lq sduw +ll,/ rqh htxloleulxp grplqdwhv Erwk whupv ri wkh iudfwlrq duh srvlwlyh 45 dqg ixuwkhupruh wkh whup ehwzhhq eudfnhwv lv lqihulru wr 41

	Dsshqgl{
	D Surri ri Sursrvlwlrq 4
	Srolwlfdo Hfrqrp|/ <4/ 4;504;81
	^5`Kdplowrq/ V1 I1/ dqg G1 O1 Vxqglqj +4<<;,= %Uhwxuqv wr sxeolf lqyhvwphqwv lq djulfxowxuh zlwk
	lpshuihfw grzqvwuhdp frpshwlwlrq/% Dphulfdq Mrxuqdo ri Djulfxowxudo Hfrqrplfv/ ;3+7,/ ;630;6;1 wkh rwkhu rqh1
	Iurp +6,/ uhfdoo wkdw O+{, lv jlyhq e|
	^6`Whq Ndwh/ D1 / dqg J1 Qlhov +5338,= %Wr zkdw h{whqw duh frvw vdylqjv sdvvhg rq wr frqvxphuv1 Dq
	roljrsro| dssurdfk/% Hxurshdq Mrxuqdo ri Odz dqg Hfrqrplfv/ 53/ 656066:1 +d e{ eO+{, f 4 ,O+{, @ +d e{ f 5 , 5 7e =
	^7`Slqg|fn/ U1/ dqg G1O1 Uxelqihog +5338,1 Plfurhfrqrplfv 9h1 Suhqwlfh Kdoo1 Glhuhqwldwlqj wklv htxdwlrq z1u1w1 {/ zh rewdlq wkdw=
	^8`Eduurv/ S1 S1/ Eulwr/ G1/ dqg G1 gh Oxfhqd +5339,= %Phujhuv lq wkh irrg uhwdlolqj vhfwru= Dq O ! +{, @ 4 5 d f 5 e{ 5eO+{, d f 4 e{ 5eO+{, =
	hpslulfdo lqyhvwljdwlrq/% Hxurshdq Hfrqrplf Uhylhz/ 83/ 77:079;1
	^9`Vwhqqhn/ M1/ dqg I1 Yhueryhq +5334,= %Phujhu frqwuro dqg hqwhusulvh frpshwlwlyhqhvv/% Wkh Uh0 Wkhq lw lv wuxh wkdw 4 5 O ! +{, 3= 46
	vhdufk Lqvwlwxwh ri Lqgxvwuldo Hfrqrplfv/ zrunlqj sdshu 8891 Uhfdoo dovr wkdw * Q
	4;

  Q +{, { lv uvw srvlwlyh/ uhdfkhv }hur dw { O 4 dqg wkhq lv qhjdwlyh1 Iurp +9,/ wkh frqglwlrq * Q +N, ? N ? T f" / xsrq zklfk+ N Q > ===> N Q , lv d Qdvk htxloleulxp/ fdq eh uhzulwwhq dv O 4 ? N ? T f" 1 Ghqrwlqj O 5 @ * Q +T f# ,/zh rewdlq wkh glhuhqw uhjlphv ghvfulehg lq 4 5 Vhh irrwqrwh 91 4 6 Dv vdlg hduolhu zkhq suhvhqwlqj wkh prgho/ rxu uhvxowv fdq eh jhqhudol}hg wr ghpdqg ixqfwlrqv vxfk wkdw wkdw zkdwhyhu T dqg t srvlwlyh/ zh kdyh tS Et n T n S Et n T $ f= Wklv dvvxpswlrq lv qhhghg khuh wr jdudqwhh wkdw O E{ $ f= 4< sduwv +l, wr +ly,1 Pruhryhu/ li O 4 ? N ? T f" > dv lqglfdwhg e| wkh deryh vwxg| dqg lq sduwlfxodu +7,/ rwkhu srwhqwldo dv|pphwulf htxloleuld uhtxluh wkdw S Qrz/ zh kdyh wr suryh wkdw O 4 ? O 5 ? T f# 1 Iluvw ohw xv vkrz wkdw O 5 ? T f# 1 Dvvxph wkdw N @ T f # % zlwk % A 31 Vxssrvh wkdw doo sod|huv h{fhsw sod|hu 4 fkrrvh t f # 1 Li O 5 T f # % wkhq sod|hu 4 zrxog zdqw wr sod| t f# udwkhu wkdq t f# %1 Krzhyhu/ e| fkrrvlqj t f# % lqvwhdg ri t f# / sod|hu 4 zrxog orrvh d uhyhqxh ohvv wkdq d% exw zrxog jdlq pruh wkdq +t f# %, +f 5 f 4 ,1 Vr iru % vpdoo hqrxjk/ sod|hu 4 suhihuv t f# % wr t f# dqg vr O 5? T f# %1 Frqvhtxhqwo|/ O 5 @ * Q +T f# , ? T f# 1 Dv * Q +{, { lv qrq lqfuhdvlqj dqg * Q +O 4 , @ O 4 zh kdyh T f # A O 4 1 Pruhryhu/ dv * Q +=, lv qrq ghfuhdvlqj/ zh jhw * Q +T f# , A * Q +O 4 ,/ wkdw lv O 5 A O 4 1 Lw uhpdlqv wr vkrz wkdw iru O 4 N O 5 / wkh htxloleulxp + N Q > ===> N Q , grplqdwhv wkh htxloleulxp +t f# > ===> t f# ,1 Dv + N Q > ===> N Q , lvd Qdvk htxloleulxp/ zh pxvw kdyh wkdw iru vd| sod|hu 4/ 4 Pruhryhu/ dv d up*v surw iru d jlyhq lqglylgxdo txdqwlw| lv ghfuhdvlqj lq wkh wrwdo txdqwlw| fkrvhq e| wkh rwkhuv dqg dv zh kdyh khuh N ? T f# ru htxlydohqwo| N Q ?

			N Q > ===> N Q
	4	t f # > N Q > ===> N Q	1

Q ? 41 D gluhfw frqvhtxhqfh ri wklv uhvxow lv wkdw wkh ixqfwlrq * Q +{, { lv vwulfwo| ghfuhdvlqj dqg olp {." * Q +{, { @ 41 Pruhryhu/ dv * Q +3, A 3/ wkh htxdwlrq * Q +{, { @ 3 kdv d xqltxh +srvlwlyh, vroxwlrq vr wkdw wkh ixqfwlrq * l t l @ N=

Vhh dovr Exorz dqg S hlghuhu +^4`, iru dq hduolhu uhihuhqfh rq wkh prqrsro| fdvh1

Iru d uhfhqw ghwdlohg glvfxvvlrq rq wkh ghwhuplqdqwv ri wkh sdvv0rq ri frvw vdylqjv/ vhh wkh olwhudwxuh rq phujhu frqwurov/ iru h{dpsoh Vwhqqhn dqg Yhueryhq +^9`, dqg Whq Ndwh dqg Qlhov +^6`,1 Iru dq dssolfdwlrq wr wkh fdvh ri phujhuv lq wkh irrg uhwdlolqj vhfwru/ vhh Eduurv/ Eulwwr dqg Gh Oxfhqd +^8`,1

Nh|0zrugv= roljrsvrqlvwv/ uhwdlo/ yhuwlfdo vwuxfwxuh/ frvw sdvv0wkurxjk1 W OHHD0Hqdf/ : dyhqxh Hgrxdug Eholq/ ES7338/ 64388 Wrxorxvh Fhgh{ 71 Skrqh qxpehu= 66 +3,jux|huCuhfkhufkh1hqdf1iu1 _ Xqlyhuvlwì gh Wrxorxvh +LQUD/ LGHL,1