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RSWLPDO DXFWLRQV ZKHQ D VHOOHU LV

ERXQG WR VHOO WR FROOXVLYH ELGGHUV�

Qlfrodv Jux|hu
|

L frqvlghu rswlpdo dxfwlrqv iru d vhoohu zkr lv erxqg wr vhoo d vlqjoh
lwhp wr rqh ri wzr srwhqwldo ex|huv/ rujdql}hg lq d czhoo0frruglqdwhg*
fduwho1 L vkrz wkdw/ hyhq wkrxjk wkh vhoohu fdqqrw ghwhu frooxvlrq/
kh fdq rswlpdoo| dffrpprgdwh lw e| hpsor|lqj d vlpsoh phfkdqlvp
zklfk lpsrvhv dq lqh!flhqw doorfdwlrq rq wkh elgghuv xqohvv wkh| sd|
d vx!flhqwo| kljk dprxqw wr dyrlg lw1

L1 LQWURGXFWLRQ

PDQ\ DXWKRUV KDYH UHSRUWHG HYLGHQFH ri frooxvlrq lq dxf0
wlrqv14 Frooxvlrq lv fohduo| d pdmru frqfhuq iru wkh vhoohu/ zkhwkhu klv dlp
lv uhyhqxh ru h!flhqf| pd{lpl}dwlrq1 Lqghhg/ zkhq wkh fduwho lv xqdeoh wr
xvh prqhwdu| wudqvihuv ehwzhhq lwv phpehuv/ frooxvlrq fdq wdnh wkh irup ri
fkrrvlqj wkh zlqqhu wkurxjk udqgrpl}dwlrq ru e| urwdwlrq dprqj wkh fduwho
phpehuv/ wkxv kduplqj zhoiduh1

Fkrrvlqj dq dssursuldwh dxfwlrq irupdw pd| hqdeoh d vhoohu wr ghwhu
srwhqwldo frooxvlrq1 Iru lqvwdqfh/ li wkhuh duh ihz vxevhtxhqw lqwhudfwlrqv
dprqj wkh ex|huv iroorzlqj wkh dxfwlrq/ dqg li prqhwdu| wudqvihuv ehwzhhq
wkhp duh qrw srvvleoh/ d vhdohg0elg dxfwlrq fdq eh h�hfwlyh djdlqvw frooxvlrq1
Lq wklv fdvh/ hyhq li ex|huv uhdfk dq djuhhphqw sulru wr wkh dxfwlrq/ vrph zloo

�L wkdqn \hrq0Nrr Fkh/ dqrq|prxv uhihuhhv dqg Mdftxhv Fuìphu iru khosixo frpphqwv
dqg vxjjhvwlrqv1 L ehdu vroh uhvsrqvlelolw| iru dq| uhpdlqlqj huuruv1

|Dxwkru*v d!oldwlrq= OHHD0HQDF/ : dyhqxh Hgrxdug Eholq/ ES7338/ 64388 Wrxorxvh
Fhgh{ 7/ Iudqfh1
h0pdlo= jux|huCuhfkhufkh1hqdf1iu1
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kdyh lqfhqwlyhv wr ghyldwh rqfh wkh dxfwlrq vwduwv/ dqg wkh rwkhu phpehuv
ri wkh fduwho zloo qrw eh deoh wr uhdfw wr wklv ghyldwlrq,1 Pruhryhu/ vrph
uhfhqw sdshuv vkrz wkdw wkh vhoohu fdq xvh lqirupdwlrq dv|pphwulhv ehwzhhq
srwhqwldoo| frooxglqj elgghuv lq rughu wr frpedw frooxvlrq15

Zkhq fhuwdlq w|shv ri lwhp duh uhshdwhgo| vrog e| gl�huhqw vhoohuv exw rqo|
d ihz elgghuv duh lqwhuhvwhg lq wkhvh lwhpv/ wkhuh pd| eh olwwoh lqirupdwlrq
dv|pphwu| ehwzhhq wkh elgghuv1 Rqh pljkw wdnh wkh h{dpsoh ri frqfhvvlrq
frqwudfwv iru vhuylfhv dzdughg e| orfdo sxeolf dxwkrulwlhv/ dv lq Iudqfh/ zkhuh
rqo| wkuhh pdmru �upv krog prvw ri wkh frqfhvvlrqv iru zdwhu vhuylfhv16

Lq wkhvh fdvhv/ lw pljkw vhhp wkdw wkhuh lv olwwoh wkh vhoohu fdq gr wr
lqfuhdvh lwv uhyhqxh dsduw iurp dffrpprgdwlqj frooxvlrq/ dqg vhwwlqj kljk
uhvhuyh sulfhv wr olplw lwv dgyhuvh h�hfwv1 Krzhyhu/ wklv lv fohduo| sureohpdwlf
zkhq orfdo sxeolf dxwkrulwlhv ru d jryhuqphqw kdyh wr doorfdwh frqfhvvlrq
frqwudfwv iru ydoxdeoh vhuylfhv wkdw wkh| frxog rqo| surylgh wkhpvhoyhv dw d
yhu| kljk frvw/ ru zkhq wkh vhoohu zdqwv wr rewdlq vrphwklqj lw ydoxhv kljko|
+ghihqvh surfxuhphqw/ iru h{dpsoh,1 Riwhq/ wkh vhoohu lv reoljhg wr vhoo wkh
lwhp/ hyhq li dw d yhu| orz sulfh/ vr wkdw vhwwlqj d uhvhuyh sulfh zrxog qrw
dsshdu fuhgleoh1 Wkhq/ lw pljkw vhhp wkdw wkh vhoohu kdv qr zd| ri lqfuhdvlqj
lwv uhyhqxh deryh wkh pd{lpxp ri wkh ex|huv* orzhvw ydoxdwlrqv1 Lq wklv
sdshu/ L vkrz wkdw wklv lv qrw wkh fdvh1

L lghqwli| wkh rswlpdo dxfwlrqv zkhq wkh vhoohu ri d vlqjoh lwhp lv erxqg wr
vhoo wklv lwhp rq wkh htxloleulxp sdwk dqg lv idfhg zlwk d fduwho wkdw h!flhqwo|
pdqdjhv wr frruglqdwh lwv phpehuv* elgv dqg sduwlflsdwlrq ghflvlrqv1 L vkrz
wkdw/ li lw fdq suhyhqw uhvdoh ri wkh lwhp/ wkh vhoohu fdq pd{lpl}h lwv uhyhqxh
e| uxqqlqj dq dxfwlrq zklfk suhvfulehv dq lqh!flhqw doorfdwlrq zkhqhyhu wkh
elgghuv r�hu d orz sd|phqw1

Wr looxvwudwh/ frqvlghu wzr srwhqwldo ex|huv E� dqg E2/ rujdql}hg dv dq
h!flhqw fduwho/ zkr duh srwhqwldoo| lqwhuhvwhg lq dq lwhp zklfk lv wr eh vrog
dw dxfwlrq1 Wkh ydoxhv ri wkh lwhp wr wkh ex|huv duh sulydwh dqg lghqwlfdoo|
glvwulexwhg/ zlwk d orzhvw srvvleoh ydoxdwlrq htxdo wr y= Wr lqfuhdvh lwv uhy0
hqxh deryh y/ wkh vhoohu fdq uxq wkh iroorzlqj �uvw0sulfh vhdohg0elg dxfwlrq1
Li dw ohdvw rqh ri wkh ex|huv sodfhv d elg deryh d fhuwdlq uhvhuyh sulfh u> wkhq
wkh lwhp lv vrog wr wkh ex|hu zkr pdnhv wkh kljkhvw elg1 Rwkhuzlvh/ wkh lwhp
lv hlwkhu vrog dw sulfh y wr wkh zlqqhu ri d orwwhu|/ ru qrw vrog dw doo li rqh ri
wkh ex|huv kdv uhixvhg wr sduwlflsdwh lq wkh dxfwlrq1 Li wkh fduwho lv h!flhqw/
erwk ex|huv zloo sduwlflsdwh lq wkh dxfwlrq dqg qr ex|hu zloo hyhu sodfh d
elg kljkhu wkdq wkh uhvhuyh sulfh u= Khqfh/ wkh fduwho pxvw fkrrvh ehwzhhq
dffhswlqj d udqgrp doorfdwlrq ri wkh lwhp dw d orz sulfh y ru cex|lqj* d pruh
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h!flhqw doorfdwlrq +l1h1 jlylqj wkh lwhp wr wkh ex|hu zlwk wkh kljkhvw ydox0
dwlrq, dw d kljkhu sulfh u1 Li wkh gl�huhqfh ehwzhhq wkh ex|huv* ydoxdwlrqv
lv odujh frpsduhg wr u � y/ wkh fduwho zloo dffhsw wr sd| d kljkhu sulfh u/ wr
hqvxuh wkdw wkh lwhp jrhv wr wkh ex|hu zlwk kljkhvw ydoxdwlrq1

Diwhu eulh | uhylhzlqj wkh olwhudwxuh lq Vhfwlrq LL/ wkh prgho lv suhvhqwhg
lq Vhfwlrq LLL1 Lq Vhfwlrq LY/ L ghulyh wkh rswlpdo dxfwlrq phfkdqlvpv iru
v|pphwulf dqg dv|pphwulf ydoxdwlrq glvwulexwlrqv/ dqg vkrz wkdw dq rswlpdo
dxfwlrq hqwdlov d cidlu dprxqw* ri frpshwlwlrq hyhq li wkh elgghuv gr qrw
frooxgh1 Iru v|pphwulf ydoxdwlrq glvwulexwlrqv/ L vxjjhvw xvlqj d vwdqgdug
dxfwlrq zlwk uhvhuyh sulfh/ dqg udqgrpo| doorfdwlqj wkh lwhp dw d sulfh htxdo
wr wkh plqlpxp srvvleoh ydoxdwlrq lq fdvh qr elg h{fhhgv wkh uhvhuyh sulfh1
Vhfwlrq Y h{whqgv wklv lpsohphqwdwlrq wr dq q0ex|hu dxfwlrq dqg frqfoxghv1

LL1 OLWHUDWXUH UHYLHZ

Judkdp dqg Pduvkdoo ^4<;:` dqg PfDihh dqg PfPloodq ^4<<5` zhuh dprqj
wkh �uvw wr vwxg| frooxvlrq lq dxfwlrqv1 Wkh| dqdo|}h wkh rswlpdo frooxvlrq
phfkdqlvp/ dqg vkrz wkdw d fduwho xvxdoo| pdqdjhv wr h!flhqwo| frrugl0
qdwh lwv phpehuv* elgv dqg sduwlflsdwlrq ghflvlrqv/ iru rqh0vkrw vhfrqg0sulfh
dxfwlrqv dqg rqh0vkrw �uvw0sulfh dxfwlrqv zlwk uhvhuyh sulfh uhvshfwlyho|1

Iroorzlqj wklv zrun/ Dr|djl ^5336`/ Eoxph dqg Khlgkxhv ^533;`/ dqg
Vnu}|sdf} dqg Krshqkd|q ^5337` vwxg| frooxvlrq lq uhshdwhg dxfwlrqv1 Wkhvh
sdshuv vkrz wkdw/ li wkh vhoohu pxvw fkrrvh wkh dxfwlrq irupdw dprqj uhod0
wlyho| cvwdqgdug* vxevhwv ri dxfwlrq phfkdqlvpv/ wkhq/ zkloh fduwhov pd|
vrphwlphv idlo wr h!flhqwo| frruglqdwh wkh elgv/ wkh| xvxdoo| pdqdjh wr jhw
txlwh forvh wr h!flhqf|/ li wkh elgghuv duh vx!flhqwo| sdwlhqw1

Wkhvh sdshuv pd| jlyh wkh lpsuhvvlrq wkdw olwwoh fdq eh grqh wr �jkw froox0
vlrq lq dxfwlrqv/ dsduw iurp dffrpprgdwlqj lw zlwk uhvhuyh sulfhv1 Krzhyhu/
d qhz eudqfk ri wkh olwhudwxuh vkrzv wkdw wklv lv qrw wkh fdvh= Iroorzlqj
wzr sdwk0euhdnlqj sdshuv e| Od�rqw dqg Pduwlpruw ^4<<:/ 5333`/ vrph du0
wlfohv orrn iru rswlpdo dxfwlrqv zlwkrxw uhvwulfwlqj dwwhqwlrq wr d olplwhg
vxevhw ri phfkdqlvpv/ dqg irfxv rq krz wkh vhoohu fdq h{sorlw wkh frooxghuv*
dv|pphwulf lqirupdwlrq wr suhyhqw wkhp iurp frruglqdwlqj wkhlu ehkdylrxu1
Lqwhuhvwlqjo|/ Fkh dqg Nlp ^5339D/ 5339E`/ Sdyory ^5339` dqg Txhvdgd ^5338`
vkrz wkdw wkh vhoohu fdq dfklhyh wkh vdph h{shfwhg uhyhqxh dv lq wkh fdvh ri
qrq0frooxvlrq lq d zlgh udqjh ri flufxpvwdqfhv17 Dv kljkoljkwhg e| Fkh dqg
Nlp ^5339E`/ wkhvh srvlwlyh uhvxowv uho| fuxfldoo| rq qrw vhoolqj wkh lwhp iru
vrph frpelqdwlrqv ri wkh ex|huv* w|shv1
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Frqvhtxhqwo|/ wkh olwhudwxuh vhhpv wr vxjjhvw wkdw d vhoohu idflqj srwhqwldo
frooxvlrq kdv wzr pdlq zd|v wr lpsuryh uhyhqxh= +4, e| xvlqj lqirupdwlrq
dv|pphwu| ehwzhhq wkh elgghuv wr ceuhdn* wkh fduwho/ dqg +5, e| wkuhdwhqlqj
qrw wr vhoo wkh lwhp li doo wkh ex|huv kdyh d orz ydoxdwlrq1 L vwxg| frooxvlrq
lq rqh ri wkh zruvw srvvleoh fdvh vfhqdulr iru wkh vhoohu= Wkdw lv/ zkhq wkhuh
lv qr lqirupdwlrq dv|pphwu| ehwzhhq wkh ex|huv/ dqg zkhq wkh vhoohu kdv wr
hqvxuh wkdw wkh lwhp lv dozd|v vrog rq wkh htxloleulxp sdwk +vr wkdw h{foxglqj
vrph ri wkh ex|huv w|shv iurp ex|lqj wkh lwhp lv lpsrvvleoh,18

LLL1 WKH PRGHO

LLL+l,1 Sulplwlyhv

D ulvn0qhxwudo vhoohu kdv wr vhoo dq lwhp wkurxjk dq dxfwlrq phfkdqlvp wkdw
lw fdq ghvljq1 Wkhuh duh wzr srwhqwldo ex|huv E� dqg E2= Ohw y� dqg y2
eh ex|hu E�*v dqg ex|hu E2*v sulydwh ydoxdwlrqv ri wkh lwhp/ gudzq iurp d
jlyhq frqwlqxrxv mrlqw ghqvlw| ixqfwlrq/ zlwk vxssruw V ' dy�> y�o� dy2> y2o1

9

Zlwkrxw orvv ri jhqhudolw|/ L zloo frqvlghu wkdw y2 � y�1 L dovr dvvxph y� ? y2/
vr wkdw ex|hu E2 pd| srwhqwldoo| ydoxh wkh lwhp kljkhu wkdq ex|hu E�1
Ex|huv duh ulvn0qhxwudo1

Ohw g ' y� � y2 eh wkh gl�huhqfh ehwzhhq wkh wzr ex|huv* ydoxdwlrqv/ i{
dqg I{ eh lwv ghqvlw| dqg glvwulexwlrq ixqfwlrq rq V{ ' dy� � y2> y� � y2o1

L dovr dvvxph wkdw wkh ixqfwlrqv M� dqg M2> gh�qhg e| M�Eg� ' g n I{Eg�
i{Eg�

rq dy� � y2> y� � y2o/ dqg M2Eg� ' g � �3I{Eg�
i{Eg�

rq dy� � y2> y� � y2o/ duh qrq0
ghfuhdvlqj1 Wklv lv d fodvvlf dvvxpswlrq lq dxfwlrq wkhru| dqg lv yhul�hg
xvlqj wkh prvw frpprq glvwulexwlrq ixqfwlrqv I{1

:

LLL+ll,1 Prgho ri frooxvlrq dqg wlph olqh

L dvvxph wkdw/ rqfh wkh vhoohu kdv sursrvhg dq dxfwlrq phfkdqlvp/ wkh wzr
ex|huv fdq fkrrvh wr irup d fduwho wr frruglqdwh wkhlu elgv dqg sduwlflsdwlrq
ghflvlrqv1 L dovr dvvxph wkdw hdfk ex|hu ohduqv derxw wkh rwkhu ex|hu*v ydox0
dwlrq dqg wkdw/ li d fduwho lv iruphg/ ex|huv edujdlq h!flhqwo| ryhu wkhlu elgv
dqg sduwlflsdwlrq ghflvlrqv/ dqg duudqjh d prqhwdu| wudqvihu ehwzhhq wkhp1
Iru h{dpsoh/ wkh elgv/ sduwlflsdwlrq ghflvlrqv dqg prqhwdu| wudqvihuv pd| eh
wkrxjkw ri dv ehlqj rewdlqhg dv wkh vroxwlrq wr d Qdvk0Edujdlqlqj sureohp
zlwk h{rjhqrxv edujdlqlqj srzhu +zklfk grhv qrw qhhg wr eh vshfl�hg, dqg
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rxwvlgh rswlrqv htxdo wr wkh ex|huv* qrq0frrshudwlyh sd|r�v1 Wkxv/ li d fdu0
who lv iruphg/ wkh ex|huv* elgv dqg sduwlflsdwlrq ghflvlrqv zloo pd{lpl}h wkh
vxp ri wkh ex|huv* sd|r�v1 L ixuwkhu dvvxph wkdw wkh vhoohu fdqqrw revhuyh
zkhwkhu ru qrw d fduwho lv iruphg1

Wkh wlph olqh ri wkh jdph lv dv iroorzv=

� Dw gdwh 3/ erwk ex|huv ohduq ri wkh wzr ydoxdwlrqv y� dqg y2=
;

� Dw gdwh 4/ wkh vhoohu sursrvhv dq dxfwlrq phfkdqlvp1

� Dw gdwh 5/ wkh ex|huv vlpxowdqhrxvo| fkrrvh zkhwkhu ru qrw wr irup d
fduwho1 Li erwk ghflgh wr irup d fduwho/ wkh fduwho lv dfwlyh/ rwkhuzlvh lw
lv lqdfwlyh1

� Dw gdwh 6/ hdfk ex|hu sduwlflsdwhv/ ru qrw/ lq wkh dxfwlrq dqg elgv li
kh sduwlflsdwhv1

� Dw gdwh 7/ wkh rxwfrph ri wkh dxfwlrq phfkdqlvp dulvhv +dorqj zlwk
prqhwdu| wudqvihuv ehwzhhq wkh ex|huv li wkh| irup d fduwho,1

Zkdwhyhu wkh dxfwlrq phfkdqlvp lv dqg zkdwhyhu wkh elgghuv* ydoxdwlrqv
duh/ lw lv fohdu wkdw erwk ex|huv zloo eh zloolqj wr irup d fduwho dw gdwh 51
Lqghhg li d fduwho lv iruphg/ hdfk ex|hu hyhqwxdoo| jhwv d sd|r� deryh wkh
sd|r� kh zrxog jhw li erwk ex|huv frpshwhg1 Vr/ L irfxv rq wkh htxloleulxp
zkhuh erwk ex|huv dozd|v ghflgh wr irup d fduwho1

Frqvhtxhqwo|/ wklv jdph kdv wkh vdph rxwfrph dv d qhz vlpsol�hg jdph
ehwzhhq wkh vhoohu dqg d wklug sduw|/ wkh fduwho/ zklfk frruglqdwhv erwk sod|0
huv* dfwlrqv +sduwlflsdwlrq dqg elgv, lq rughu wr pd{lpl}h wkh vxp ri wkhlu
sd|r�v1 Wkh wlph olqh ri wklv vlpsol�hg jdph lv=

� Dw gdwh 3/ wkh fduwho ohduqv ri wkh wzr ydoxdwlrqv y� dqg y2=

� Dw gdwh 4/ wkh vhoohu sursrvhv dq dxfwlrq phfkdqlvp1

� Dw gdwh 5/ wkh fduwho ghflghv zklfk ex|huv sduwlflsdwh dqg dqqrxqfhv
wkh elgv ri wkh sduwlflsdqwv1

� Dw gdwh 6/ wkh rxwfrph ri wkh dxfwlrq phfkdqlvp lv jlyhq1

Lq zkdw iroorzv/ L irfxv rq wklv vlpsol�hg jdph1 Dv xvxdo/ doo wkh dvvxps0
wlrqv duh frpprq nqrzohgjh1
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LLL+lll,1 Vhw ri ihdvleoh phfkdqlvpv

L dvvxph wkdw wkh vhoohu fdq uhjxodwh uhvdoh/ vr wkdw wkh phfkdqlvp fdq vwdwh
zkr hqgv xs frqvxplqj wkh lwhp1 Khqfh/ wkh fduwho uhdol}hv ydoxh yl/ zkhq
ex|hu El zlqv wkh dxfwlrq1

Pruhryhu/ L dvvxph wkdw wkh vhoohu qhhgv wr vhoo wkh lwhp zlwk suredelolw|
� rq wkh htxloleulxp sdwk1 Iru vrph srwhqwldo dfwlrqv/ wkh phfkdqlvp pd|
vwdwh wkdw wkh lwhp lv qrw doorfdwhg/ exw lw pxvw jlyh wkh fruuhfw lqfhqwlyhv iru
wkh fduwho wr dozd|v fkrrvh dfwlrqv vxfk wkdw wkh lwhp lv doorfdwhg/ zkdwhyhu
wkh ex|huv* ydoxdwlrqv1

Lw lv srvvleoh iru wkh fduwho wr kdyh rqo| rqh elgghu sduwlflsdwh lq wkh dxf0
wlrq/ dowkrxjk wklv srvvlelolw| fdq eh ljqruhg zlwkrxw dq| orvv ri jhqhudolw|1
Wkh uhdvrq lv wkdw/ li dq rswlpdo dxfwlrq lqyroyhv vxfk d srvvlelolw|/ rqh fdq
frqvwuxfw dqrwkhu sd|r�0htxlydohqw +dqg wkxv rswlpdo, dxfwlrq zklfk dozd|v
lqgxfhv erwk sduwlhv wr sduwlflsdwh1

Wr xqghuvwdqg wklv/ lpdjlqh dq rswlpdo dxfwlrq phfkdqlvp vxfk wkdw iru
vrph Ey��> y

�

2� ehorqjlqj wr V> wkh fduwho kdv rqo| rqh ri wkh ex|huv/ vd| ex|hu
E2/ sduwlflsdwlqj lq wkh dxfwlrq1 Lq wklv fdvh ex|hu E2 jhwv wkh lwhp zlwk
suredelolw| � xsrq sd|phqw ri W �

2= Wkhq/ zh fdq prgli| wkh phfkdqlvp e|
r�hulqj wkh srvvlelolw| iru wkh fduwho wr kdyh ex|hu E2 zlqqlqj wkh dxfwlrq
zlwk sd|phqw W �

2 zkhq erwk ex|huv sduwlflsdwh/ dqg e| vwdwlqj wkdw wkh lwhp
lv qrw vrog li ex|hu E� grhv qrw sduwlflsdwh1 Wklv qhz phfkdqlvp lv dovr
rswlpdo vlqfh lwv rxwfrph lv wkh vdph dv wkh ruljlqdo rqh1

Frqvhtxhqwo|/ zh fdq uhvwulfw rxu dwwhqwlrq wr phfkdqlvpv zkhuhe| wkh
lwhp lv qrw vrog zkhq rqo| rqh ex|hu sduwlflsdwhv/ vr wkdw wkh fduwho dozd|v
kdv erwk ex|huv sduwlflsdwlqj1<

E| wkh uhyhodwlrq sulqflsoh +P|huvrq ^4<;4`,/ wkhuh lv qr orvv lq uhvwulfwlqj
dwwhqwlrq wr gluhfw uhyhodwlrq phfkdqlvpv1 Ohw Sl Eey�> ey2� ghqrwh wkh sured0
elolw| wkdw ex|hu El jhwv wkh lwhp li wkh fduwho dqqrxqfhv d ydoxdwlrq ey� iru
ex|hu E� dqg d ydoxdwlrq ey2 iru ex|hu E21 Ohw W Eey�> ey2� ghqrwh wkh fruuh0
vsrqglqj h{shfwhg sd|phqw +lqfoxglqj zkdw erwk ex|hu E� dqg ex|hu E2
kdyh wr sd|,1

Zh orrn iru wkh phfkdqlvp ES�> S2> W � zklfk jhqhudwhv wkh kljkhvw h{0
shfwhg uhyhqxh iru wkh vhoohu dprqj wkrvh wkdw vdwlvi| wkh wkuhh frqvwudlqwv=

+LF, frqvwudlqwv=

; EEy�> y2� > Eey�> ey2�� 5 V2>

y�S� Ey�> y2� n y2S2 Ey�> y2�� W Ey�> y2� � y�S� Eey�> ey2� n y2S2 Eey�> ey2�� W Eey�> ey2�

9



+LU, frqvwudlqwv=

; Ey�> y2� 5 V> y�S� Ey�> y2� n y2S2 Ey�> y2�� W Ey�> y2� � f

+Doorfdwlrq, frqvwudlqwv=

; Ey�> y2� 5 V> S� Ey�> y2� � f> S2 Ey�> y2� � f/ dqg S� Ey�> y2�nS2 Ey�> y2� ' �=

Wkh +LF, frqvwudlqw phdqv wkdw wkh fduwho kdv qr ehwwhu vwudwhj| wkdq
dqqrxqflqj wkh ex|huv* wuxh ydoxdwlrqv1 Wkh +LU, frqvwudlqw phdqv wkdw
zkdwhyhu lwv ydoxdwlrqv/ wkh fduwho zloo eh zloolqj wr sduwlflsdwh lq wkh dxfwlrq1
Wkh +Doorfdwlrq, frqvwudlqw lv qhfhvvdu| wr hqvxuh wkdw wkh lwhp zloo eh vrog
zkdwhyhu wkh ex|huv* ydoxdwlrqv1

LY1 DQDO\VLV

Iluvw/ qrwh wkdw wkh +LF, frqvwudlqwv lpso| wkdw li wkh +LU, frqvwudlqw krogv
iru wkh plqlpxp ydoxdwlrqv Ey�> y2�/ wkhq lw krogv iru dq| y� dqg y2=

43 Wkxv/
wkh +LU, frqvwudlqw fdq eh uhzulwwhq dv

y�S� Ey�> y2� n y2S2 Ey�> y2�� W Ey�> y2� � f=

Iru dq rswlpdo phfkdqlvp/ wklv frqvwudlqw pxvw eh elqglqj dw wklv srlqw/
vlqfh rwkhuzlvh wkh vhoohu frxog lqfuhdvh wkh sd|phqw W e| d frqvwdqw � A f
iru hyhu| w|sh zlwkrxw xsvhwwlqj wkh +LF, dqg +doorfdwlrq, frqvwudlqwv1 Vr/
zh fdq uhvwulfw rxu dwwhqwlrq wr phfkdqlvpv iru zklfk

+4, y�S� Ey�> y2� n y2S2 Ey�> y2�� W Ey�> y2� ' f=

Gxh wr wkh +doorfdwlrq, frqvwudlqw/ wklv wzr0glphqvlrqdo sureohp fdq eh
wudqviruphg lqwr d rqh0glphqvlrqdo sureohp1

Ohppd 41 Iru hyhu| gluhfw uhyhodwlrq phfkdqlvp/ wkhuh h{lvwv dqrwkhu gluhfw
uhyhodwlrq phfkdqlvp zklfk |lhogv dw ohdvw dv pxfk uhyhqxh dqg vxfk wkdw
S�> S2 dqg W duh frqvwdqw rq dq| jlyhq olqh y� � y2 ' g=

Surri1 Xvlqj wkh doorfdwlrq frqvwudlqw/ +LF, lpsolhv wkdw iru dq| Ey�> y2� dqg
Eey�> ey2� ehorqjlqj wr V>

Ey� � y2�S� Ey�> y2�� W Ey�> y2� n y2

� Ey� � y2�S� Eey�> ey2�� W Eey�> ey2� n y2>

:



ru/ vlploduo|/

Ey� � y2�S� Ey�> y2�� W Ey�> y2� � Ey� � y2�S� Eey�> ey2�� W Eey�> ey2� =

Wklv lqhtxdolw| pxvw dovr krog li zh vzlwfk y dqg ey/ zklfk jlyhv

Eey� � ey2�S� Eey�> ey2�� W Eey�> ey2� � Eey� � ey2�S� Ey�> y2�� W Ey�> y2� =

Frpelqlqj wkhvh wzr lqhtxdolwlhv vkrzv wkdw/ li y� � y2 ' ey� � ey2/ wkhq

Ey� � y2�S� Ey�> y2�� W Ey�> y2� �

Ey� � y2�S� Eey�> ey2� �W Eey�> ey2�
� Ey� � y2�S� Ey�> y2�� W Ey�> y2� >

vr wkdw

Ey� � y2�S� Ey�> y2�� W Ey�> y2� ' Ey� � y2�S� Eey�> ey2�� W Eey�> ey2� =

Wklv vkrzv wkdw iru d gluhfw uhyhodwlrq phfkdqlvp/ wkh fduwho lv lqgl�huhqw
ehwzhhq wkh r�hu wkdw lv ghvljqhg iru lwv w|sh Ey�> y2� dqg r�huv wkdw duh
ghvljqhg iru rwkhu w|shv Eey�> ey2� rq wkh vdph olqh y� � y2 ' ey� � ey2=

Ohw W Eg� eh wkh ohdvw xsshu erxqg ri wkh W Ey�> y2� rq wkh olqh y��y2 ' g=

W Eg� ' t�T iW Ey�> y2� my� � y2 ' gj =

Ohw S� Eg� eh vxfk wkdw iru dq| Ey�> y2� rq wkh olqh y� � y2 ' g/ zh kdyh

Ey� � y2�S� Ey�> y2�� W Ey�> y2� ' Ey� � y2�S� Eg�� W Eg� =

Fkdqjlqj doo r�huv ghvljqhg iru w|shv rq wkh olqh y��y2 ' g> iurp S� Ey�> y2�
wr S� Eg� dqg iurp W Ey�> y2� wr W Eg� lqfuhdvhv wkh h{shfwhg uhyhqxh jhqhudwhg
e| wkh phfkdqlvp dqg grhv qrw ylrodwh dq| ri rxu wkuhh frqvwudlqwv144

Frqvhtxhqwo|/ zh fdq uhvwulfw rxu dwwhqwlrq wr gluhfw uhyhodwlrq phfkd0
qlvpv wkdw kdyh wkh vdph doorfdwlrq dqg sd|phqw uxohv +S� Eg� > W Eg�, hyhu|0
zkhuh lqvlgh dq| jlyhq olqh y� � y2 ' g1 Iurp qrz rq/ S�/ S2 dqg W zloo eh
frqvlghuhg wr eh ixqfwlrqv ri g=45

Lq wklv frqwh{w/ dv S� E=�nS2 E=� ' �/ rxu wkuhh frqvwudlqwv fdq eh zulwwhq
zlwk uhvshfw wr g=

+LF,* frqvwudlqwv=

;
�
g> eg

�
5 V2

{> gS� Eg�� W Eg� � gS�

�
eg
�
� W

�
eg
�
=

;



+LU,* frqvwudlqwv=

Ey� � y2�S� Ey� � y2�� W Ey� � y2� ' �y2=

+Doorfdwlrq,* frqvwudlqwv=

;g 5 V{> S� Eg� 5 df> �o dqg S2 Eg� ' �� S� Eg� =

Qrz wkdw zh kdyh d rqh0glphqvlrqdo sureohp/ P|huvrq*v phwkrgrorj|
+^4<;4`, fdq eh dssolhg1 Ohw O G V{ �$ U eh wkh ixqfwlrq gh�qhg e|=

O

+
gn I{Eg�

i{Eg�
li g ? y� � y2>

g� �3I{Eg�
i{Eg�

li g � y� � y2=

Ohppd 51 Hyhu| phfkdqlvp vdwlvi|lqj +LF,*/ +LU,* dqg +Doorfdwlrq,* lv vxfk
wkdw S� lv qrq0ghfuhdvlqj lq g= Wkh vhoohu*v h{shfwhg uhyhqxh lv

+5, H EW � '

]

V{

O E��S� E�� i{ E�� g� n y2=

Surri1 Zkdwhyhu g dqg eg ehorqjlqj wr V{> +LF,* frqvwudlqwv lpso| wkdw

gS� Eg��W Eg� � gS�

�
eg
�
�W

�
eg
�
dqg egS�

�
eg
�
�W

�
eg
�
� egS� Eg��W Eg� =

Wkxv/ zh kdyh

+6, gES�

�
eg
�
� S� Eg�� � W

�
eg
�
� W Eg� � eg ES�

�
eg
�
� S� Eg��>

zklfk lpsolhv wkdw

f �
�
eg� g

�
ES�

�
eg
�
� S� Eg��=

Vr/ wkh ixqfwlrq S� lv qrq0ghfuhdvlqj lq g= Ohw z eh wkh ixqfwlrq gh�qhg e|
zEg� � gS� Eg�� W Eg� =

Iurp lqhtxdolw| 6/ zh kdyh

Eg� eg �S�

�
eg
�
� zEg�� zEeg � � Eg� eg �S� Eg� =

Wklv suryhv wkdw z lv frqwlqxrxv dqg gl�huhqwldeoh dw hyhu| g iru zklfk S� lv
frqwlqxrxv +zklfk kdsshqv hyhu|zkhuh h{fhsw rq d frxqwdeoh vhw ri srlqwv/

<



dv S� lv qrq0ghfuhdvlqj,1 Pruhryhu/ iru wkhvh srlqwv zh kdyh z�Eg� ' S� Eg� =
Vlqfh wkh sd|phqw W lv d ixqfwlrq ri g/ wkh vhoohu*v h{shfwhg uhyhqxh fdq eh
h{suhvvhg e| lqwhjudwlqj ryhu wkh ydoxhv ri g/ vr wkdw

H EW � '

]

V{

W E�� i{ E�� g�

'

]

V{

�S� E�� i{ E�� g� �

]

V{

z E�� i{ E�� g�=

Dv wkh ixqfwlrq $ E=�I{ E=� lv frqwlqxrxv/ gl�huhqwldeoh hyhu|zkhuh h{fhsw
rq d frxqwdeoh vhw ri srlqwv/ lw lv d jhqhudol}hg sulplwlyh ri wkh ixqfwlrq
$ E=� i{ E=� n S� E=�I{ E=� dqg zh fdq lqwhjudwh wkh vhfrqg lqwhjudo e| sduwv1
Vr/

H EW � '

]

V{

�S� E�� i{ E�� g� � dz E��I{ E��o
y�3y

2

y
�
3y2

n

]

V{

S� E��I{ E�� g�

'

]

V{

E�i{ E�� n I{ E���S� E�� g� � z Ey� � y2�

'

]

V{

E�i{ E�� n I{ E���S� E�� g� � Ez Ey� � y2�� z Ey� � y2��� z Ey� � y2�

'

]

V{

E�i{ E�� n I{ E���S� E�� g� �

] y�3y
2

y
�
3y

2

S� E�� g� � z Ey� � y2�

'

]

V{

O E��S� E�� i{ E�� g� n y2/

dv z Ey� � y2� ' �y2 iurp +LU,*1
Khqfh/ rxu sureohp dprxqwv wr �qglqj wkh ixqfwlrq S� zklfk pd{lpl}hvU

V{

O E��S� E�� i{ E�� g�/ dprqj wkh qrq0ghfuhdvlqj ixqfwlrqv wdnlqj wkhlu

ydoxhv lq df> �o = Zh duh qrz lq d srvlwlrq wr lghqwli| wkh rswlpdo phfkdqlvp1

Sursrvlwlrq 41 Ohw v dqg w eh vxfk wkdw

v G ' �?u ig 5 dy� � y2> y� � y2o m OEg� � fj >

w G ' �?u ig 5 dy� � y2> y� � y2o m OEg� � fj =

Li
U w

v
O E�� i{ E�� g� � f/ wkhq dq rswlpdo dxfwlrq phfkdqlvp hlwkhu doorfdwhv

wkh lwhp wr ex|hu E� dw sulfh y�/ ru wr ex|hu E2 dw d kljkhu sulfh y� � v=
Li
U w

v
O E�� i{ E�� g� � f/ wkhq dq rswlpdo dxfwlrq phfkdqlvp hlwkhu doorfdwhv

wkh lwhp wr ex|hu E2 dw sulfh y2/ ru wr ex|hu E� dw d kljkhu sulfh y2 n w=
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Sursrvlwlrq 51 Li wkh mrlqw glvwulexwlrq ri wkh ydoxdwlrqv lv v|pphwulf/ wkhuh
h{lvwv d sulfh u / zkhuh y ? u ? y n y3y

2
/ vxfk wkdw dq rswlpdo dxfwlrq

phfkdqlvp lv wr sursrvh wzr srvvleoh rxwfrphv=

41 hlwkhu udqgrpo| doorfdwh wkh lwhp wr rqh ri wkh wzr ex|huv +zlwk htxdo
suredelolw|, dw sulfh y/

51 ru ohw wkh fduwho fkrrvh zkr jhwv wkh lwhp dw d kljkhu sulfh u=

Wklv sulfh u lv vxfk wkdw u ' y n {
2
/ zkhuh { lv wkh xqltxh vroxwlrq wr

{ '
�� I{ E{�

i{ E{�
=

Wklv ohdgv wkh lwhp wr eh doorfdwhg udqgrpo| zkhq wkh gl�huhqfh eh0
wzhhq wkh ex|huv* ydoxdwlrqv lv ohvv wkdq {/ dqg wr wkh ex|hu zlwk wkh
kljkhvw ydoxdwlrq rwkhuzlvh1

Surri1 Wr suryh sursrvlwlrqv � dqg 2/ L �uvw orrn iru wkh qrq0ghfuhdvlqj
ixqfwlrq S� zklfk pd{lpl}hv wkh vhoohu*v uhyhqxh +5, zlwkrxw wdnlqj wkh +LF,*
frqvwudlqw lqwr dffrxqw1 Wkhq/ L fkhfn wkdw wkh vroxwlrq vdwlv�hv wklv frq0
vwudlqw1

Iurp rxu dvvxpswlrqv/ O lv frqwlqxrxv dqg qrq0ghfuhdvlqj rq dy� � y2> y� � y2o
dqg rq dy� � y2> y� � y2o/ dqg

OEy� � y2� ? f>

*�4
w<Ey

�
3y

2
�3
OEw� � y� � y2 � f>

OEy� � y2� A f=

Pruhryhu/ lw lv fohdu wkdw v G' �?u ig 5 dy� � y2> y� � y2o m OEg� � fj lv qhj0
dwlyh/ zkloh w G' �?u ig 5 dy� � y2> y� � y2o m OEg� � fj lv srvlwlyh1 Wkxv/ zh
kdyh wr pd{lpl}h

U
V{

O E�� i{ E��S� E�� g�> zlwk O E�� i{ E�� ehlqj qhjdwlyh

rq dy� � y2> v�/ qrq0qhjdwlyh rq Ev> y� � y2�> qhjdwlyh rq Ey� � y2> w� dqg
qrq0qhjdwlyh rq Ew> y� � y2o =

Iluvw/ lw lv fohdu wkdw dq rswlpdo ixqfwlrq S� zloo eh vxfk wkdw/ li g ? v/
wkhq S�Eg� ' f/ dqg li g A w/ wkhq S�Eg� ' � +wkhvh ydoxhv pd{lpl}h wkh
sduwv ri wkh lqwhjudo ryhu dy� � y2> v� dqg Ew> y� � y2o/ zlwkrxw lpsrvlqj dq|
ixuwkhu frqvwudlqw rq wkh ixqfwlrq S� rq wkh uhpdlqlqj lqwhuydo dv> wo,1 Wkhq/
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�����������

�

���

�

����

��

G

/�G�

G

/�G�

Iljxuh 4= Wkh O ixqfwlrq zkhq ex|huv* ydoxdwlrqv duh lqghshqghqw dqg lghq0
wlfdoo| glvwulexwhg dffruglqj wr dq xqlirup glvwulexwlrq ryhu df> �o = Khuh/
w ' �@�=

45



rqh ri wkh rswlpdo ixqfwlrqv S� lv frqvwdqw rq Ev> w� = Lqghhg li wkhuh zdv
d ydoxh { 5 Ev> y� � y2� vxfk wkdw S�E{� ? S�Ey� � y2�> rqh frxog lpsuryh
wkh vhoohu*v uhyhqxh e| wdnlqj S� ' S�Ey� � y2� rq Ev> y� � y2� > vlqfh lq wklv
udqjh O E=� i{ E=� lv qrq0qhjdwlyh1 Iroorzlqj wkh vdph orjlf/ li wkhuh zdv d
{ 5 Ey� � y2> w� vxfk wkdw S�E{� A S�Ey� � y2�> rqh frxog lpsuryh wkh vhoohu*v
uhyhqxh e| wdnlqj S� ' S�Ey� � y2� rq Ey� � y2> w� > vlqfh rq wklv lqwhuydo
O E=� i{ E=� lv qhjdwlyh1

Ghqrwlqj e| d wkh ydoxh ri S� rq Ev> w� > zh fdq zulwh wkh vhoohu*v h{shfwhg
sd|phqw dv

]

V{

O E�� i{ E��S� E�� g�ny2 ' d

] w

v

O E�� i{ E�� g�n

] y�3y
2

w

O E�� i{ E�� g�ny2=

Li
U w

v
O E�� i{ E�� g� � f/ wkhq dq rswlpdo phfkdqlvp lv vxfk wkdw S� ' f

rq dy��y2> v� dqg S� ' � rq Ev> y� � y2o1 Li/ rq wkh frqwudu|/
U w

v
O E�� i{ E�� g� �

f/ wkhq dq rswlpdo phfkdqlvp lv vxfk wkdw S� ' f rq dy� � y2> w� dqg S� ' �
rq Ew> y� � y2o =

Li wkh mrlqw glvwulexwlrq ri wkh ydoxdwlrqv lv v|pphwulf/ lw fdq hdvlo| eh
vkrzq wkdw

U w

v
O E�� i{ E�� g� ' f dqg v ' �w= Dqrwkhu rswlpdo phfkdqlvp lv

vxfk wkdw S� ' f rq dy�y>�w�> S� ' �@2 rq d�w> wo dqg S� ' � rq Ew> y � yo146

Xvlqj wkh gh�qlwlrq ri wkh ixqfwlrq z> wkh fruuhvsrqglqj sd|phqwv fdq
wkhq eh frpsxwhg=

W Eg� ' gS� Eg�� zEg�

' gS� Eg��

] g

y
�
3y

2

z� E�� g� � zEy� � y2�

' gS� Eg��

] g

y
�
3y

2

S� E�� g� n y2=

Gluhfw fdofxodwlrq ryhu wkh sd|phqwv pdnhv lw srvvleoh wr fkhfn wkdw wkh +LF,
frqvwudlqwv krog iru wkhvh phfkdqlvpv dqg frpsohwhv wkh surri1

Lq fdvh wkh elgghuv duh dv|pphwulf/ dq rswlpdo phfkdqlvp doorfdwhv wkh
lwhp wr rqh ri wkh ex|huv/ vd| ex|hu El/ iru d sulfh htxdo wr lwv uhvhuydwlrq
ydoxdwlrq yl/ dqg r�huv wkh fduwho wkh fkdqfh wr cex|* dq h!flhqw doorfdwlrq
e| judqwlqj wkh lwhp wr ex|hu Em li ex|hu Em ydoxhv wkh lwhp kljko|147 Lq
wkh fdvh ri d v|pphwulf ydoxdwlrqv glvwulexwlrq/ dqrwkhu rswlpdo phfkdqlvp
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zrxog eh wr udqgrpl}h wkh zlqqhu ri wkh dxfwlrq iru d sulfh htxdo wr wkh
uhvhuydwlrq ydoxdwlrq y/ h{fhsw zkhq wkh fduwho lv zloolqj wr sd| dq h{wud
sulfh wr hqvxuh wkdw wkh lwhp jrhv wr wkh ex|hu zkr ydoxhv lw wkh prvw1 Lq
erwk fdvhv/ wkh lghd lv wr lpsrvh dq lqh!flhqw doorfdwlrq rq wkh elgghuv xqohvv
wkh| sd| d vx!flhqwo| kljk dprxqw wr dyrlg lw148

Wklv uhvxow lv txlwh lqwxlwlyh/ dqg pljkw vhhp reylrxv/ |hw lw lv qrw1 D
sulrul/ wkh rswlpdo dxfwlrq phfkdqlvp pljkw kdyh frqvlvwhg ri d frpsoh{
olvw ri sursrvhg udqgrp doorfdwlrqv zlwk gl�huhqw fruuhvsrqglqj sd|phqwv1
Vxusulvlqjo|/ zkdwhyhu wkh ydoxdwlrqv* glvwulexwlrq/ r�hulqj wkh deryh wzr
srvvleoh rxwfrphv lv hqrxjk wr pd{lpl}h wkh vhoohu*v uhyhqxh1

Qrwh wkdw wr lpsohphqw wklv phfkdqlvp/ wkh vhoohu grhv qrw kdyh wr dg0
guhvv wkh fduwho dv dq hqwlw|1 D vlpsoh lpsohphqwdwlrq ri wkh v|pphwulf
phfkdqlvp lv wr uxq d vwdqgdug vhdohg0elg �uvw0sulfh ru vhfrqg0sulfh dxfwlrq
zlwk uhvhuyh sulfh u +y ? u ? y n y3y

2
, dqg/ lq fdvh erwk ex|huv sodfh elgv

ehorz u/ wr kdyh d orwwhu| ghwhuplqh wkh zlqqhu dw d sulfh y1 Ixuwkhupruh/
wkh vhoohu wkuhdwhqv qrw wr vhoo wkh lwhp li rqh ri wkh ex|huv grhv qrw sduwlf0
lsdwh lq wkh dxfwlrq phfkdqlvp/ xqohvv wkh rwkhu ex|hu sodfhv d elg deryh
u1 Zlwk wklv dxfwlrq/ d fduwho kdv wr fkrrvh ehwzhhq rxwfrphv zkhuh wkh
zlqqhu lv udqgrpo| gudzq dqg rxwfrphv zkhuh wkh zlqqhu lv ghwhuplqhg e|
wkh kljkhvw elg1 Wkh hdvlhvw zd| wr hqvxuh wkdw d sduwlfxodu ex|hu zlqv wkh
dxfwlrq lv wr kdyh lw elg u zkloh wkh rwkhu sodfhv d elg ehorz u1 Khqfh/ wkh
fduwho kdv wr fkrrvh ehwzhhq udqgrpl}lqj wkh zlqqhu iru d sulfh htxdo wr y
ru fkrrvlqj wkh zlqqhu iru d sulfh htxdo wr u1 Idflqj wkh vdph wudgh0r� dv
zlwk p| rswlpdo phfkdqlvp/ d fduwho wkxv kdv dq lqwhuhvw lq fkrrvlqj elgv
zklfk hyhqwxdoo| |lhog wkh vdph rxwfrph dv lq p| phfkdqlvp1

Lqwhuhvwlqjo|/ li ex|huv kdsshq wr frpshwh lqvwhdg ri frooxglqj/ wklv phfk0
dqlvppd| yhu| zhoo |lhog qhduo| dv pxfk uhyhqxh dv wkh rswlpdo cfrpshwlwlyh*
dxfwlrq1 Lqghhg/ lw fdq eh vkrzq wkdw li wkh ex|huv* ydoxdwlrqv duh xqlirupo|
glvwulexwhg rq dy> y n oo > wkh vhoohu*v h{shfwhg uhyhqxh zkhq wzr ex|huv frp0
shwh lv y n 2S@2. � o@� zlwk p| phfkdqlvp/ zkloh lw zrxog eh y n o@� iru
wkh rswlpdo cfrpshwlwlyh* dxfwlrq +wkdw lv dq| ri wkh irxu vwdqgdug dxfwlrqv
zlwkrxw uhvhuyh sulfh/ zklfk duh rswlpdo zkhq wkhuh lv frpshwlwlrq dqg zkhq
wkh lwhp dozd|v kdv wr eh vrog,1 Lq fdvh ri frooxvlrq/ wkh vhoohu*v h{shfwhg
uhyhqxh lv uhvshfwlyho| htxdo wr yn2@b� o@� zlwk p| phfkdqlvp dqg y zlwk
wkh rswlpdo cfrpshwlwlyh* dxfwlrq1

Qrwh wkdw iru dv|pphwulf ydoxdwlrq glvwulexwlrqv/ p| rswlpdo dv|pphw0
ulf phfkdqlvp frxog hdvlo| eh lpsohphqwhg e| iroorzlqj wkh vdph orjlf1 D
vwdqgdug dxfwlrq/ vd| d vhdohg0elg �uvw sulfh dxfwlrq/ lv khog rqo| li erwk
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ex|huv sduwlflsdwh1 Li wklv dxfwlrq |lhogv uhyhqxhv ryhu d jlyhq uhvhuyh sulfh
u�/ wkhq wkh lwhp lv doorfdwhg wr wkh zlqqhu ri wkh dxfwlrq/ rwkhuzlvh ex|hu
El uhfhlyhv wkh lwhp iru d sd|phqw htxdo wr yl=
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Y1 FRQFOXGLQJ UHPDUNV

Lq wklv sdshu/ zh vdz wkdw zkhq d vhoohu lv erxqg wr vhoo dq lwhp wr rqh ri
wzr frooxvlyh elgghuv/ wkh ehvw lw fdq gr wr lpsuryh lwv uhyhqxhv lv hlwkhu wr
kdyh wkh fduwho fkrrvh d orwwhu|/ ru sd| iru h{foxglqj rqh ex|hu1

Wkxv/ d qdwxudo h{whqvlrq ri wklv phfkdqlvp lq wkh fdvh ri q srwhqwldo
ex|huv zrxog eh wr sodq d orwwhu| ehwzhhq doo wkh ex|huv/ dqg wr r�hu wkh
fduwho wkh srvvlelolw| ri sd|lqj wr h{foxgh rqh ru pruh ex|huv iurp wklv orwwhu|
ehiruh lw lv uxq1 Lw zrxog wkhq frqvlvw ri q cuhvhuyh*0sulfhv= uq ' y � uq3� �
uq32 � ==== � u2 ? u�> zkhuh ul lv wkh sulfh wr eh sdlg iru wkh lwhp li wkh fduwho
ghflghv wkdw rqo| l ex|huv sduwlflsdwh lq wkh orwwhu|1

Lq rughu wr lpsohphqw wklv phfkdqlvp/ vr dv wr ehqh�w iurp frpshwlwlrq
li ex|huv gr qrw frooxgh/ d vwdqgdug dxfwlrq fdq eh voljkwo| prgl�hg1 Iluvw/ d
fodvvlf dxfwlrq lv uxq1 Wkhq/ zh orrn iru wkh orzhvw n vxfk wkdw pruh wkdq n
elgv duh deryh wkh cuhvhuyh*0sulfh un1 Li qr n vdwlv�hv wklv frqglwlrq/ wkh lwhp
lv qrw vrog14: Rwkhuzlvh/ d orwwhu| ehwzhhq wkh n ex|huv zkr kdyh vxeplwwhg
wkh kljkhvw elgv ghwhuplqhv zkr jhwv wkh lwhp iru wkh sulfh wkdw zrxog kdyh
ehhq sdlg lq wkh vwdqgdug dxfwlrq e| wkh ex|hu zlwk wkh nwk kljkhvw elg
+jlyhq uhvhuyh sulfh un,1

Lq idfw/ wklv frxog dovr eh lpsohphqwhg vhtxhqwldoo|1 D �uvw vwdqgdug
dxfwlrq lv uxq +vd|/ d �uvw sulfh vhdohg elg dxfwlrq, zlwk uhvhuyh sulfh u�1 Li
qr ex|hu sduwlflsdwhv lq wklv dxfwlrq/ wkhq d vhfrqg dxfwlrq lv uxq/ zlwk d
orzhu uhvhuyh sulfh u21 Li wzr ru pruh ex|huv sduwlflsdwh lq wklv dxfwlrq wkh
lwhp lv vrog yld d orwwhu| wr rqh ri wkh wzr kljkhvw elgghuv iru d sulfh htxdo
wr wkh vhfrqg kljkhvw elg1 Rwkhuzlvh/ d wklug dxfwlrq lv uxq/ zlwk d orzhu
uhvhuyh sulfh u�1 Li wkuhh ru pruh ex|huv sduwlflsdwh lq wklv dxfwlrq/ wkh lwhp
lv vrog yld d orwwhu| wr rqh ri wkh wkuhh kljkhvw elgghuv iru d sulfh htxdo wr
wkh wklug kljkhvw elg/ dqg vr rq1

Doo ri wkh deryh phfkdqlvpv uho| rq wkh wkuhdw ri qrw vhoolqj wkh lwhp lq
fdvh vrph ri wkh ex|huv uhixvh wr sduwlflsdwh1 Krzhyhu/ vlqfh zh dvvxphg wkdw
wkh lwhp dozd|v kdg wr eh vrog rq wkh htxloleulxp sdwk/ wkhvh phfkdqlvpv
duh ghvljqhg vr wkdw dq| w|sh ri fduwho �qgv dq dgydqwdjh lq kdylqj doo ri wkh
ex|huv sduwlflsdwlqj lq wkh dxfwlrq1 Lq sudfwlfh/ wklv pljkw fdxvh d sureohp
vlqfh ex|huv nqrz wkdw wkh vhoohu zloo eh whpswhg wr uxq d vhfrqg dxfwlrq li
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wkh lwhp lv qrw vrog diwhu wkh �uvw dxfwlrq1 Rqh srwhqwldo zd| wr vroyh wklv
sureohp li wkh ex|huv iuhtxhqwo| lqwhudfw lq vlplodu dxfwlrqv/ iru h{dpsoh iru
frqfhvvlrq frqwudfwv uxq e| pdq| gl�huhqw orfdo sxeolf dxwkrulwlhv/ pljkw eh
iru wkh jryhuqphqw ri wkh frxqwu| wr uhtxluh wkdw ex|huv �uvw kdyh d olfhqvh
ehiruh ehlqj doorzhg wr sduwlflsdwh lq vxfk dxfwlrqv1 Wklv olfhqvh pljkw wkhq
eh judqwhg frqglwlrqdoo| xsrq wkh ex|huv frpplwwlqj wr sduwlflsdwh lq hyhu|
frqfhvvlrq frqwudfw dxfwlrq uxq lq wkh frxqwu| dv orqj dv wkh dxfwlrq*v uhvhuyh
sulfh grhv qrw h{fhhg d fhuwdlq dprxqw1
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IRRWQRWHV

4, Vhh Edogzlq/ Pduvkdoo/ dqg Ulfkdug ^4<<:`/ Frpdqru dqg Vfkdqnhupdq
^4<:9`/ Frrn ^4<96`/ Judkdp dqg Pduvkdoo ^4<;:`/ Kd| dqg Nhooh| ^4<:7`/
Pduvkdoo dqg Phxuhu ^5337`/ Shvhqgruihu ^5333`/ Sruwhu dqg ]rqd ^4<<<`/
Skloolsv/ Phqnkdxv dqg Frdwqh| ^5336`/ Pxqg ^4<93`/ dqg Vwljohu ^4<97`1

5, Fkh dqg Nlp ^5339D/ 5339E`/ Ghtxlhgw ^533:`/ Od�rqw dqg Pduwlpruw
^4<<:/ 5333`/ Sdyory ^5339`/ Txhvdgd ^5338`1

6, Fkrqj hw do1 ^5339` vkrz wkdw wkh �qdo sulfh sdlg e| frqvxphuv iru
wkhvh vhuylfhv whqgv wr eh kljkhu zkhq frqfhvvlrqv duh judqwhg wkdq zkhq
wkh vhuylfh lv gluhfwo| pdqdjhg e| wkh orfdo sxeolf dxwkrulw|1

7, Lq sduwlfxodu/ wkhvh dxwkruv rewdlq srvlwlyh uhvxowv zkhwkhu frooxvlrq
rq sduwlflsdwlrq lv srvvleoh dv lq Sdyory ^5339` dqg Fkh dqg Nlp ^5339E`/
ru qrw/ dv lq Fkh dqg Nlp ^5339D`1 Ghtxlhgw ^533:` �qgv d qhjdwlyh uhvxow/
exw dv qrwhg e| Fkh dqg Nlp ^5339E`/ wklv gl�huhqfh vhhpv wr frph iurp
wkh sduwlfxodu vhwwlqj ri klv prgho/ zkhuh wkhuh duh rqo| wzr srvvleoh w|shv
ri ex|hu1

8, Wr rxu nqrzohgjh/ Prrnkhumhh dqg Wvxpdjdul ^5337` lv wkh rqo| sdshu
zklfk ghdov zlwk vxfk d fdvh/ doehlw lq d gl�huhqw frqwh{w1

9, Qrwh wkdw wkh ydoxdwlrqv duh qrw qhfhvvdulo| lqghshqghqw1
:, Rqh frxog zrqghu zkhwkhu ru qrw wklv lv vwloo yhul�hg iru glvwulexwlrq

ixqfwlrqv I{ ghulylqj iurp prvw vwdqgdug ydoxdwlrqv glvwulexwlrqv1 Krzhyhu/
zh frxog uhod{ wklv dvvxpswlrq/ e| dvvxplqj wkdw Ml htxdov f rqo| iru d �qlwh
qxpehu ri ydoxhv/ exw wklv zrxog pdnh wkh ghvfulswlrq ri rxu uhvxowv pruh
frpsoh{ zlwkrxw surylglqj dgglwlrqdo lqvljkw lqwr rxu sureohp1

;, Wklv dvvxpswlrq pd| qrw vhhp uhdolvwlf/ |hw lq vrph pdunhwv/ wkhuh
duh rqo| d ihz ex|huv zkr iuhtxhqwo| lqwhudfw lq dxfwlrqv iru lwhpv zklfk duh
vrog e| gl�huhqw vhoohuv exw zkrvh fkdudfwhulvwlfv duh yhu| vlplodu1 Lq vxfk
fdvhv/ hdfk ex|hu pd| hyhqwxdoo| frph wr kdyh yhu| jrrg lqirupdwlrq derxw
klv frpshwlwruv* ydoxdwlrqv1

<, Lq wklv prgho/ wkh vhoohu fdq frpplw qrw wr vhoo wkh lwhp li rqo| rqh
ex|hu sduwlflsdwhv/ zkloh lw lv erxqg wr vhoo wkh lwhp rq wkh htxloleulxp
sdwk1 Dv hdfk ex|hu fdq fkrrvh zkhwkhu ru qrw wr sduwlflsdwh lq wkh dxfwlrq/
wklv srvvlelolw| lv uhtxluhg wr kdyh wkh ex|huv sd| pruh wkdq wkhlu orzhvw
srvvleoh ydoxdwlrq1 Rwkhuzlvh/ d fduwho frxog pdqlsxodwh dq| phfkdqlvp
e| vhqglqj rqo| rqh elgghu dqg kdylqj klp ghfoduh wkdw klv ydoxdwlrq lv
wkh orzhvw srvvleoh rqh1 Khqfh/ wklv dvvxpswlrq lv rqo| qhhghg wr hqvxuh
wkdw erwk ex|huv zloo sduwlflsdwh lq wkh dxfwlrq1 Wklv frxog eh mxvwl�hg lq
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vlwxdwlrqv zkhuh vhoolqj wkh lwhp lv lpsruwdqw hqrxjk wr glvfrxudjh wkh vhoohu
iurp xvlqj uhvhuyh sulfhv wr udlvh lwv uhyhqxh/ exw qrw lpsruwdqw hqrxjk wr
pdnh xs iru wkh frqvhtxhqfhv ri d uhsxwdwlrq orvv li lw vkrxog frpplw qrw
wr vhoo wkh lwhp dqg uhqhjh1 Ilqdoo|/ dq dowhuqdwlyh dvvxpswlrq zrxog eh wr
frqvlghu wkdw wkh vhoohu fdq irufh hdfk ri wkh ex|huv wr sduwlflsdwh lq wkh
dxfwlrq/ surylghg wkdw wklv dxfwlrq hqvxuhv d srvlwlyh vxusoxv iru dq| w|sh ri
ex|hu +wklv zrxog dprxqw wr iruflqj hdfk ex|hu wr dffhsw ex|lqj wkh lwhp
iru lwv orzhvw srvvleoh ydoxdwlrq li uhtxluhg wr gr vr e| wkh vhoohu,1

43, Wr xqghuvwdqg wklv/ wdnh eyl ' yl lq wkh +LF, frqvwudlqw1 Wklv uhvxow
frphv iurp Sl ehlqj qrq0qhjdwlyh dqg yl ehlqj kljkhu wkdq yl=

44, Qrwh wkdw wklv fkdqjh grhv qrw lpsdfw wkh sd|r� ri d fduwho zkrvh
w|sh Eey�> ey2� olhv rq wkh olqh y� � y2 ' g/ li lw wuxwkixoo| uhsruwv lwv w|sh1
Wkxv/ vxfk d fduwho kdv qr pruh lqfhqwlyh wr plvuhsruw klv w|sh diwhu wkh
fkdqjh wkdq kh kdg ehiruh1 Ixuwkhu/ d fduwho zkrvh w|sh Eey�> ey2� grhv qrw
olh rq wkh olqh y� � y2 ' g/ vwloo kdv qr lqfhqwlyh wr plvuhsruw klv w|sh
diwhu wkh fkdqjh1 Lqghhg/ ES� Eg� > W Eg�� fdq eh vhhq dv wkh olplw ri d vh0
txhqfh ES� Ey�>q> y2>q� > W Ey�>q> y2>q��> zlwk Ey�>q> y2>q� ehorqjlqj wr wkh olqh
y� � y2 ' g1 cIruphu* +LF, frqvwudlqwv hqvxuhg wkdw Eey� � ey2�S� Eey�> ey2� �
W Eey�> ey2� � Eey� � ey2�S� Ey�>q> y2>q� � W Ey�>q> y2>q� iru dq| q/ zklfk suryhv
wkdw Eey� � ey2�S� Eey�> ey2�� W Eey�> ey2� � Eey� � ey2�S� Eg�� W Eg� =

45, Rqh pljkw uhpdun wkdw p| prgho lv olqnhg wr wkh olwhudwxuh rq frxq0
whuydlolqj lqfhqwlyhv ru w|sh0ghshqghqw sduwlflsdwlrq frqvwudlqwv +vhh Mxo0
olhq ^5333`/ Ohzlv dqg Vdsslqjwrq ^4<;<` dqg Pdjjl dqg Urguljxh}0Foduh
^4<<8`,1 Lqghhg/ wkh sduwlflsdwlrq frqvwudlqw ri rxu sureohp fdq eh zulwwhq
dv gS� Eg�� W Eg� � y2 / dqg y2 dqg g duh fruuhodwhg1

46, Qrwh wkdw doo wkh S� ixqfwlrqv zklfk duh frqvwdqw rq d�w> wo duh dovr
rswlpdo1

47, Ghshqglqj rq wkh ghqvlw| ixqfwlrq i{/ l pd| eh htxdo wr � ru 2=
48, Qrwh wkdw wkh xvxdo zd| wr �jkw frooxvlrq lv wr h{foxgh vrph ri wkh

ex|huv* w|shv iurp wkh dxfwlrq/ zklfk lv dqrwkhu irup ri doorfdwlrqdo lqh!0
flhqf|1

49, Zlwk l ' � li
U w

v
O E�� i{ E�� g� � f/ dqg l ' 2 rwkhuzlvh1

4:, Wklv lv mxvw wr hqvxuh wkdw d fduwho frxog qrw fkrrvh zklfk ex|hu jhwv
wkh lwhp zkloh sd|lqj wkh plqlpxp sulfh y1 Dv uq ' y> wkh lwhp zloo dozd|v
eh vrog1
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