N

N

Space-Indexed Control for Aircraft Vertical Guidance
with Time Constraint

Hakim Bouadi, Felix Mora-Camino, Daniel Choukroun

» To cite this version:

Hakim Bouadi, Felix Mora-Camino, Daniel Choukroun. Space-Indexed Control for Aircraft Vertical
Guidance with Time Constraint. Journal of Guidance, Control, and Dynamics, 2014, 37 (4), pp
1103-1113. 10.2514/1.62118 . hal-00987636

HAL Id: hal-00987636
https://enac.hal.science/hal-00987636

Submitted on 22 Sep 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://enac.hal.science/hal-00987636
https://hal.archives-ouvertes.fr
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Daniel Choukroun?®

Department of Space Engineering, Delft University of Technology, Amsterdam, Netherlands

With the growth of civil aviation traffic capacity, safety and environmental consid-
erations urge today for the development of guidance systems with improved accuracy
for spatial and temporal trajectory tracking. This should induce increased practical
capacity by allowing timely operations at minimum separation standards while at take-
off and landing, trajectory dispersion should be reduced, resulting in better controlled
noise impacts on airport surrounding communities. Current civil aviation guidance
systems operate with real time corrective actions to maintain the aircraft trajectory
as close as possible to a space-indexed planned trajectory while the flight management
system copes indirectly with overfly time constraints. In this paper, we consider the
design of new longitudinal guidance laws so that accurate vertical tracking is achieved
while overfly time constraints are satisfied. Here, distance to land is adopted as the
independent variable for the aircraft flight dynamics since it is today available on board
aircraft with acceptable accuracy. A representation of aircraft longitudinal guidance
dynamics is developed according to this spatial variable and a space-indexed nonlin-
ear inverse control law is established to make the aircraft follow accurately a vertical
profile and a desired airspeed. The desired airspeed is defined by an outer space-

indexed control loop to make the aircraft overfly different waypoints according to a
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planned time-table. Numerical simulation experiments with different wind conditions
for a transportation aircraft performing a descent approach for landing under this new
guidance law are described. The resulting guidance performances are compared with

those obtained from a classical time-based guidance control law.
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Nomenclature

= longitudinal displacement, m

= altitude, m

= airspeed, m/s

= ground speed, m/s

= flight path angle w.r.t airspeed, rad
= pitch angle, rad

= angle of attack, rad

= lift force, N

= drag force, N

= thrust force, N

= lift force coefficient

= drag force coefficient

= mass, Kg

= pitch rate, rad/s

= pitch moment, N.m

= pitch moment coefficient

— pitch inertia moment, Kg.m?

= air density, Kg/m3
— wing surface area, m?

= gravity acceleration, m/s?

= engine time constant , s

= throttle setting , rad

= elevator deflection , rad

= longitudinal wind component , m/s

= vertical wind component , m/s



I. Introduction

World air transportation traffic has known a sustained increase over the last decades leading to
airspace near saturation in large areas of developed and emerging countries. For example, today up
to 27,000 flights cross European airspace every day while the number of passengers is expected to
double by 2020. Then safety and environmental considerations urge today for the development of
new guidance systems providing improved accuracy for spatial and temporal trajectory tracking.

In the near future air traffic management environment defined by SESAR (Single European
Sky ATM Research) and NextGen (Next Generation Air Transportation System) projects, aircraft
will progress in four dimensions, sharing accurate airborne predictions with the ground systems,
and being able to meet time constraints at specific waypoints with high precision when the traffic
density requires it [1, 2]. Then better separation and sequencing of traffic flows will be possible
while green climb/descent trajectories will be eased in terminal areas.

Current civil aviation guidance systems generate real time control actions to maintain the air-
craft trajectory as close as possible to a planned trajectory provided by the Flight Management
System or to comply with ATC tactical demands based either on spatial or temporal considerations
[3, 4]. While wind remains one of the main causes of guidance errors [5-7], these new requirements
for improved ATC are attended with relative efficiency by current airborne guidance systems. These
guidance errors are detected by navigation systems whose accuracy has known large improvements in
the last decade with the hybridization of inertial units with Global Positioning System information.
Nevertheless, until today vertical guidance needs improved performances [8, 9] and corresponding
errors especially during manoeuvre [10] may remain large considering the time-based control laws
which are applied by flight guidance systems [11].

In this paper, we propose a new approach to design vertical guidance control laws so that
accurate vertical tracking and overfly time are insured. Instead of using time as the independent
variable to represent the guidance dynamics of the aircraft, we adopt distance to land, which can
be considered today to be available online with acceptable accuracy and availability. A different
representation of aircraft vertical guidance dynamics is developed according to this spatial variable

where the overfly time becomes a controlled variable. Then a nonlinear inverse control law based-on



this new proposed spatial representation of guidance dynamics is established to make the aircraft
follow accurately a vertical profile and a desired airspeed [12-14]. This leads to regulate on a space-
indexed basis the desired airspeed to meet constraints related to the stall speed and the maximum
operating speed while making the aircraft to overfly different waypoints according to a planned
time-table.

Simulation experiments with different wind conditions are realized for a transportation aircraft
performing a direct descent approach for landing under this new guidance law. The resulting
guidance performances are compared with those obtained from an equivalent time-based guidance

control law.

II. Aircraft Longitudinal Flight Dynamics
The motion of an approach/descent transportation aircraft along a landing trajectory is refer-
enced with respect to a Runway Reference Frame (RRF) where its origin is located at the runway

entrance as shown in Fig. 1.

Drag

Fig. 1 Aircraft attitude and acting forces.



A. Classical Longitudinal Flight Dynamics

The vertical plane components of the inertial speed are such as:

T = -V, cosv, + wy (1a)
2 =V,sinvy, +w, (1b)
where x and z are the vertical plane coordinates of the aircraft centre of gravity in the RRF, V, is

the airspeed modulus, v, is the flight path angle, w, and w, are the wind components in the RRF.

The airspeed and the flight path angle are given by:

Va= (& —wg)? + (2 — w.)? (2a)
Yo = — arctan(i - Z) (2b)

Adopting classical assumptions such as the RRF being an inertial frame, local flatness of the

Earth, constant aircraft mass, the translational acceleration equations can be written as:

m& = —T cos0 + D(z,V,,a) cosvy, + L(z, Vg, a) siny, (3a)

mzZ =Tsinb — D(z,V,, &) siny, —mg + L(z, Vg, &) cos 7, (3b)

with T, D and L are respectively the thrust, drag and lift forces, o denotes the angle of attack:

a=0-—-, (4)

The lift and drag forces are given by:
L= %p(z)VaZSC’L with Cp=Cr,+CL, (5a)
D = %p(z)VfS’C’D with  COp = Cp + Cra + Caa? (5b)

where p(z), S, Cr, and Cp represent the air density with respect to the altitude, the wing surface
area, the lift and drag coeflicients, respectively. Cr,, Cr., Co, C1 and Cy are aerodynamic coeffi-
cients. Assuming first order dynamics with time constant 7 for the thrust delivered by the engines,

we get:

7= (5 - T) (6



Under the above assumptions, the pitch rate dynamics is described by the following state equa-

tions:

(7)

6=¢q with ¢=

S =

where M, I, denote respectively the pitch moment and inertia moment according to the aircraft

lateral axis where M is given by:

qc

1
M = ip(Z)Va?SECm with Cm = Cmo + Cmaa + Cmqﬁ

+ Cns, Oc (8)

where Cpy, Cpn,,, Cp, and Cpy; - are non-dimensional stability derivatives. From Eq. (3a) and Eq.
(3b), state equations of airspeed and flight path angle with respect to airspeed can be rewritten

such as:

. 1
Vo= — {T cosa — D(z,V,,a) — mgsinvy, + m<wz COS Y — W, sin ’yaﬂ (9a)
m

Yo = [T sina + L(z,V,, ) — mgcosvy, —m (wz sin~y, + W, cos %)] (9b)

mV,
The time-indexed longitudinal flight dynamics are given by Eq. (1a), Eq. (1b), Eq. (6), Eq.
(7), Eq. (9a) and Eq. (9b). The independent control inputs to the above flight dynamics are chosen

here to be the pitch rate ¢ and the throttle setting d;;, while w, and w, are perturbation inputs.

B. Space-Indexed Longitudinal Flight Dynamics

Considering that during an approach/descent manoeuver without holdings the distance-to-land
time function z(t) is invertible, it is possible to express during these manoeuvers all the flight
variables with respect to x and its derivatives instead of time ¢. It is possible to write for any
variable (x):

dx dx dt 1 dx

- _ 2 __- 10
dxr dt dx Vg dt (10)
where the ground speed at position x and time ¢ is given by:
d
Va = d—j = —V, o087, + wy (11)

The first, second and third time-derivative of variable (x) are written (&, &, '), respectively.

Whereas, the k*" derivative of variable () with respect to z is written (*[¥1) and Eq. (1a), Eq.



(Ib), Eq. (6), Eq. (7), Eq. (9a) and Eq. (9b) are rewritten as:

dz dz dt  Vgsiny, +w

Mz _=2==0_Ta> " Jal 7z 12
dz  dt dx Ve (122)
ol 4 12b
L (12b)

M

M= _— 12

IV (12¢)
O — T
[ = Zth 12d
TVG ( )
1
Vam = — [T cosa — D(z,V,,a) — mgsin-y, + m(u’;m COS Y, — W, sin ’ya)] (12e)
mVG
1
L[zl] — AT [T sina+ L(z, Vg, a) — mgcosvy, — m(u’)w sin v, + W, cos %ﬂ (12f)
with the additioanl equation:
1

A= = 13
- (13)

III. Vertical Trajectory Tracking Control Objectives

Two main guidance objectives have been considered in this study:

1. To follow accurately a space-referenced vertical profile z4(x) which possibly has been generated
by the flight management system, in accordance with economic and environmental objectives

and constraints,

2. To respect a desired time table t4(z) for the progress of the aircraft towards the runway or

any other reference point.

The desired time table as well as the desired vertical profile should be generated for the whole
flight by the flight management system in charge of finding a trajectory meeting satisfactorily
economic objectives (expressed in general in terms of fuel consumption and flight time) and air
traffic management constraints while flight domain (height and speed limits) constraints must be
satisfied.

Trying to meet directly the second objective in presence of wind can lead to hazardous situations
with respect to airspeed limits. So this second objective is taken into account through the on-line
definition of a desired airspeed to be followed by the aircraft. In this study, it is supposed that

accurate online estimates of wind parameters are available [5].



From the desired time table t4(x), we get a desired ground speed Vg, ():

Voul) =1/5% @) (14)

then, taking into account an estimate of the longitudinal component of wind speed, a space-
referenced desired airspeed V,,(z) can be defined with the consideration of lower and upper limits

for the airspeed:

e For lower speeds, the stall speed Vg plus a margin AV,,;, must be introduced:
Vaula) = mae{ Ve(zala) + AVinin, Vo (0) = () | (15)
where 1, is the estimate of the horizontal wind speed.
e For higher speeds, the maximum operating speed V3;0 must be introduced:
Va, () = min{VMo(zd(ac))7 Ve, (z) — u?z(x)} (16)
o In all other cases:

Va, (x) = Vi, () — da(x) (17)

Then considering that g and d;;, are the control inputs while z and V,, are the controlled outputs,

we can derive Eq. (12a) and Eq. (12e) with respect to space until we get:

1
Va[2] =7z {Av(z, a,Vo, T, W)+ By, (2,0, Vo, T,W)q + By (2,0, Vo, T, W)5th} (18a)
G

1
L8] — 7z [Az(z, a, Vo, T, W)+ B, (2,0, Vo, T,W)q + B.. (2,0, Vg, T, W)éth] (18b)
G

where W represents the parameters w,, w,, w,, W, and w,, W, which can be expressed successively.
The exact expressions of components Ay, By,, By, and A, B, , B., in Eq. (18a) and Eq. (18b)
are shown in Appendix. 1.

Since the B; terms are in general different from zero, the relative degrees [13] of the output
variables V,, and z are equal respectively to 1 and 2. According to these values, there are no internal
dynamics to worry about in the present case since stabilizing the output variables along a smooth

trajectory will imply the stabilization of all other state variables.



IV. Space-Indexed Against Time-Indexed Reference Trajectories

In the literature, countless control techniques have been designed for aircraft trajectory tracking
using time as the independent variable [15] while quite nothing has been published until recently with
space as the independent variable [13, 14]. However, many ATC solicitations to aircraft guidance can
be considered to introduce space based constraints (time separation at a given waypoint, continuous
descent approaches, time metered approaches for optimal use of runways, etc). The use of classical
time-indexed guidance systems in these situations appears to contribute to the Flight Technical
Error (FTE) of the guidance system. Then, to display the interest for this new approach, in this
section it is shown how for general aircraft operations linear decoupled space and time-indexed
guidance dynamics are not always equivalent.

Considering the relative degrees of and, nonlinear inverse control techniques [13, 14| can be used

to make these guidance variables satisfy decoupled linear spatial dynamics such as:
2 (%]
> ay (Va —~ V) =0 (19a)
k=0

3
k=0

[K]
aj (z - zd> =0 (19b)

. - . 2 3
where the corresponding characteristic polynomials Y ;_,a) s® and Y";_,ais® are chosen to be

asymptotically stable with adequate transients and response times.

According to derivation rules for composed functions, we get:

e = £ (20a)
1 /. &V
[3]_i'"_ E . ‘/C%_‘/G>:|
and
) =i (21a)
1 /. vV
el = v <£va - gV{/GG) (21b)

with &, (z) and &y, (z) being the tracking errors related to the desired altitude zg4(x) and to the

10



desired airspeed profile V,,(z), respectively:

&(x) = z(x) — zq(x) (22a)

&v, () = Valz) = Vo, (@) (22b)
Then Eq. (19a) and Eq. (19b) can be rewritten as follows:

68 () + ko€l (@) + Koy, (2) = 0 (230)

8 (@) + k162 () + koo €(2) + k3.6 (z) = 0 (23b)

where kiy, kav, k12, k2. and ks, are real parameters such as the roots of s + k1,8 + ko, and s3 +
k1.5? + ko.s + k3. produce adequate tracking error dynamics (convergence without oscillation in
accordance with a given space segment) with s denoting Laplace variable.

It appears that when replacing in Eq. (23a) and Eq. (23b) the space derivatives of the outputs
by the expressions given by Eq. (20a) to Eq. (21b), we get nonlinear coupled time dynamics for the
altitude and the airspeed errors. Only in the case of a constant ground speed where the space and

temporal derivatives are related by:

= (242)
Ve
[¥] v
&, = i (24b)
Va VC]§

we get equivalent linear decoupled time dynamics given by:

gz + kleGéz + k'QZVCziéz + k’3zVGgfz =0 (253)

&v, + kValv, + kaVa€y, =0 (25b)

This case corresponds to a no wind situation where the airspeed of the aircraft is maintained
constant.
In the case where Vg remains constant (i.e. Vg(t) = Va(to) + Va.(t — to)) over a time (space)

span starting at tg, Eq. (25a) and Eq. (25b) become:

Ve . ) 2\ .
52 + kleG - 3£ gz + kQZVCQJ - kleG + 3% fz + kSzVCBY‘gz =0 (263“)
Va V&
. Ve - ,
v, + | kiuVe — Vo &y, + ko Viéy, =0 (26b)

11



then the above decoupled dynamics have time variant parameters and the predictivity (time of
response) of these dynamics is lost. It can be however shown that if Vg is very small with respect
to Vg, these dynamics remain stable.

Then the adoption of time based reference trajectories are of interest when guidance require-
ments can be better expressed with respect to space (especially when time constraints at specific
waypoints are considered). Then it appears that adopting in this case a space based trajectory

tracking technique should avoid this source of error.

V. Space-Indexed Nonlinear Dynamic Inversion Control Laws
In this section the space-indexed nonlinear dynamic inversion control technique introduced
in [12-14] to perform aircraft trajectory tracking is displayed. The desired vertical profile zq4(z) is
supposed to be a smooth function of « (in the considered application x is the distance to touchdown)
while considering expressions of airspeed constraints in Eq. (15), Eq. (16) and Eq. (17), V,, is
supposed to be a piecewise smooth function of x.

Since in general flight conditions the control matrix given by:

B., B.,
r= (27)
By, By,

is invertible [13, 14|, it is possible to perform the dynamic inversion to get effective trajectory

tracking control laws [10, 11]. So we get:

qa(x) - VéDz(as) — A, (28)
§th (:17) VC%'DVa ({E) — AV
with:
D.(z) = 25 (2) + k1.2 (@) + kool (@) + K362 (2) (29a)
Dv, (z) = V(@) + k1,&0) () + koo, (2) (29b)

Observe here that while the successive spatial derivatives of desired outputs z4(x) and V,,(z)
can be directly computed, the successive spatial derivatives of actual outputs z(z) and V,(z) in Eq.

(29a) and Eq. (29b) can be computed from Eq. (12a) to Eq. (12f) where the wind parameters

12



must be replaced by their estimates. This yields, the control scheme displayed in Fig. 2 where
the autopilot operates in the temporal frame to control aircraft attitude while the auto-guidance
operates in the space frame.

In order to make the aircraft overfly different waypoints according to a planned time-table
tq(z), a simple outer-loop PID controller is introduced. Desired airspeed is computed and regulated
to meet constraints related basically to the desired ground speed Vg, (x), the minimum allowable
speed and the maximum operating speed. Desired ground speed is defined based on the reference

time-table t4(x) according to Eq. (14). Then the PID speed versus space controller is expressed as:

w(z) = Ken(x) + Kd%(x) LK A _M ¢(0)d0 (30)
where Az is small space interval and:
er(r) = t(x) — ta(x) (31)
and
Vi (@) = Vo, (2) + u(2) (32)

The corrected desired airspeed Vag must also satisfy the airspeed constraints defined in Eq.

(15), Eq. (16) and Eq. (17).

0 Selected
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1] .7 | 8, o
1 ( :M F S Attitude v Guidance
ol '« [u |§ — Dynamics Dynamics
A
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u 1 —
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D
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Spatial loo
P 5 (2%t )

Fig. 2 Proposed flight control structure
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VI. Simulation Study of Longitudinal Guidance
One of the objectives to be met when applying a space-indexed NDI control to the longitudinal
guidance dynamics of an aircraft is to make the vertical tracking error follows dynamics as defined
by Eq. (23a) and Eq. (23b) (convergence without oscillation over a given space segment). This
objective traduced in the time frame leads to the tracking error dynamics of Eq. (25a) and Eq. (25b)
which are adopted here to apply the time-indexed NDI control and then perform a fair comparison.
The proposed guidance approach is illustrated using the Research Civil Aircraft Model (RCAM)
which has the characteristics of a wide body transportation aircraft [15] with a maximum allowable
landing mass of about 125 tons with a nominal landing speed of 68m/s. There, the control signals

are submitted to rate limits and saturations as follows:

—25%md <6, < 101%7%(1 (33a)

™ . T
—15@rad/s < 0e < 15@7‘@0[/8 (33b)
0.5%7«“1 <O < 10%7@(1 (33¢)

™ . ™
—1.6@rad/s < 0y < 1.6@rad/s (33d)

while the minimum allowable speed is 1.23 X Viiay with Ve = 51.8m/s and the angle of attack is

limited to the interval [—11.5°, 18°] where atq = 18°.

A. Simulation Results in No Wind Condition

Here the performances obtained for vertical guidance from the space-indexed NDI and those
obtained from the time-indexed NDI are compared in no wind situation.

Figure. 3(a) and Fig. 3(b) display respectively altitude tracking performances resulting from
time-indexed NDI and space-indexed NDI guidance schemes. While Fig. 4(a) and Fig. 4(b) provide
closer views of altitude and tracking performance during initial transients, it appears clearly that in
both cases the spatial-indexed NDI trajectory tracking technique provides better results: the spatial
span for convergence towards the desired trajectories is shortened by about 2000m while convergence
is performed with reduced oscillations. Figures. 5(a) and 5(b) display respectively airspeed tracking

performances by space-indexed NDI and time-indexed NDI guidance schemes when the aircraft is

14
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initially late according to the planned time table. It appears clearly that the aircraft increases its
airspeed to the maximum operating speed during 12000m until it catches up its delay.

Since except at initial transients the performances look similar, Fig. 6(a), Fig. 6(b), Fig.7(a)
and Fig. 7(b) display respectively the evolution of respectively the angle of attack, the flight path
angle, the elevator deflection and the throttle setting during the whole manoeuver. Since the angle
of attack remains in a safe domain and the considered longitudinal inputs remain by far unsaturated,
this demonstrates the feasibility of the manoeuver.

In the no wind situation, the performances obtained with respect to the desired time table and
the airspeed management for a delayed or an early aircraft are displayed.

Figure. 8 and Fig. 9 show airspeed and time tracking performances in two cases. The first

one considers a delay situation for an aircraft according to a reference time-table where the aircraft
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Fig. 7 Elevator deflection and throttle setting evolution by space-indexed (a) and time-indexed

(b) NDI in no wind condition.

maintains its airspeed at the maximum operating speed until it compensates the initial delay. In
the second situation the aircraft is initially in advance with respect to the planned time table and

in this case the speed controller sets its airspeed to the minimum allowable speed until the time

tracking error is eliminated.

B. Simulation Results in the Presence of Wind

Since in this study the problem of the online estimation of the wind components has not been
tackled, it has been supposed merely that the wind estimator will be similar to a first order filter
with a time constant equal to 0,35s in one case (time NDI guidance) and with a space constant equal
to 28m in the other case (space NDI guidance). Then the filtered values of these wind components

have been fed to the respective NDI guidance control laws. Here a tailwind with a mean value of
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Fig. 8 Delayed initial situation and recover.

12m/s has been considered. Figure. 10 provides an example of realization of such wind.

Figure. 11 and Fig. 12 display altitude, airspeed and time tracking performances in the presence
of the wind when the actual time table is late and in advance situations according to the reference
time table, respectively. It appears that the proposed control technique (space-indexed NDI) keeps

its performances shown in the sub-section above.

VII. Conclusion
In this paper a new longitudinal guidance scheme for transportation aircraft has been proposed.
The main objective here has been to improve the tracking accuracy performance of the guidance
along a desired longitudinal trajectory referenced in a spatial frame. This objective covers both
vertical guidance and compliance with an overfly time table. This has led to the development of a
new representation of longitudinal flight dynamics where the independent variable is ground distance
to a reference point.

The nonlinear dynamic inversion control technique has been adopted in this context so that
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Fig. 10 Example of wind components realization.

tracking errors are made to follow independent and asymptotically stable spatial dynamics around
the desired trajectories. It has been shown that a similar tracking objective expressed in the time
frame cannot be equivalent when the desired airspeed changes as it is generally the case along climb

and approach trajectories for landing.
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The tracking performances obtained from the spatial-indexed guidance and the time-indexed
NDI guidance have been compared through a simulation study considering a descent manoeuver for
a transportation aircraft in wind and no wind conditions.

It appears already that the proposed approach should result in improved tracking performances
as well as in better trajectory predictability, taking advantage of the enhanced capabilities of modern

navigation systems while progress in online wind estimation and prediction are expected.

Appendix
The exact expressions of components Ay, By,, By, and A., B, , B., in Eq. (18a) and Eq.

(18b) are given by:

1 T . 1
Ay = - —MgY, COS Vg — = cosa + T, sina — p(2)V,V,SCp + gp(z)VfS(Cl% + 2Co9.)

+ Wow (£ co8vq — 234 SN Ya) + W (2 €08 Ve — 294 8inYe) — W (2 siny, + 294 cosva)

— W, (Zsinvy, + 2%, cos7,) + Wt cos Ya — WtV siny, — Wi siny, — W%, cos g

Vo
- 7(_Va COS Yq + Va;ya Sinva + mex + szz + Wzt):|
G
(34a)
1 . 1 2 2
By, = - —Tsina — ip(z)Va SC1 — p(2)V;SCha (34b)
By, = =N cos (34c)
-
and
1
A, = 2 Ay (wg siny, + w, cosv,) + F(z,a, Vg, T, W){—Va2 + Va(wy cosy, — w, sin%)}
¢ (35)

+Y(z,,Vy, T, W)VZ
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with Y(z,a, Vo, T,W) and F(z,a,V,, T, W) are such as:

T = vz —2VVaAa + 2V (we cos vq — w, sinvg) — Vay2 (w, siny, + w, cos,)
G
— Vo (15 €08 Y + g 510 Y,) 4+ Wy (Weapid + Wk + Wit) — w0, (Waeid + WasZ + Wa)

- %(_Va €08V + VaYa siny, + wac){_vff')/a - Va(wz COS Vg + Wy Sln'Ya) (36)

+ Voa(wy cosva + w, siny,) + Vi (wg siny, — w, cos7,) + we (Wt + W2 + W)

+w,(Weed + W2 + Wzt)}]
1 T . . . 1 9 ) ..
= ——sina — T, cosa+ p(2)V, Vo SCL — —p(2)V2SCL, Ve + mge siny,
mVy, T 2
— m(Wy SN Yg + Wy q COS Vg + Wy COSYq — WaYe SINTY,) (37)
_ ”:/%{—Vf?ya sin Y, + Vowy — Va(Waed + Was 2 + th)H
G
and
111 . . 1 2 2
B., = —5 | —(wgsiny, +w, cos,) | —Tsina — -p(2)V;SC1 — p(2)V,; SCo
Vélm 2
(38a)
1 1
+ i {—Vf + Vo (wy cosy, — w, sin%)} (Tcosa + 2p(z)Va2.S'CLQ)]
1 .
B., = V—GQ [C;Sf(wm sinvy, + w, cosvy,) + 7:;;' {—Va2 + Va(wy cosy, — w, sinva)H (38b)

In the above equations the temporal derivatives @ and 4 with u € {x, 2,74, Vo, Wz, w, } are

related with the spatial derivatives of u by:

u = uMVg (39a)
i = ul?Ve? + ullvvg (39b)
Appendix

In this study, longitudinal wind is expressed here according to [18, 19] as:

w, = W,(z,2,t) = 0.(Va, 2, 1) (40a)

we = We(x, 2,t) = Wo(2) + 6. (Va, 2, 1) (40b)

where W, (z) and 6, ,(Va, 2,t) represent the deterministic and stochastic components of the consid-
ered wind, respectively.
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The deterministic horizontal wind speed component is expressed as:

W (z) = Wo(2) ln(;) (41a)
Wo(z) = Wy cos(wz + ¢o) (41b)

where w and W{ denote the circular space frequency and magnitude of the considered wind com-
ponent.
The stochastic wind components adopt Dryden spectrum model [19] generated from two nor-

malized white gaussian noise processes through linear filters such as:

Hs (s) =0, 2Laq ; (42)

’ Va 1—&-%8

and

L.. 1+V3%=s
Hs (s) = o, - Va (43)

z Va 2
<1 + vaazs)

Here L., and L,, are shape parameters (turbulence lenghts) such as:

e For z < 305m:

z

Las = 7 0.00272)12 (44a)
L,,==z (44b)
e For z > 3056m:
Ly = L., =305m (45)
where o, and o, represent standard deviations of independent processes such as:
0. = 0.1Wa0 (46)
and Wo is the horizontal wind speed at 20ft above ground level.
e For z < 305m:
0 = 7 (47)

(0.177 + 0.0027z)0-4
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e For z > 305m:

Or =0, (48)

Time and spatial derivatives of the wind components are then given by:

with:
o, oW, oW,
and
with:
oW, oW, ow,
zx — zz — 2t = 2
W oz W 9z Wet = =5 (52)
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