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Abstract: Differential flatness, a property of some dynamic systems which has been recognized only recently, has made pos-
sible the development of new tools to control complex nonlinear dynamic systems. Guidance dynamics of many different sys-
tems have been recognized as being explicitly or implicitly differentially flat as it is the case for flight guidance dynamics of
conventional aircraft. In this paper, a new control structure is proposed to achieve trajectory tracking for vehicles: a neural
network deals with the inversion of nominal guidance dynamics while a linear corrector cope with modelling errors and per-
turbations so that control directives to conventional autopilot systems can be generated in real time. The proposed approach is
illustrated in the case of conventional aircraft flight dynamics.
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1 INTRODUCTION

Differential flatness, a concept introduced by the Con-
trol School of Fontainebleau, has provided new oppor-
tunities to design advanced control and supervision
schemes for non linear systems. According to this the-
ory, given a desired trajectory for a flat output, it be-
comes quite easy to derive the corresponding input.
Some authors have already given insight into the differ-
ential flatness of crane dynamics (Martin, 1992), verti-
cal take-off aircraft and articulated ground vehicles (Fli-
ess, et al., 1995) and more recently aircraft guidance
dynamics (Lavigne, et al., 2003, Lu, et al. 2004).

In this communication, a control structure based on the
inversion of differentially flat guidance dynamics is
proposed to perform time referenced trajectory tracking.
In the case of flight guidance, this approach turns effec-
tive 4D automatic guidance which is of utmost impor-
tance for air traffic management enhancement. To make
this approach effective for real time applications, spe-
cially in the case of implicit flatness, neural networks
structures appear of interest to invert the flight guidance
dynamics. Issues related with the effective training of
such a structure are discussed and numerical results,
relative to a reference aircraft model are displayed.
These results show that the proposed approach provides
a new effective guidance control structure.

2 BRIEF INTRODUCTION TO DIFFER-
ENTIAL FLATNESS

Here two definitions of differential flatness are intro-
duced: one relative to systems for which causal relation-
ships of interest are displayed analytically, and another
one where these causal relationships are introduced
through implicit functions.

Definition 1: A general nonlinear system whose dynam-
ics are given by:
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X=FX.,U) XeR",UeR" (1)

where F is a smooth mapping, is said explicitly flat with
respect to the output vector Z , if Z is an m"™ order

vector which can be expressed analytically as a function
of the current state, the current input and its derivatives
and also such as the state and the input vectors can be
expressed analytically as a function of Z and its deriva-

tives.
Then there exists smooth mappings Gy, G, and G,
such as:
fZ:GZ()_(’Qa""Q(p)) (2)
{ )_(=GX(Z,Z,..,,Z(4>) 3)
QZGU(Z’ZH'-’Z((]H)) (4)

\
where p and ¢ are integer numbers. Vector Z is called a

flat output for the nonlinear system. Although there is no
systematical way to determine the flat output, the com-
ponents of the flat output usually possess some physical
meanings.

The explicit flatness property is of particular interest for
the solution of a control problem when a physically
meaningful flat output can be related with its objectives:
for instance, in many situations, the control problem can
be formulated as a flat output trajectory tracking prob-
lem.

However, for many systems, no complete analytical
models are available to describe their full dynamics.
Some of their components make use of input-output
numerical devices derived both from theory and from
experimental data. In these cases, the available theory
provides in general the main mathematical properties of
these implicit functions while experimental data is used
to build accurate input output numerical devices. This
happens for instance when flight dynamics modeling is



considered either for control or simulation purposes,
since in practice the aerodynamic coefficients are ob-
tained through interpolation across large sets of look-up
tables.

Definition 2: A nonlinear system given by a general
implicit n™ order state representation:

F(X,X,U)=0, XeR", UeR" (5

where F is a regular implicit mapping with respect to
X, is said implicitly flat over an interior non-empty
domain Ac R™™ if it is possible to find an m" order
vector Z which meets condition equations (1) and (2)
and condition:

GX,U,Z,Z,...Z2")=0

(6)

where G is locally invertible over A with respect to X

and U where r is an integer. Again, vector Z is said

to be a flat output. The local invertibility of G is guar-
anteed if the determinant of the Jacobian of G is not
zero according to the theorem of implicit functions, i.e.

if:
oG
det[ri’g)] #0

In this case, given a trajectory of the flat output Z , it is

()

possible to map it numerically into the input space to
derive corresponding control signals, so that one of the
more interesting properties of differentially flat systems
is still maintained. allows the identification of the flat-
ness property of flight guidance dynamics, resulting in a
numerical tool for new trajectory tracking applications.

3 EXAMPLES OF FLAT GUIDANCE DY-
NAMICS

3.1 Ground Vehicle Dynamics

4
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Fig.1 Ground vehicle attitude

Simplified guidance dynamics are given by :
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where (x,y,6,u) is a first state vector and (a,¢) is the

vector of inputs ( here a is the acceleration and ¢ is the
orientation angle of the front wheels). Then, choosing as

new state vector (X,X,y,¥)" and considering that a and
{ a }_ (x+j}) %+ 37 /(x+y')) 9
te@)] (-3 e+ 2V +57))

it is easy to show that x and y are explicit differential
flat outputs for this system.

@ can be expressed as:

3.2 Vertical Take-off Aircraft

Consider the vertical dynamics of a vertical take-off air-
craft (Lu, 2005) as depicted in Fig. 2:
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Fig.2 Vertical take-off attitude definitions

Neglecting aerodynamic effects, its motion equations are
given by:

X =—(F, sin(6 - )+ F, sin(6+x))

.. (10)
H=F cos(0—a)+F,cos(0+ax)—g
JO=(F —F,)lcosa+dsina)
where
X=x/m H=h/m (11)

are the reduced coordinates of the centre of gravity of
the aircraft, m is the mass, J is the pitch inertia moment,
[/ and J are fixed lengths and ¢ is a constant angle. It is
also supposed that forces F'; and F, are such as:

F+F,=1/2mg/sina (12)
This condition implies that & is solution of equation:
~Xsin@+(H+g)cosf@=1/2mg/tger  (13)
then:
@ =arcsin( Htg )—arcsin( e (14)

X2 +(H+g) 2tga\ X>+(H +g)
so that it is easy to show that X and Y are explicit differ-
ential flat outputs for this system.

3.3 Flatness of Guidance Dynamics of Conventional
Aircraft

The drag, lift and heading guidance equations for a con-
ventional aircraft are given by ( Etkin and Reid, 1996):
7 _—D+Tcosa—mg(—cosasin9+sinacos¢cos¢9):0 (15)

a

m



j/_Lcos¢+Tsma—mg(sm;xsm0+cosacos¢cos€) -0 (16)
m

a

x//-(%jtaw:o (17)

The path and heading angles are defined respectively as:
3 (18)
19)

y=—sin"' (z'/ W+ gyt

w=tan"' (y/x)

Fig.3 Aircraft angular attitude definitions

The drag force D and lift force L are respectively as-
sumed to be functions of altitude z , airspeed ¥, and

angle-of-attack « , while the thrust 7 can be considered
to be a function of altitude z , airspeed ¥V, and engine
regime , N; :

D=D(z,V,,&) L=LzV,.a), T=T(zV,,N) (20)

Considering the output Z =(x, y,z)" where x, y and z are

the coordinates of the centre of gravity of the aircraft,
and the reference inputs for the autopilot U = (6,4, N, ),

equations (15), (16) and (17) can be rewritten as:

@n

These implicit functions are locally invertible with re-
spect to the input vector since for normal flight condi-
tions the determinant of their Jacobian is not zero (Lu,
et al 2004) :

Gy (2,2,2,U)=05Go(Z,Z,Z,U)=05 G,(Z.2.2.U)=0

oG

oUu
then, x, y and z are implicit differential flat outputs for
the guidance dynamics of a conventional aircraft.
Observe that in all the above examples, the coordinates
of the vehicle reference point are flat outputs involved
up to their second derivatives.

4 THE PROPOSED CONTROL STRUCTURE

£0 (22)

As a consequence of the above flatness property, given
a smooth reference trajectory (here we consider 3D tra-
jectories) for the coordinates of the centre of gravity of a
vehicle taken as flat outputs :

z.(0)=(x.(0)y.(0)z @) s zely]  (23)
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The corresponding reference input values at the instant
t,U, (t), are solutions of a set of equations extracted
from the guidance dynamics:

G(Z.(),Z.(1).Z.(),U (1)=0 (24)

where Z (¢) , Z.(r) and Z (r) are the current reference
parameters. When these equations are implicit or when
they are too intricate, it is difficult to get an accurate on-
line numerical solution. Then, it may appear of interest
to build a neural network with this objective. Once cor-
rectly trained, this neural network should be an efficient
computing device where the inputs are provided by the
tracked trajectory, while the outputs of the neural net-
work are reference values for the control parameters.
Multilayer feed forward neural networks have been
shown (Haykin, 1994) to be able to perform this task.
However a mere inversion of guidance dynamics results
in an open loop control structure unable to cope with
modeling and inversion errors and with external pertur-
bations, resulting in an uncontrollable trajectory drift.
Thus a corrective feedback loop must be added to guar-
antee guidance accuracy. This leads to the following
control structure:
1 — l

Vehicle
dynamics
and
autopilot

guidance
inversion

Fig.4 Proposed guidance control structure

Depending of the adopted model for the considered
guidance dynamics, the guidance inversion will be per-
formed analytically or through a neural network.

S THE DESIGN OF THE CORRECTIVE
LOOP

To design the corrective loop a linear model of the dy-

namics of the drift can be adopted. The guidance dy-

namics can be written in general as
X=7x.2.0)

X (25)
Z=g(X)+w

(26)

with 7 =(x,y,z) w=(w,, w,, w,)' Where w is the pertur-
bation vector.

Then, starting from nominal values, a first order ap-
proximation of the drift dynamics is given by :

Lo+ Lxvyau 27)



and

z’=§—§@@+v_v (28)

Assume that around the reference conditions
(Z(0), X(0)), a first order output error resulting from the
guidance inversion operation G/ , is given by:

Gl(e+de)=GI (e) +GI(Z(0), X(0)) de +0a (29)
where GI*(e) is the unknown exact output for input e ,
Qe is the input deviation from reference and o is a bias.
Then the control input error is such as :

U =K(Z(0), X(0) &e+a

where in general the gain matrix K is full rank.

Assuming that 9¢ is non singular , eliminating JX we
X

get the following fully controllable output dynamics:

(30)

&| |0 mM||&]| |N|T |E
with:
M:agaf(agj‘ v ¥
oX X \oXx 90X 9
) (32)
E:ag[_af(ag] af}
TTox| ox\ox) T U~

Now, assuming that w and o are slow varying parame-
ters, we get the fully observable dynamics from dZ :

| [o 1 olfaz] [o
&l=lo M 1l|&|+|N|&e G
E| |0 0 Ol E 0

and an on line estimation of E(?), written E (2) is given
by :

E=[L,(82(r)-62(0))dr (34)
0
with
&| 1o 1 o]faz]| [o L, (35)
&|=lo M 1||&|+|N|&+|L, |(z-2)
El o o oflE| |0 L,

Then a PID type closed loop control term such as :
e(t) =~ Fy, 8Z(1) = Fy, 82() - F, I(@(T) -6Z(r))dz (36)
0

can be adopted. The convergence condition :

lim  &Z(n=0 (37)
f—>+o0
is achieved when Fy, and F| 5 are chosen such as:
0 I _
[—N Fy M-N F&J is stable (38)
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and
NF,=1I 39)
So we get a control law such as:
U(t) = GI(Z (1) + de(1)) (40)

Observe here that up to 27 scalar gains can be used in
the corrective term providing wide opportunities to in-
sure robustness with respect to the tracking objective.

APPLICATION TO AIRCRAFT GUID-
ANCE

6

A simulation study of the application of the proposed
control scheme to a light aircraft, the Navion, (Schmidt,
1998) with a piston-propeller engine and a basic control-
ler for attitude holding, has been performed. Here guid-
ance inversion is performed using a neural network and
a simulation model of the Navion has been used for the
generation of training data and for validation purposes.

6.1 Neural Flight Guidance Dynamics Inversion

Here, the conventional Error-Back-Propagation neural
network with only one hidden layer has been selected to
perform the inversion of flight guidance dynamics, al-
though many other neural network structures (Quiroga ,
2005) have been investigated. Fig. 5 displays some of
the trajectories which have been considered to generate
training data.

Flight trajectories

Fig.5 Neural network training trajectories

The structure of the retained neural network comprises
seven inputs nodes, about 30 neurons in the hidden layer
with a hyperbolic tangent activation function, and three
output nodes with linear transfer functions. The inputs
are altitude, three components of inertial velocity and
three components of inertial acceleration. The outputs
are the pitch angle @, the roll angle ¢ and the engine
regime N; .

Fig. 6 displays examples of training performances for
different sizes of the hidden layer of the neural network.
The training of this neural network, once the training
data is available, appears relatively easy and provides
accurate results.



Performance ( 8350 pts )
‘ —=— 10 neurones

20 neurones
—— 30 neurones

30 40

Iteration
Fig.6 Training performance with different number of neu-
rons in the hidden layer

20 50

6.2 4D Aircraft Trajectory Tracking Performances

The next figures display simulation results for aircraft
4D trajectory tracking in two cases: in the first case no
corrective term is added to the neural control scheme,
while in the second case a corrective term has been in-
troduced.

In the first case, a growing drift appears between the
desired trajectory and the effective one, while in the

second case, good position-time accuracy is achieved.
Horizontal trajectories

6000

. — effective
% desired
5000 ‘j
. 4000 /@p rd
™) 3000 R\
2000 j
1000 4
rd
0 000 0 2000 4000
y (m)

Fig.7(a) Horizontal tracks without correction

Vertical trajectories
400 ——

— effective.
desired

350 }

//-\\

0 20 40 60
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Fig.7(b) Vertical trajectories without correction

80 100 120

Horizontal trajectories

6000 —_— ef‘feétive
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/
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(M 3000 \
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0 -2000 2000

0
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Fig.8(a) Horizontal trajectories with correction
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20
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Fig.8(c) Lateral tracking error with correction

Trajectoire Verticale
370 T -

— Traj. reelle
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350
340
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330
320
310
300

290y 20

Fig.9(b) Vertical tracking error with correction

7 CONCLUSION

In this paper differential flatness theory has provided a
sound basis for the design of effective vehicle guidance
systems. The resulting control structure is independent
of the tracked trajectories and thus builts up a generic
guidance system. When guidance inversion is performed
using a neural network, its training with a given vehicle
insures that the generic guidance system is compatible
with its operations domain and dynamic performances.
In this paper the proposed approach has been mainly
illustrated in the case of a conventional aircraft but many
other potential applications are of interest. Among the
many issues which remain open in this area, the design
of a robust corrective term with respect to disturbances
and modeling errors appears essential.
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