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ABSTRACT

In this communication is considered the problem
of long term forecasting of the traffic growth in a
large air transportation network. This problem is
crucial when planning the necessary investments in
airports, fleets and air traffic control equipments.
The proposed approach makes use of two different
optimization models: One model is devoted to
demand forecasting, the other one defines the air
transport  supply according with a  profit
maximization behavior for the airlines sector.
A proposed solution scheme is composed of an
iterative process between the current solutions of the
demand and the supply optimization problems.
Convergence conditions are discussed for this
iterative process between these two problems which
can be seen as inverse of each other.
The proposed optimization approach is briefly
illustrated in the case of the long term forecasting of
air traffic in the west African region.

INTRODUCTION

In this communication is considered the problem
of long term forecasting of the traffic growth in a
large air transportation network. This problem is
crucial when planning the necessary investments in
airports, fleets and air traffic control resources. One
of the main difficulty of this task is related with the
estimation of future demand over the network which
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has direct influence on the operational conditions
and costs.

The proposed approach makes use of two different
optimization models: One model is devoted to
demand forecasting, the other one defines the air
transport  supply according with a profit
maximization behavior for the whole airlines sector
operating in this area.

The demand forecasting process is composed of a
mix of possibilistic (fuzzy) and probabilistic
considerations since fuzzy modeling is adopted to
characterize scenarios while a new entropy
maximization approach is proposed to determine
scenario based origin-destination matrices.

The supply optimization model considers
simultaneously two classes of flows: aircraft flows
providing air transportation capacity and passengers
flows generating revenues to the airlines operators.
Hence, no classical flows in networks optimization
technique is available to solve this problem while
two level solution techniques considering aircraft
flows at the first level and passengers flows at the
other can be considered. Here also the large degree
of uncertainty with respect to operations costs is
taken into account through possibilistic scenarios .
Then a global optimization problem is associated to
each full scenario with respect to demand and
operations costs.
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Each of the two optimization problems, taken
separately is convex, however, the whole problem,
through the definition of the revenue and of a global
cost constraint is non convex.

A proposed solution schemes is composed of an
iterative process between the current solutions of the
demand and the supply optimization problems: the
entropy maximizing problem provides the
passengers origin-destination matrix given a fare
structure, while the supply optimization problem
provides the fare structure given a passengers origin-
destination matrix. To enforce convergence while
maintaining convexity of the two problems, the
effective-potential demand level constraints of the
supply optimization problem are modified.

The proposed optimization approach for the long
term forecasting problem is illustrated considering
the case of West Africa.

DISTRIBUTION OF DEMAND

To perform the prevision of demand, it is
supposed that a priori trip distribution is described
by fuzzy matrices [7;] where the 7, are fuzzy

numbers. This information may be the result of a
fuzzy prediction of trip distribution for a previous
time period or the result of local forecasting studies.
It is also supposed [1] that fuzzy predictions of
generation and  attraction  potential  levels
0;,ic{l,..N}and D,, je{1,..N },are available.

Local cost elasticities

We consider that the demand for a given origin
destination i-j is such that there exists a positive
constant 1, with :

= =0y 4 (T=7;)
T;'j(”[j):T;'j(ﬂ-ij)e Y (1)
where 7, is a mean fare between i and .

Considering that the potential origin and destination
levelsO, ,ie{l,.., N } and D, je{l,.., N jare

such as :
N

T(0)=0 i=1aN (2)

Jj=L#i
S 3
.1_Tl.j(0)=Dj j=1aN ®)

i=Li#j

we have the following constraints:

N o

YT =0 i=1aN )
=i

N
Ay c 1
2 ey O
i=li#j
Here matrix [4;] is supposed to be described in

fuzzy terms by a fuzzy membership function
1,20 - Observe that a more general relation for

(1) could be:
T, (7)) f3(T) =T, (7x) £ (7)) ©)
where  f},

decreasing function such as:
f,(0=1 and lim f.(x)=0  (7)

is a continuous positive monotonous

Estimation of demand distribution

The demand distribution estimation problem is taken
here as a constrained entropy maximization problem.

Then to a ={[T;1,

O, iel{l.,N|, D;,je{l,..N},[4,]} Is associated

choice of an instance

the following maximization problem, Problem I:
N N
max =3 X7, L”(Tn‘ /T:j) ®
i=1 j=1,j#i
under constraints (4), (5) and

T,20,i=1aN,j=1aN,izj )

The adopted optimization criteria, a conditional
entropy function, is representative of the global
distortion between the a priori and the predicted
demand distributions. To its solution [7;*] is
attached a global possibilistic degree z4 given by:

Hy {fllun, (0,-)) [ﬂ/‘o (D,)J (]l[ f[ tr, (T})Jm (19)

i=1 j=1,j#i
The instance is said to be consistent if the following
condition is fulfilled :

N N
ZO,- :ZD]- =T (11
i=1 j=1

and it is said highly believable if it is consistent and
4y =1. Of course highly believable solutions will be

of primary interest to define central predictions, but
to evaluate the degree of uncertainty of the future
demand distribution, less believable solutions must
be also obtained.

Analysis of the solution

The above optimization problem being convex it is
useful to introduce the Lagrangian associated to this
problem :
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i in Lalr, 11,)

N (12)

+Zﬂ (Z

i=li#j

The first order optimality conditions are such as :

oL -0 i=laN,j=1aN,i=zj (13)
o,
or:
AT ATX..
r gy y _
_l—Ln(TU/Tl])+ale +ﬂj€ =0 (14)

i=1aN,j=1aN,i#j

Then the solution is such as :
* A (a4 B,)e T
TWU :711] e (I+(e+B))e ) (15)
i=1aN,j=1aN,i#j
In the case that /’Lij T, is very small, this expression

can be approximated by:

s (et (1+ Ay 7))
Tij _Tij e J /]
(16)
i=1aN,j=1aN,i#j
The dual variables are such as:
N
> 0, p, %P 0, iztn (17
j=lgei Y Y
N
e+ B 4_ 18
z—ll;tjgy P D j=1toN (18)
where
. (,1[.. ;7[..—1) ez!,-;,;,-
0; = Tye YU 7 and p,=e (19)

however, the numerical solution of an instance of
Problem I will be obtained using linear —convex
algorithm such as the Simplex-Convex or Frank-
Wolfe algorithm [2] . Another interesting direction
for numerical resolution is through the solution of
the geometric primal associated to this problem [3].

AIRLINES SUPPLY MODEL

The proposed model takes into account two types of
flows and their corresponding constraints [4], [5]:

aircraft flows along the airlines network according to
the available fleets and passengers flows using the
resulting transport capacity [7]. The fleet of aircraft
and its operation generate fixed and variable costs,
while passengers flows are the main source of
revenue for the airlines sector.

Airline network model

Considering that the airlines fleet is
composed of medium and long range aircraft, to each
operated airport i, i€A, is associated two sets of
airports :  A(i) composed of the medium range
airports reachable from airport i and 4,(i) composed
of the long range airports reachable from airport i.
Then the medium and long range networks can be
introduced:

Re=[Gel £ 1] (20)

where G¢ is the graph [A4, I¢] where the successor
function /¢ is such as :

T'e(i) =Ac(d)

[ fijc] is the flow of medium range aircraft over Gc. It

ic A 1)

satisfies to conservation and positive ness constraints:

N N

Yo=Y (22)
J=lj#i k=1,k=#i
f520, ijed 23)

Here flows integrity constraints are not taken into
account since no scheduling or routing problem will
be formulated according to these flows which should
only provide a global view of the future development
of the air transportation network. However for sake
of realism, a medium range fleet capacity constraint
is introduced:

Sy pdsnE @Y

i=1 jed,. (i)
where d ; is the block time for a medium range

aircraft for a flight between airports i and j , D, is the
medium time availability of a medium range aircraft.
In the same way the long range network is such as :

R=[GLLf; 1] (25)
with :
G =[A, I1], I ()= A () ie 4 (26)
[ fi/ ] is the flow of long range aircraft over Gy, it is

such as:
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N N
S ri= 3 e
J=1j#i k=1,k#i
fii 20, ijed (28)
N
> > fldi<D, F, 29
i=1 jed, (i)

L
where d;

for a flight between airports i and j , D, is the
medium time availability of a medium range aircraft.
It can be also of interest to introduce ATC and
airport capacity constraints such as respectively:

> Y SGi0s +Y Y sGins<g er G0

Jed, (i) i=1 jed. (i)

is the block time for a long range aircraft

i

where Qf is the traffic capacity of ATC control

sector ¢, T being the set of traffic control sectors
covering the whole network. S; and S, are incidence
matrices between flights and control sectors:

S, (i, j,t)=1 if long range flights between i and j
cross ATC control sector ¢, else .S, (7, j,#)=0.

S.(i, j,t)=1 if medium range flights between i and

J cross traffic control sector ¢, else S, (i, j,#)=0.

and for airport capacities:

za)acf}i + z a)aL : SKIG ZEA (31)

Jjers (i) jer' ()

' L d .
Yo fi + Y o, ff <K' ied (32)
Jjer (i) jely (i)

where K¢ is the arrival capacity at airport i and K/
is the departure capacity at airport j. Here @, @,
w,> w,are capacity parameters attached to the

different types of operations (arrival or departure)
and fleets (medium and long range fleets).
Passengers flows modeling

The medium range and long range aircraft networks
provide the physical support for the passengers
network defined as :

Rpwcz [Gpwca[ ¢,J 1] (33)

where Gy = [A4, I}, and I, 1s such as:

T (i) =A (i) WAL (i) icA 34
[ @, lis the passengers flows over this network. It

obeys to the following capacity constraints :

0<¢,<C, i,jed (35)

with

C,=C. f‘,jc +C, fé_/" if (i,j) is an arc of G¢ and Gy,
_ c

c,=C, ff

if (i,j) is an exclusive arc of G¢ and

if (i,j) is an exclusive arc of Gy.

Within graph G, for each origin-destination pair a
set of concurrent paths composed of a succession of
flights is retained according to directness criteria:

Chy={Ch"; ,n=1tony,} ijcA4 (36)
Here it is considered that airlines assign demand for
a given O-D pair between these different possible
paths according with their available seat capacity.
This approach is acceptable when available capacity
is close to demand levels.

Let [a(ij,n k)] be the incidence matrix between
path Ci"; and arc (k1) of Gyt alijnkl)=1if
(k,he Ch"; alijnkl)= 0 else. Then the flow of
passengers between airports i and j is given by :

/
N,

N
S Salklni )0, ijedizj G

=1i=Ll#k n=1

;s\
Mz

-

where 0, is the flow of passengers between airports

i and j using the n™ path between them.

The mean fare for the i-j origin-destination pair is
then given by :

N N :

(z;z eljn)/(z Ojn)  isjcd (38)

SUPPLY OPTIMIZATION MODEL

Given a distribution of potential demand [Tl_;],
associated to an instance of [f"ij] 0,,ie{l,..,N},

D,,je{l,..N

transportation fares (7,1

}» and [4,] , as well as to mean air
the optimization of the

supply (capacities and fares) by the airlines can be
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considered: Problem II is concerned with the
optimization of the global economic performance
over a future period of time of the airlines operating
the air transportation network.

Here the decision variables are the aircraft flows
( fl./.C and fl./.L ) between the different airports and the

fares ( 72'5) applied to each selected path between the

airports. To solve this problem it is also necessary to
introduce the effective flows of passengers (9’],”)

associated to each selected path between the airports.

The optimization criterion of Problem II is given by:

max(ZZZ G)+7)—
Syt Oy i=l jel g n=1 (39)
(<cc.,»+cwe+zzq;f;>+<cu»+cufz &Zc;ﬁﬂ

where 7 is a return rate and the ¢, are coefficients

related with fixed and variable fleet and aircraft
flows costs. The cost incertitude should be defined in
a fuzzy framework an contribute to global scenarios
involving demand and supply.

Problem I must satisfy the following constraints:

N N . .
Jj=l,ied,(j) k=l,ked. (i)
N N . .
Z f,f — Z fsz i,jeA (41)
j=lied; (j) k=l,ked, (i)
Z Zf,j ®; <T,F, (42)
i=1 jed,(

S Y sfet<r (43)

i=1 jed; (i)

N N Ny
1

k=1 I=Ll#k n=1

a(kal>n’isj) Hk]n < Cc f;/C + CL f‘yL

if (i, j) is an arc of G¢and of G, (44)

>3

k=1 I=1,1#k n=1

N,

a(k,lni, j)6,, <C, ff

if (i, j) is exclusively an arc of G¢  (45)

/
Ny

N N
z z a(k,l,i’l,iaj) Bkln < CL f;/L

k=1 I=1,l#k n=1

if (i, j)is exclusively an arc of Gy (46)

N”
>0,<7,

n=1

i,jed,i#j (47)

with the positiveness conditions:

0,, =0 k,le A, n eNy (48)
fy 20, fi 20 ijeA (49)
720 i,jed, neN, (50)

GLOBAL SOLUTION SCHEME

It appears that Problem I and Problem II are strongly
interdependent: while Problem I provides to Problem

IT potential levels of demand [Tl;] (constraint (47)),
Problem II provides mean fare values (7] (relation

(38)) to Problem I.

Problem I

A
(7; ] (7, ]

Problem II 5 [f,jx ]
[ ek In ]

Figure 1: Interaction between problems

Each of the two optimization problems, taken

separately is a convex programming problem,

however, the whole problem when integrating

Problem I into Problem II through constraint (47) is

non convex. Then it seems interesting to solve

numerically these problems separately and design an

interactive process towards equilibrium. In this case,

some questions are of interest:

- the easiness to solve numerically each of the
optimization problems,

- the guarantee of convergence of the iterative
process,

- the speed of convergence,

- the quality of the limit solution.
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These two linked problems constitute a non standard
bilevel programming problem [7] where Problem II
is the leader’s problem while Problem I is the
follower’s problem. This results from the adoption of
a deregulated point of view in which airlines operate
an air transport network according to their direct
economic interest without considering any social
surplus.

Constraint (47) plays a central role in the articulation
of the two problems and the convergence of their
solutions towards a common global solution. Since
this constraints transmit to the revenue optimization
problem the reaction of demand with respect to
changes in mean fares between the different origins
and destinations, it is useful to makes apparent this
effect so that limited fare values will be provided by
the solutions of Problem II. However, the relation
between origin-destinations flows [T;] and fare

levels (7,] is quite complex and at least non linear.

So, to maintain the convexity of Problem II, this
constraint is replaced by its first order approximation
where the reference values are the solutions of the
two problems at the previous iteration:

=l 1)
< s 67;* & 67?/»1
I=

2 >

= n
1 m=1,m#l 672.1,71‘/(,1 n=1 67Z.Im ‘kq

(k1)
(T =T )

ijed i#j

The partial derivatives present in relation (51) can be
computed by differentiating relations (15), (17), (18)
and (38) at the solutions of Problem I and II at
iteration k-1 and solving linear systems of equations.
The following inequalities are guaranteed:

oT; orT:;
i <0 Y >0 h
67r4-1- \k—l E)ﬂlm ‘k—l
(52)
* *
orT . oT .
Y << 7"’
o7 o7,
| 1 il -1
J

i,jed i#j.med [=m, ,m)=(,J)

So it appears that starting from low fares, an increase
of fares on trips linking origin i and destination j at
solution of Problem II at iteration £-1 will imply a
decrease of potential demand on the same origin-
destination pair at the same iteration of Problem I
and then a negative effect on the increase of airlines

revenue. Fares will then be increased by this process
until no more improvement of revenue is obtained.
Starting from high level fares, the inverse process
will be obtained.

This iterative process can be displayed in a very
simple example of optimization problem:

max 7 8 —c 6
7[7

QS 00 e—/ll! (53)

under
where 6, and A are positive constants. Its exact
solution is given by: z* =(l+c A)/A and
0% =6, e "+ . Similarly to (51), its feasible set can

be approximated around (7., , 6.;) by:

0<0, ((1+Ax_)-A0,_ 7 (54)

and the solution of problem {maéc 7 6 — c Ounder

(54)} is:
=(1+1 +1c)/(2 A
{nk I+ 27y +A)(2 ) 54
Hk = 00 exp(—14 )
It is clear that the limit when k >+ «© of (7, 6) is
((1+c A)/A, 6, " %), Here, the convergence is
monotonous and its rate is such as:
(7, —m )= (z, —7,,)  (55)
Other bilevel schemes have been considered in [8]
and [9] for different transportation problems while

numerical convergence conditions have been
discussed in [10].

APPLICATION TO A REGIONAL CASE

The proposed modeling approach has been applied
to the case of West Africa composed of 16 countries.

Figure 2: Ouest Africa region
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The considered network [11] is composed of 7 main
local (Lagos, Abidjan, Accra, Dakar, Ouagadougou,
Bamako, Niamey) and 5 main external nodes ( Paris,
Londres, New York, Djeddah, Johannesburg) for a
total of 40 links. This leads to consider in the
formulation of Problem II: 50 aircraft flows, 187
passengers flows and fares, 132 potential demand
levels, 18 fleet conservation flows constraints, 2 fleet
capacity constraints, 45 passengers flows capacity
constraints, 187 demand levels constraints and 556
positiveness constraints. This is a medium size
optimization problem by actual standards. However
the solution of this problem will be recalled
repetitively in two loops: one related with the
solution of the global problem for an instance of the
input data, the other will be related with the
exploration of the space of possible scenarios and
corresponding fuzzy solutions.

CONCLUSION

This communication has considered the problem of
long term forecasting of the traffic growth in a large
air transportation network.

The proposed approach has introduced two different
optimization models: One model devoted to demand
forecasting and the other describing a profit
maximization supply behavior by airlines.

The demand forecasting process is composed of a
mix of possibilistic and probabilistic considerations
since fuzzy modeling is adopted to characterize
scenarios while an entropy maximization approach is
used to determine origin-destination matrices. The
formulation of this problem introduces in a new way
elasticity of demand with respect to fares. The
supply optimization model considers simultaneously
two classes of flows: aircraft flows providing air
transportation capacity and passengers flows
generating revenues to the airlines operators. Here
also the large degree of uncertainty with respect to
operations costs is taken into account through
possibilistic scenarios . Then a global optimization
problem is associated to each full scenario with
respect to demand and operations costs.

The proposed solution scheme is composed of an
iterative process between the current solutions of the
demand and the supply optimization problems: the
entropy maximizing problem provides the
passengers origin-destination matrix given a fare
structure, while the supply optimization problem
provides the fare structure given a passengers origin-
destination matrix. Convergence conditions are

discussed for this iterative process between two
problems which can be seen as inverse of each other.
The proposed modeling approach has been
illustrated considering the case of West Africa over
the next decades, but full numerical results need to
be obtained so that the whole approach can be fully
evaluated.
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